Scheme Theory & Weak Mordell-Weil for Elliptic Curves Over
Number Fields

Carl-Fredrik Lidgren



Abstract

We provide an introduction to scheme-theoretic algebraic geometry, which
studies spaces that are in essence locally solutions to systems of polynomial equa-
tions, and prove the weak Mordell-Weil theorem. The weak Mordell-Weil the-
orem states that for an elliptic curve E over a number field K, the quotient
E(K)/mFE(K) is finite for all m > 2. The proof is adapted from a proof in
the language of classical varieties, and uses some theorems from algebraic number
theory (e.g. Hermite-Minkowski).
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Popularvetenskaplig Sammanfattning

I manga sammanhang 4r man intresserad av losningar till ekvationer eller den
geometriska strukturen av losningarna till en méngd ekvationer, speciellt da det
inte gar att ange dem explicit. Aven enkla exempel av detta finns: ekvationen
22 4 y2 = 1 definierar en cirkel, men det gdr inte att beskriva alla reella tal som
l6ser den utan att man anvéinder transcendentala funktioner. Algebraisk geometri
handlar da om att forsoka lara sig om den geometriska strukturen av l6sningarna
till (system av) sddana ekvationer, ndmligen de som ges av polynom, med hjilp
av verktyg fran modern abstrakt algebra. Inom modern algebraisk geometri stud-
erar man objekt som heter scheman. Scheman &r geometriska rum som i princip
definieras “lokalt” av l6sningar till polynomekvationer, vilket tilliter mycket flexi-
bilitet inom de beteenden man kan fanga med dem.

Néra besldktat med algebraisk geometri dr ett omrade som kallas aritmetisk
geometri, vilket kan ses som korsningen mellan algebraisk geometri och talteori.
Man &r da framst intresserad av att lira sig om lésningar inom (generaliseringar av)
heltalen eller rationella talen. Elliptiska kurvor (som har véldigt lite att gora med
ellipser) dr ofta bra exempel av scheman som ar enkla nog att de gir att studera
men som &dr komplicerade nog att ha intressanta resultat. Ett mycket bemérkt
sadant resultat ar Mordell-Weil satsen, som angar gruppstrukturen av rationella
punkterna pa kurvan. En elliptisk kurva, vilket per definition ges av en ekvation
y? = z3 + ax + b, ar speciell inom scheman eftersom den kommer med en regel,
vilket man kallar en gruppregel, som later en kombinera tva punkter P och @ for
att forma en punkt P + . Mordell-Weil satsen ger da en viss beskrivning av
hur gruppstrukturen ser ut. Detta examensarbete angar en lite svagare version av
Mordell-Weil satsen.
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1 Introduction

Algebraic geometry is a field that studies (vast generalizations of) systems of polynomial equa-
tions using both tools adapted from geometric subjects, such as topology and differential ge-
ometry, and tools from commutative algebra. In essence, it acts as a method to turn certain
geometric problems (so long as they can be stated in terms of polynomial equations) into alge-
braic ones, and vice-versa. One typical area of application is within number theory, where one
is often interested in the structure of rational (or integer) solutions to diophantine equations,
and potentially the most famous example of this is Fermat’s last theorem regarding solutions to
2P + yP = 2P with p prime. Generally, one calls this hybrid of algebraic geometry and number
theory “arithmetic geometry.”

The purpose of this thesis is two-fold: to present the modern scheme-theoretic version of
algebraic geometry, capturing as many of the essential details as possible, and then proving (or
at least giving a very detailed sketch of a proof of) a partial version of a particularly celebrated
theorem in arithmetic geometry, namely the Mordell-Weil theorem for elliptic curves. Elliptic
curves are projective curves of a particular type, which can be shown to be given by equations of
the form y? = 23 + ax + b, and the Mordell-Weil theorem concerns the structure of the rational
points on this curve. In particular, the rational points of an elliptic curve form an Abelian group,
and the theorem states that this group is finitely generated. The secondary goal of this thesis
is then to prove the weak Mordell-Weil theorem, which states that the quotient of the group of
rational points by any integer greater than two is finite.

The structure of the thesis is as follows: Section [2] describes the scheme-theoretic language
that makes up modern algebraic geometry (e.g. how schemes are defined, the relation to sheaves,
intuition related to these objects, etc.), along with any major properties of schemes that will
be needed for later sections. Section [3] covers what we will need to properly define and derive
properties of elliptic curves, which includes divisors on schemes, sheaf cohomology, Riemann—
Roch and how one uses it to define the genus of a curve, and how one reduces a scheme modulo
p (or more general operations of that sort).

Section [ gives the motivation for and proof of the weak Mordell-Weil theorem. In particular,
we state and prove the descent theorem in Subsection [£.1], which explains why the weak Mordell-
Weil theorem is of interest. In Subsection we briefly go over some aspects of algebraic number
theory that we need in the proof of weak Mordell-Weil, such as the notion of an unramified
extension of number fields.

The content of the thesis is an amalgamation of information taken primarily from [Liul0],
[Sil09], [Har77], [Stacks], [Vak17], and [Neu99|, and so (unless otherwise specified) it should be
assumed that any proof or statement is adapted from (or based on a statement from) one of these.
In particular, the information of scheme-theoretic algebraic geometry came from |[Liul0], [Har77],
[Stacks], and [Vak17], roughly in order of proportion. The proof of Mordell-Weil is adapted from
the more classically oriented one (i.e. based on classical algebraic varieties) provided in [Sil09],
and a large part of the thesis is dedicated to translating the proofs and required concepts here to
a more modern context (which was partially assisted by the supplementary lecture notes of Pete
Clark, |Clal2]). Finally, the algebraic number theory used in a particular step of the proof of
Mordell-Weil is sourced from [Neu99|, and the information on homological algebra in Subsection
is based on [Wei95|.

For space, time, and complexity reasons, a number of proofs of various lemmas, propositions,
and theorems (particularly in Sections [2[ & [3]) are ommited (or, more accurately, are offloaded to
one of the above sources). The ones considered to be worth keeping in (either for demonstrative
purposes, for intuition, or some other reason) are still included. Similarly, many relatively
advanced topics will simply be taken as prerequisites. In particular, this thesis assumes a fairly



good understanding of and comfort with commutative algebra, knowledge of basic concepts
and definitions in Galois theory and field theory, a working understanding of the language of
category theory, knowledge of and understanding of basic notions of topology, as well as enough
knowledge of surrounding areas (e.g. complex analysis, differential geometry, number theory,
etc.) to derive intuition from them.



2 Schemes

This section introduces prerequisites in modern algebraic geometry, such as the definition of
sheaves, schemes, functions between these, and various general theorems about them. The
information is based on a combination of the information contained in |[Liul0, Ch. 2, 3], [Vak17],
and a little from [Stacks]. The structure is primarily based on that found in [Liul0], but we
do not follow the exposition there too closely in all subsections. The subsections on projective
schemes (Subsection and on properties of schemes and morphisms (Subsections &
are the most heavily based on [Liul0).

2.1 Sheaves

Sheaves are a crucial object of study for algebraic geometry, since they abstract a number
of objects and behaviors from more classical geometric scenarios. Therefore, we will briefly
summarize their main points.

Definition 2.1. Let X be a topological space. The category of open sets of X, Open(X), is the
category whose objects are open sets of X, and where there is exactly one morphism U — V if
and only if U C V.

Definition 2.2. Let X be a topological space. A presheaf F on X with values in a category C is
a functor F: Open(X)° — C. Let V C U be open sets of X. The induced map F(U) — F(V)
is denoted by pyy and is called the restriction map from U to V. Whenever C is a concrete
category, we call an element s € F(U) a section of F over U, and write s|y instead of pyy (s).

Definition 2.3. Let F be a presheaf on X, and € X a point of X. The stalk of F at x, F,
is defined as
Fo = lim F(U).
Uszx
For a section s € F(U) where « € U, we denote the image of s in F, by [s], and call it the germ
of s at x.

Remark 2.4. Explicitly, this is the set of germs of sections of F at z, i.e. elements of F, are
pairs [s, U] where x € U, s € F(U), and one sets [s, U] = [t, V] if there exists some W CUNV
with € W such that s| = t|w. Hence, stalks model local behavior of sections of F around
the point z.

Definition 2.5. Let F and G be presheaves on X. A morphism of presheaves o: F — G is
given by a collection of maps {0y : F(U) = G(U)}}uecopen(x) satisfying oy o pyy = pyv o ov,
i.e. the following diagram commutes:

FU) 2 G(U)

PUVJ/ J{PUV

FV) 2 g(V)

A morphism of presheaves o is an isomorphism if there exists some map o’: G — F such that
o' oo =idr and o o ¢/ =idg, i.e. if all the maps oy are isomorphisms. If such an isomorphism
exists, one writes F = G.

Remark 2.6. From here on, we will take the value category C to be the category Set of sets.
The theory remains the same if one replaces it with any other “familiar” category (i.e. at least
concrete, so that one can talk about sections), most notably the category CRng of commutative
rings with unit, which is what we will switch to using later.



Definition 2.7. Let F be a presheaf on X. We say F is a sheaf if it satisfies the following
conditions for every open set U and every open cover {U,};cs of U:

1. Let s; € F(U;) be sections of F such that s;|y,~u; = sjlv;nu; for all 4,5 € I. Then there
exists a section s € F(U) such that sy, = s;.
2. Let s,t € F(U) be sections of F such that s|y, = t|y, for all i € I. Then s =t.

A morphism of sheaves is just a morphism of presheaves.

Remark 2.8. The above conditions can be combined into one condition stating that a particular
sequence of maps is an equalizer diagram. In particular, a presheaf F is a sheaf if and only if
for every cover {Uy} e of an open set U the diagram

FU) —— Tlaea F(UN) —= Tlanpen F(Ux, NUN)

is an equalizer diagram (see, e.g. |[Stacks, Tag 006Z, Tag 00VL, Definition 7.7.1], [Liul0} p. 35,
Lemma 2.7], or [Vakl7, p. 75, 2.2.7]).

Remark 2.9. The purpose of the sheaf axioms is to ensure that sections behave essentially like
functions and in a local manner. It is not hard to find presheaves which do not satisfy these
axioms: consider the topological space with two points and the discrete topology, and let F be
the sheaf which assigns to any open set the set Z. Then this fails the first requirement of a
sheaf. It should be noted that it is significantly harder to find presheaves that fail the second
condition “in the wild.” Preheaves that only satisfy the second condition have therefore been
given their own name: separated presheaves.

It is useful to be able to construct sheaves on a topological space without having to specify
exactly what it looks like explicitly. There are two main ways of doing this. The first is
sheafification:

Proposition 2.10. Let F be a presheaf on X. Then there exists a sheaf F' equipped with a
morphism of presheaves 0 : F — F' such that for any sheaf G with a morphism of presheaves
o: F — G there exists a unique morphism of sheaves o’ : FI — G such that o = o’ 00, i.e. which
makes the following diagram commute:

F s Fi

.
.
Ul P
.
=l

L

g

The sheaf F' is called the sheafification of F or the sheaf associated to F. Furthermore, for all
z € X, we have Fy = F.

xT

Proof. See [Liul0} p. 36, Prop. 2.15], [Har77, p. 64, Prop.-Def. 1.2] or [Stacks, Tag 007X]. There
are several constructions of this, but the one that I find the most enlightening is

FiU) = {([Sx])zg(] €[ Fe|Va €U 3V CUseOx(V), st.zeVandVy eV, [s,) = [s]y}.
zelU

]
Proposition 2.11. The sheafification F' of F is unique up to unique isomorphism.

Proof. Suppose we have two sheaves .7-'1T and .7-'2T which satisfy the universal property given in
Proposition [2.10] with structure morphisms 6; and 6». Then, by the given universal property,
we have the commutative diagrams


https://stacks.math.columbia.edu/tag/006Z
https://stacks.math.columbia.edu/tag/00VL
https://stacks.math.columbia.edu/tag/007X

FUL A F LA o F O F
QZJ/ g ell ///// — g QZJ/ -
oA oo EIRNE A
7 Fi F

which induces a map ]_—{r — ]-"I (and similarly for .7-'; ). Furthermore, by the given universal
property, we have that the only morphism ]-";f — ]-"Z-T which makes

Fl A
9{ g
v’
ol

commute is the identity on .7-"3 (since the morphism is unique, and the identity makes the diagram
commute). Therefore, we see that the induced maps ]-"1T — ]:;r and ]-"2T — ]:ir must compose

to the identity both ways, and therefore are isomorphisms. Hence ]_-Ir = ]_-2T_ Furthermore, this
isomorphism is unique by the universal property. |

Remark 2.12. Using a similar argument to the above, one can also show that if F is already a
sheaf, then F = FT.

Remark 2.13. Sheafification functions by taking a presheaf and making its behavior “local” in a
sense. This is adequately demonstrated by considering the presheaf F on X given by F(U) = Z
for all U. This can be thought of as sending U to the collection of constant integer maps on
U. The sheafification F' then sends U to the collection of locally constant integer maps on U.
Essentially, sheafification gives you the closest approximation of the given presheaf by a sheaf.

The other way of constructing a sheaf is by constructing it on a basis for the topology on X
then extending it to the whole space.

Definition 2.14. Let B be a basis for the topology on X. A B-sheaf on X is a sheaf except we
replace Open(X) with B in the definition, i.e. it is a functor B°? — Set which satisfies the sheaf
axioms for open sets in B. If F is a sheaf on X, denote by F|g the B-sheaf given by restricting
F to elements of B.

Remark 2.15. Here we identify the collection B with the category formed by taking U € B as
objects and inclusions as morphisms.

Lemma 2.16. Let G be a sheaf on X and B a basis for the topology on X. Then

GU)= lm G(V).

VCU,VeB
Proof. There is an obvious map f: G(U) — im,, VeBg(V) given by s — (s|v)ves, vcu.
Similarly, there is an obvious map g: @VQU, Ven G(V) — G(U) given by taking a cover {V;}ier
of U by elements of B with V; C U for all i € I, then sending (sy)ycy to the gluing of the sy,
(which exists and is unique by the sheaf axioms). We now just have to show that these compose
to the identity. Let s € G(U). Then ¢(f(s)) = g((s|v)vcu) = s by the second sheaf axiom.
Now let s = (sy)vcu € @VgU,VeBg(V)’ Then f(g(s)) = (9(s)|v)vcr = (sv)vcy. Hence
GU) =y, ;e GV)- u



Proposition 2.17. Let Fy be a B-sheaf on X. Then this extends to a sheaf F on X which is
unique up to isomorphism. That is, F|p = Fo and if G is a sheaf on X with G|g = Fo then
g=F.

Proof. Define F by

FU):= lm Fop(V)= {(sv) e [ FwW) ’ YV,W e B, W CV, sylw = sw} :
VCU,veB VCU,veB

Restriction maps F(U) — F(V) are given by throwing away basis sets not in V, that is
(sw)wcu = (sw)wcv.

We begin by showing that this is a sheaf. Let {U;};cr be a cover of an open set U, and let
si = (si,v)vcu € F(U;) be sections that agree on intersection. Per definition, this says that for
all V € B with V. C U; N Uj, we have s;y = sj . Hence, we can produce the desired section s
on U by setting sy = s, if V C U;, V' € B, and this is well-defined. Hence F satisfies the first
sheaf axiom.

Now let {U; }icr be a cover of an open set U, and let s,t € F(U) be such that s|y, = t|y, for
all i € I. Then we see that for all V € B with V' C U we have sy = ty/, which means that s = .
Hence F satisfies the second sheaf axiom. Therefore, F is a sheaf.

Now we want to show that F|g = Fy. Let U € B, s € F(U). Then the component sy €
Fo(U) of s completely determines s by definition, and for every section tg € Fo(U) there exists
an element ¢t € F(U) given by t = (to|v)vcu, so F(U) = Fo(U). Hence we get isomorphisms
¢u: FU) = Fo(U) and vy : Fo(U) = F(U) for all U given by the preceeding maps, i.e.
ou(s) = sy and Yy (s) = (s|v)vcr. Now we just show that these are compatible with restriction
to get the desired isomorphism of B-sheaves. Let U,V € B, V C U, and s € F(U), t € Fo(U).
Then ¢(s)lv = sulv = sv = ¢(s|lv), and »(t)|v = (t{lw)wcvlv = (t{w)wcy = ¥(tlv), so ¢ and
¢ are morphisms. Hence F|g = Fy.

Now suppose we have a sheaf G on X such that G|g = Fy. Then by the above we also have
G|lp = F|p. By Lemma for any open subset U C X, we have

gU)= lm GV)= lm FKV)=rlU) = G=71.
VCU,veB VCU,veB

Remark 2.18. The above proposition is extremely useful, since it allows us to specify a sheaf by
specifying its values on a basis and be guaranteed that this extends in a sufficiently unique way
to every open set. This is usually much easier than specifying the value in general, and we will
be using it in the construction of affine schemes.

Similarly, one may define maps on a basis:
Proposition 2.19. Let X be a topological space, and let F,G be sheaves on X. Let B be a basis
on X, and let {av}uen be a collection of maps ay : F(U) — G(U) which are compatible with

restriction maps. Then this extends to a map a: F — G of sheaves which is an isomorphism if
all the ay are isomorphisms.

Proof. By Lemma , if U is open then F(U) = hmy, een FV). f VeBwithV CU,
then we get a map F(V) — G(U) by noting that since we have maps F(V') — G(V') for all
V' € B with V' C U, the universal property of the limit gives that we get a map

FV)— lim  G(V)=G(U).
V'eB,V'CU

6



Since this happens in all cases, and since all maps involved commute by typical universal property
arguments, we see that we get a well defined map

FU)= lim F(V)- lim G(V)ZG(U)
VeB,VCU VeB,VCU

which defines the required map «. If now all oy are isomorphisms for V' € B, then the middle
map in the above is also an isomorphism, giving that « is an isomorphism. |

Next, we describe two ways to transfer sheaves along continuous maps. To begin, we add
that above we have seen that sheaves have morphisms between them with a clear composition
law, so they form a category.

Definition 2.20. Let X be a topological space. We denote by PShf(X;C) the category of
presheaves valued on C on X, and by Shf(X;C) the category of sheaves valued in C on X.
When the category C is clear from context, we omit it.

Definition 2.21. Let f: X — Y be a continuous map, and let F be a sheaf on X. The
direct image sheaf, f.F, is the sheaf on Y given by f,F(U) := F(f~1(U)). The induced functor
f«: Shf(X) — Shf(Y) is called the direct image functor.

The direct image functor transfers sheaves on X to sheaves on Y. Similarly, there is a way
to transfer sheaves on Y to sheaves on X, however this is much more complicated. The only
way to get open sets out of a continuous map is by taking inverse (i.e. f *1(U ) for an open set
U), which only allows us to produce the direct image functor. To get open set behavior in YV
from X, the best we can do is approximate by taking a colimit over open sets containing f(U)
for an open set U of X. This also introduces a problem: the produced presheaf is rarely a sheaf,
so we have to sheafify (see Proposition .

Definition 2.22. Let f: X — Y be a continuous map, and let F be a sheaf on Y. The inverse
image sheaf, f~'F, is the sheaf on X given by

fIF=U~ lim FV)
Vof(U)

The induced functor f~1: Shf(Y) — Shf(X) is called the inverse image functor.

Remark 2.23. One can think of the colimit above as being essentially the same on that is used
in the definition of the stalk: if X = {x} is a single point with i: X — Y the inclusion of that
point into Y (with image y € V), then i ' F({}) = F,. In fact, this can be taken further:

Proposition 2.24. Let f: X — Y be a continuous map, let F be a sheaf on'Y, and let x € X.
Then (fil./_'.);p = -Ff(:c)

Proof. See [Stacks, Lemma 008H]| or [Liul0} p. 37]. [ |

The direct image and inverse image functors are related to each other by being adjoint,
i.e. there is a natural isomorphism HomShng)( f71F,G) = Homgpe(y)(F, f+G). This essentially
states that instead of a “pullback” map f~"F(U) — G(U), one can instead use a map F(U) —
f+G(U), which is useful since the latter is usually many times easier to work with.

The final subject of this subsection will be that of sheaves with values in other important
categories, in particular Abelian groups (Ab), commutative rings with unit (CRng), and R-
modules (R-Mod) for such a commutative ring R. Note that Ab is a special case of R-Mod
with R = Z.


https://stacks.math.columbia.edu/tag/008H

Essentially, we must answer the question of how one lifts various important operations from
these categories to the corresponding categories of sheaves. This question is actually answered,
in some sense, by the existence of category theory, since it allows us to define e.g. products
in very general situations, including here, using the notion of universal properties. There is a
question of the existence of objects satisfying a given universal property (see, e.g., Proposition
for one such situation), but in general there is some “obvious” choice of object which should
intuitively do so, and proving that it does is usually somewhat tedious and uninteresting but
not hard. Hence, most of the following definitions should really be propositions, but for the sake
of the exposition, they will not be marked as such nor proven. As always, a great resource for
a detailed version of everything is given in [Stacks].

Definition 2.25. Let X be a topological space, and let F be a sheaf with values in one of the
above categories or Set. A subsheaf of F is a sheaf G such that G(U) C F(U) for all U.

Remark 2.26. This can be defined in greater generality, though it is entirely unnecessary in our
situation.

Definition 2.27. Let X be a topological space, and let F be a sheaf of commutative rings on
X. A sheaf of ideals of F is a sheaf G such that G(U) is an ideal of F(U).

Definition 2.28. Let X be a topological space, and let F, G be sheaves with values in a category
C, which is one of the above categories. Then one defines

(a) (FxG)U)=FU)xG(U),

)
) if C=R-Mod, F®r G = (U — F(U) ®r G(U))T,
) if o: F — G is a morphism of sheaves, (kero)(U) = ker oy,
(e) if o: F — G is a morphism of sheaves, im o = (U + im oy/)T,
) if C = CRng, F*(U) = F(U)*,

) if C # CRng and G is a subsheaf of F, or C = CRng and G is a sheaf of ideals of F, then
FIG=(Uw F(U)/GU).

Remark 2.29. One may wonder why, in Definition [2.28] some things require the use of sheafifi-
cation, and some things do not. The answer to this is actually rather deep, and has ties to some
very general theorems in category theory, in particular to do with how limits interplay with other
operations. The “general mantra,” so to speak, is that “limits commute with limits and right
adjoints” (this exact line is written down in [Vak17, p. 54, 1.6.12]). Essentially, the definition of
sheafification is such that the functor F — FT is left adjoint to the forgetful functor that sends
a sheaf to itself as a presheaf, i.e. the forgetful functor is a right adjoint. Hence, if we have some
diagram of sheaves F;, and take the limit limi Fi, then the result is the same as if one performed
the same limit computation in the category of presheaves. The kernel is an example of a limit
construction, and so taking kernel is the same in the category of sheaves as it is in the category
of presheaves. With this reasoning, it stands that one has “(l’&li Fi)U) = lim, (Fi(U)),” though
it should be noted that this is not a precise statement. Colimit constructions, however, do not
in general behave in this way (they do always satisfy the dual condition, though), and so it
makes sense that one has to sheafify. An extreme example of this is that one doesn’t need to
sheafify a subsheaf (where this is related to limits in the sense that “injectivity,” i.e. being a
monomorphism, is in some sense a limit-adjacent phenomenon), while one does need to sheafifiy
a quotient (where being a quotient, i.e. there being some “surjection” or epimorphism, is related
to colimits). One can look into Abelian categories to get more information on this.

Definition 2.30. Let X be a topological space and let O be a sheaf of commutative rings on
X. An O-module F is a sheaf of Abelian groups such that each F(U) is an O(U)-module, and
further, for V' C U open sets, the diagram



oU)x F(U) —— F(U)
pqupuvl lpyv
OV)x F(V) —— F(V)
commutes, i.e. if s € F(U),c € O(U), then (cs)|v = c|vs|v.

Definition 2.31. Let X and O be as above, and let 7,G be O-modules. A morphism of
O-modules is a morphism of sheaves o: F — G such that the diagram

OoU)x FU) —— F(U)
ideUJ ov
OWU)xGgU) —— G(U)
is commutative, i.e. if s € F(U),c € O(U), then oy(cs) = coy(s).

Remark 2.32. Compare the above with how one usually defines R-modules for a (commutative)
ring R. Indeed, O-modules generalize sheaves of Abelian groups in the same way that R-modules
generalize Abelian groups. One can show that every sheaf of Abelian groups is in a unique way
a Z-module, where Z := (U — Z)' is the sheafification of the constant Z presheaf.

Definition 2.33. Let X and O be as above, and let F,G be O-modules. One defines all
operations in Definition the same way, except for ®, which becomes

F@0G = (U FU)@ow GU)).

Remark 2.34. We will take a number of things for granted with regards to the operations
described above. For example, one can check that if o: F — G is a morphism of sheaves, then
(ker o), = ker oy, and similarly for most of the other similar constructions. Another example
that is good to highlight is that (F ®p G)s = Fz ®0, Gz, which one can show using similar
reasoning as that used in Remark i.e. “colimits commute with colimits and left adjoints,”
where the stalk is a colimit construction, and ®¢, is left adjoint to Homp,. A last example of
this that is important for later is that whenever F /G makes sense, one has (F/G); = F3/Gs.

2.2 Affine Schemes

The main idea behind the construction of schemes is essentially the same as that of manifolds
in topology: one defines some basic “template” spaces which one then glues together to make
something more interesting. In the case of manifolds, the basic spaces are R™, while for schemes,
the basic spaces are affine schemes. These are usually defined in several steps: first one specifies
the underlying set of points, then a topology on it, then one gives a sheaf of commutative rings
on it. We begin by specifying the points:

Definition 2.35. Let R be a commutative ring. The spectrum of R, Spec R, is the set of prime
ideals of R.

Remark 2.36. Why is this something we care about? The main realizations from classical al-
gebraic geometry that allows this definition to make sense are that points in and irreducible
subspaces (under a particular topology) of K™ (for K an algebraically closed field) correspond
to maximal and prime ideals of K[z, ..., z,], respectively. Essentially, points correspond to col-
lections of functions which are zero at those points. Hence, one can, starting from Klz1,...,z,]
(i.e. polynomial functions on K™), reconstruct K™. Thus, to extend this to more general settings
(i.e. where we can regard an element of any commutative ring R as a function on some space),
it makes sense to construct a space from at least the maximal ideals of R. One includes the
prime ideals because the points they introduce tend to provide quite useful information.



We will now endow Spec R with a topology. This requires a little bit of work.

Definition 2.37. Let R be a commutative ring, and I C R. The zero-set of I, V(I), is the set
of all prime ideals containing 7. That is,

V(I):={p€SpecR|ICp}C SpecR.
For f € R, we will write V(f) instead of V((f)).

Remark 2.38. The idea behind this definition is that if f € K[z] and a € K, then f(a) = f(x)
(mod z — a) by the division algorithm, so it is possible to determine the value of a polynomial
by reducing modulo an ideal. Taking this to the general case, we can say that for f € R and
p € Spec R, we have “f(p) = 07 (this notation will be justified later) if f € p since then f =0
(mod p).

Proposition 2.39. Let I C R, and let (I) be the ideal generated by I. Then V(I) =V ((I)).

Proof. Suppose p € V(I). Then, for all fi,...f; € I and a1,...,a; € R, we have f; € p for all

1<i<j,so0 Zgzl a; f; € psince p is an ideal. Thus, since (I) = {c191+ - +cngn | ¢ € R, g; € I},

we have that (I) C p sop € V((I)). Now suppose p € V((I)). Then we have I C (I) C p so
I C p. Therefore p € V(I).

Since, from the above, V(1) C V((I)) and V((I)) C V(I) we conclude that V(I) = V((I)).

|

Proposition 2.40. (a) Let I, 1> be ideals of R. Then V(I;) UV (I2) = V(11 N I3).
(b) Let {Ix}ren be an arbitrary collection of ideals of R. Then (yep V(Ix) = V(X rea In)-
(c) V(0) = Spec R, and V(R) = (.

Proof. (a) Let p € V(I;) UV (I3). Then I} C p and Is C p so clearly I; NIy C p. Hence
p e V(I1NV;). Now let p € V(I; N I3) and suppose I3  p. Then there is some g € Is such that
g & p, but for any f € I;, we have fg € [1NIs Cp,s0 f € p. Hence I} C p,sop € V(I1)UV(I2).

(b) Suppose p € Nyea V(Ix). Then we have Iy C p for all A € A. Since p is an ideal,
we can take arbitrary sums to get that > \cn In € p so that p € V(3" ,cp In). Now suppose
p € V(3 aea In)- Then, since 0 € I, for each A € A, we have that Iy C Y \ca Ix Cpsop e V(1))
for all A € A. Hence p € Nyep V(In).

(c¢) (0) = {0} C p for any prime ideal p, hence V(0) = Spec R. Similarly, by definition a
prime ideal p is proper, so that p C R. Therefore V(R) = (). [ |

Definition 2.41. The Zariski topology on Spec R is the topology given by setting closed sets to
be subsets of the form V' (I) for an ideal I of R.

Remark 2.42. Note that Proposition [2.40]says exactly that this is indeed a well defined topology.
Furthermore, we will now always take Spec R to have the Zariski topology on it.
Working with the Zariski topology directly, while not at all impossible, is somewhat tedious.
Therefore, we want a nice basis that allows us to easily work with open sets.
Definition 2.43. Let f € R. Then the distinguished open subset given by f, D(f), is defined
by
D(f) := (Spec R)\V ().

Proposition 2.44. The distinguished open subsets D(f) form a basis for the Zariski topology.

10



Proof. Let U C Spec R be an open set. Since open sets are complements of closed sets, we see
that U = (Spec R)\V(I) for some ideal I of R. Since ideals are closed under addition, we have
that I =3 ;c;(f). Hence,

U = (Spec R)\V(I) = (Spec R)\V(Z(f)) (Spec R)\ ﬂ V(f
Fel feI

= U (Spec R\V (f UD

fel fer

If we have a map of rings R — R/, then it is sensible to ask whether this lifts to some relation
between the spectra of these rings. The answer to this is that one indeed does get a map from
this:

Definition 2.45. Let ¢: R — R’ be a homomorphism. Then we denote the map Spec R’ —
Spec R given by p — ¢~ 1(p) by Spec .

Proposition 2.46. Let ¢: R — R’ be a homomorphism. Then

(a) Spec: Spec R' — Spec R is continuous.

(b) If ¢ is surjective, then Spec induces a homeomorphism Spec R’ = V (ker ¢) C Spec R.

(c) If R" = S™'R for some multiplicative subset S of R and ¢ is the map induced by localiza-
tion, then Spec ¢ induces a homeomorphism Spec R’ = {p € Spec R | pN S = 0}.

Proof. (a) Let I C R be an ideal. Then

(Speco) (V) ={pe R |¢ ' (p) e V(D) ={p e R'| I C v~ (n)}
={pe R [ o) Cp}=V((e).

Hence Spec ¢ sends closed sets to closed sets, and so is continuous.

(b) Since ¢ is surjective, we have an isomorphism R/ker o = R’. Hence, we have a corre-
spondence between the ideals of R’ and the ideals containing ker . This immediately gives a
bijective continuous map Spec R’ — V' (ker ) given by Spec . Furthermore, note that for an
ideal J of R’ we have (Specy)(V(J)) = V(¢~1(J)), so this map is closed. Hence we get the
homeomorphism.

(c) Note that the prime ideals of S™'R are in correspondence with the primes p of R that
do not contain any elements of S, i.e. p NS = (), via the localization map. Hence, we get a
continuous bijection Spec R — {p | pN S = 0}, and like the last segment of the proof, we just
need to show that this is a closed map. Let J C R’ be an ideal of R'. Then

(Spec)(V() = {¢ ' (p) [P 2 J} = {p € Spec R | ¢~ *(J) C p and ¢(p) € Spec R'}
= V(™ (J)) Nim(Specp).

Hence Spec ¢ is closed, and hence a homeomorphism onto its image. |

Remark 2.47. A very useful special case of (c) in the above is that we get a canonical homeomor-

phism Spec Ry = D(f). A useful special case of (b) is that we get a canonical homeomorphism
V(I) = Spec R/I.

We will now endow Spec R with a sheaf of rings. Here, having the above basis will be helpful,
since we will define the value of the sheaf on the distinguished open subsets, which then extends
to every open set by Proposition [2.17]

11



Lemma 2.48. Let R be a commutative ring. Then /(0) = Nyespec & P-

Proof. Tt is easy to see that if f € \/(0) then f € p for every p € Spec R. This is because if
f* =0 € pthen f € p since p is prime. Hence we see that /(0) C Npespec kP

To show the converse, suppose we pick some f ¢ +/(0). Then consider the set F =
{1,f,f%,...}. The set S of ideals not containing F is non-empty, since (0) € S (since f is
not nilpotent). Therefore, by Zorn’s Lemma, there is some ideal m maximal in this criterion.
We now show that this ideal is prime. Suppose it is not: then there exists g, h ¢ m such that
gh € m. We therefore have that the set I; of elements ¢ € R such that cg € m strictly contains
m, i.e. m C Ij, since all m € m are in I; and h € I;. Therefore, since m was maximal with
respect to not containing f" for any n, we have that there is some n such that f™ € I;. This
also shows that the set I> of elements ¢ € R such that ¢f™ € m is an ideal strictly containing m,
so f™ € I for some m. By the definition of I; and I, f*f™ = f™*™ € m, which contradicts the
maximality of m. Hence m must be prime, and so we have found a prime ideal not containing
f. Hence mpESpecRp < \/@

Combining the two above paragraphs we obtain that /(0) = Mpespec r P- |

Lemma 2.49. Let I be an ideal of R. Then /I = Necv(n) b-

Proof. First, notice that V(vI) = V(I) since if f € v/I, then f* € I C p, so f € p, hence
VT C p. We therefore also see that /T C Noev(n P

To show the converse, it suffices to take modulo I by the correspondence theorem on ideals.
But this is the same as showing that yespec(r/n P = (0), which is the statement of Lemma
2.48, To be clear, let 7 : R — R/I be the canonical projection, then if f € R such that
7(f) € /(0) then by definition f* =0 (mod I) = f" € I,s0 f € 1. [ ]

Lemma 2.50. Let f,g € R such that D(g) C D(f). Then D(g) = D(fg).

Proof. Using Proposition we see that for any hi,ha € R, D(hi1) N D(ha) = D(h1hg). Since
D(g) € D(f), we have
D(fg) = D(f)n D(g) = D(g),

yielding the desired result. |

Proposition 2.51. Let X = Spec R, and let B = {D(f)}ter. Then Ox(D(f)) = Ry defines a
B-sheaf of commutative rings Ox on X.

Proof. First we must show that we have restriction maps. Suppose we have f,g € R such that
D(g) € D(f). Then

D(g) € D(f) = X\V(g9) € X\V(f) = V(f) S V(9)

By Lemma [2.49} (9) € Nyev(g) P S Mpev(p) P = V/(f) so that there is some n such that ¢" = af
for some a € R. Therefore, we get a map ps,: Ry — Ry given by hf~* — ha*g~*". Now suppose
D(g) = D(f). Then we also get that f™ = bg for some m, and we get a map py¢: Ry — Ry.
We will show that this is an isomorphism:

3 kn hakbkn gknbkn fkmn .
(Pag @ pr) (b ™) = pgsha*g™) = M50 = bl = e = S

An essentially identical calculation shows that the other composition is also the identity. Hence
we see that D(g) = D(f) = Ry = Ry. As an aside, this also immediately gives (from Lemma
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that Ry = Ry, = (Rf)g when D(g) € D(f). This describes an alternative restriction,
which sends s € Ry to s/1 € (Ry)y. This will be a useful characterization.

Now we must check that the sheaf axioms are satisfied. Let U = D(f) be an open set, with
a cover {Uy = D(fx)}xen, and let s = so/f* € Ry such that s|y, = 0 for all A € A (this will
extend to the general case with two sections ti,to € Ry by setting s = ¢; — t2). First, note
that since Uyep Uy = U, we have -\ ca (faRf) = Ry, so in particular there is some finite subset
A" C A such that 1 € Sycn(HARy). Now let s = so/f¥ € Ry be such that s|y, = 0. As
stated above, Lemma lets us restate this as saying that there is some my > 1 such that

\"*s = 0. Further unraveling this gives that there is some ny > 1 such that ™ f\"*sy = 0. By
multiplying sufficiently, there is some universal choice of n and m such that f" f{"sqg = 0 for all
A € A. Since V(I) = V(VT), we have that D(fi*) = D(f)), so that 1 € 3",cp fi*Rs. But then
750 € D oaenr [ fVsoRy = 0, s0 frs0 =0, ie. s =0in Ry.

Now we must show that sections can be glued. For now, assume A is finite, which we will
then extend to the infinite case. Let sy = a,\/ff* € Ry,. Setting gy = f)]f*, we can equivalently
consider sy = ax/gx since D(fx) = D(gx). We have that sx|u,nv, = sylu,nu, for all A,n € A,
which translates to the existence of some m), such that

(9rgn)™ " (gnax — gray,) = 0.

Since A is finite, we can take the maximum of these. Set m = maxjy ,cp my,. Then, for all
A,n € A, we have (gxrgy)™ (gnaxr — gray) = 0, that is

gxay ay = g gtay.
Set hy = g7, Again, D(f\) = D(gx) = D(hy). As above, we have that Ry = 3" \cx haRy, s0
that there are some 7y € Ry such that 1 = > .y rahy. We finally set s = > o agy'ay. This
is our desired gluing. To check this, note that

shy = Z rahngyay = Z mh,\g;”an = Z ryhy g;”a,, = gZ"”a77
AEA AEA AEA

hence sg;”Jr1 —gntay = gp'(sgy — an) = 0, i.e. sy, = ay/gy = an/fff”.

Now suppose that A is infinite. Pick some finite A’ C A such that }\cn faRs = Ry and do
the above procedure to produce some s. Now consider any n € A\A’, and apply the procedure
to A" U {n} to get some s’. Then, for all A € A, s|y, = |y, so, by the identity axiom (which
we proved above), we must have s = s', so that s|y, = §'|y,. This means that the s produced
by the finite case is the right thing even for the infinite case, and so we are done. |

Proposition 2.52. Let X = Spec R and let p € X. Then Ox, is canonically isomorphic to
Ry.

Proof. Let f € Rand U = D(f). Then p € D(f) if and only if f & p. Hence,

Oxp = lim Ox(U) = lim Ox (D(f)) = lim Ry.
Usp fép fép
Now, if f & p, then the universal property of the localization gives us a canonical map Ry — R,
since we have a map R — Ry which maps f to a unit. Hence, by the universal property of the
colimit, we get a map
P hg Ry — Ry.
fép
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The map ¢ is surjective since every element s € R, can be written as so/f with f ¢ p, and is
therefore in the image of the map Ry — Ry, thus (by commutativity) in the image of the map
h—Hgngp R; — Ry. Injectivity follows from the following: if s = s¢/f™ € Ry is mapped to 0 € Ry,
then necessarily there is some g ¢ p such that gsyp = 0. From this we conclude that s = 0
in R4, and therefore is 0 in the colimit. Therefore, ¢ is an isomorphism, and is canonical by
construction, i.e. since it is made out of a combination of canonical maps arising from universal
properties. |

Remark 2.53. There is a useful computational tool to mention here: to compute R,/p is the
same as to compute Frac(R/p).

Remark 2.54. Let R be an integral domain. Then if we let £ be the point corresponding to
(0) € X = Spec R, we see that Ox ¢ = R(g) = Frac R =: K. Furthermore, we can view elements
of Ox(U) as “actual” rational functions on X by noting that the map Ox(U) — Ox¢ = K is
injective. This follows from first considering a basis case: let f € R. Then Ox(D(f)) = Ry,
and the map Ry — K is injective (i.e. Ry C K). In the general case, we set U = [Jycp D(f2)
and note that if s € Ox(U) maps to 0 € Ox ¢ then s|p(s,) = 0 for every A € A, and hence s = 0
by the identity sheaf axiom. Hence, we can think of sections on X as being rational functions,
i.e. elements of K = Frac R.

We end with a useful lemma:
Lemma 2.55. Let p € Spec R. Then {p} = V(p).

Proof. By definition, the closure of a set is the smallest closed set containing the set, i.e. the
intersection of all closed sets larger than the set. Hence,

=V,

Since p is the smallest ideal containing itself, {p} = V(p), since if p C q and q C ¢ then
pcq. u

2.3 General Schemes

As mentioned in the beginning of the last subsection, schemes are made by “gluing together”
affine schemes in a way similar to that of manifolds. The added difficulty with schemes is that
they come equipped with some notion of what a “function” on the scheme is, which we saw in
the previous subsection as the sheaf of regular functions defined for affine schemes. We therefore
see that a scheme in general is more than just a space, and so we must make this precise.

Definition 2.56. A ringed space is a pair (X, Ox) of a topological space X and a sheaf of
commutative rings on X. The sheaf Ox is called the structure sheaf of X. In abuse of notation,
one often simply writes that X is a ringed space. A ringed space (X, Ox) is said to be a locally
ringed space if for every x € X the stalk Ox , is a local ring. The unique maximal ideal of Ox ,
is denoted my, and one writes k(z) := Ox ,/m, for the residue field at x.

Definition 2.57. Let X and Y be locally ringed spaces. A morphism of ringed spaces (f, f*):
(X,0x) — (Y,Oy) is a pair consisting of a continuous map f: X — Y and a “pullback map”
f*: Oy — f.Ox of sheaves (note that this map goes opposite the direction of f) such that for
every x € X the induced map on stalks fﬁ: Oy, f(z) = Ox is a local map, i.e. fﬁ(mf(m)) C my.
In abuse of notation, one usually simply denotes (f, f*) by f.
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Remark 2.58. These definitions make sense. In particular, one should think of a locally ringed
space as being the “minimum sensible amount of structure” needed to have a precise notion of
a “sheaf of functions” on a space, where the functions take values in some number of fields. The
explanation for this is as follows: letting U be open in X, and x € U, one should think of the
composition of maps Ox (U) = Ox, — k(x) as a function which “evaluates” sections over U at
x, where sections s € Ox (U) with [s], € m, are those that are zero at x. Note that the local
condition here is important: without knowing that the stalks are local rings, we do not have a
sensible notion of residue field. Thinking of things in this way is quite usefull, since it makes it
obvious why this is important for algebraic geometry, i.e. we automatically get a notion of zero
sets of functions.

Remark 2.59. The reasoning behind the reverse direction of f* is again from analogies with
manifolds. If one has a smooth real valued function ¢ on a manifold M and a smooth map
N — M then one can pull back ¢ to a smooth real valued function on IV, and this is a somewhat
fundamental operation for differential geometry. We want to preserve such behavior in (locally)
ringed spaces, except because the analogue of smooth real valued functions is stored in a sheaf,
we must provide the map ourselves in the definition. Using the previous remark, we see that
the requirement of being local maps on stalks translates to saying that if ¢ is zero at a point,
then the pullback is also zero at the corresponding points in the fiber.

Remark 2.60. Note that an isomorphism of (locally) ringed spaces X — Y translates to essen-
tially saying that X and Y are homeomorphic and that the structure sheaves are essentially the
same (i.e. the only difference being that they work on different versions of the same underlying
space).

Remark 2.61. Let R be a commutative ring. Then (Spec R, Ogpec r) is a locally ringed space.

Definition 2.62. Let X be a locally ringed space, let U C X be open, and let x € U. We will
denote by evy, : Ox(U) — k(z) the composition of the maps Ox(U) — Ox, — k(z). Let
s € Ox(U). We write s(z) := evy4(s) and call it the value of s at .

Remark 2.63. The notation here is what justifies the notation in Remark Furthermore,
one sees that we can essentially treat the statement s(z) = 0 as a statement about a completely
normal function.

We now come to the definition of a scheme.

Definition 2.64. A locally ringed space (X, Ox) is an affine scheme if there exists some ring
R such that (X, Ox) = (Spec R, Ospec r). We denote by AffSch the category of affine schemes.

Definition 2.65. A locally ringed space (X, Ox) is a scheme if for every z € X there is some
open set U containing z such that (U, Ox|y) is an affine scheme. A morphism of schemes is
a morphism of locally ringed spaces. We denote by Sch the category of schemes. Let S be
a scheme. An S-scheme X is a scheme X equiped with a map X — S, called the structure
morphism (equivalently, one says X is a scheme over S, i.e. X € Sch/S). A morphism of
S-schemes X — Y is a morphism of schemes that is compatible with the structure morphisms,
that is such that

x — 1 .y
S
is a commutative diagram. When S = Spec A for some ring A we say X is an A-scheme rather
than a Spec A-scheme. We will sometimes write “X/S” to mean that X is an S-scheme.
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Remark 2.66. Note that one may slightly reword the definition of a scheme by saying that it
is a locally ringed space with a cover of open sets {Uj}xea such that (Uy,Ox|y,) is an affine
scheme for all A € A. This is how the definition is worded in [LiulO} p. 44].

Definition 2.67. Let R be a commutative ring. Affine n-space (alt. n-dimensional Affine space)
is defined as the (affine) scheme A’ := Spec Rt1,. .., t,].

Proposition 2.68. Let X be a scheme, and let U C X be an open set. Then (U, Ox|v) is a
scheme.

Definition 2.69. Let X be a scheme, and let U C X be an open set. We say that (U, Ox|y)
is an open subscheme of X.

Remark 2.70. Let m: X — Speck be a k-scheme with k a field. What requirements does
this place on X? We get a map 7t : Ospeck — mOx. However, since Speck contains one
point, we see that 7# only consists of one component map, namely W?*} : k= Ospeck({*}) —
Ox(X) = mOx({*}). In other words, this endows Ox(X) with the structure of a k-algebra.
Furthermore, the restriction maps make all Ox (U)’s into k-algebras for each open subset U C X
via composition of the maps k — Ox(X) — Ox(U). In fact, with similar reasoning, one sees
that putting a k-algebra structure on Ox (X) for an arbitrary scheme X is the same as endowing
it with a k-scheme structure. This can be extended further.

Lemma 2.71. Let X,Y be affine schemes. Then there is a natural isomorphism
Hom(X,Y) 2 Hom(Oy (Y), Ox(X)).

In other words, AffSch = CRng°P.
Proof. See |Liul0, p. 48, Lemma 3.23]. [ |
Proposition 2.72. Let X be a scheme and Y an affine scheme. Then the map

p: Hom(X,Y) — Hom(Oy (Y), Ox (X))
given by p(f) = f{“/ is a bijection.
Proof. See [Liul0, p. 48, Prop. 3.25]. [ ]

Remark 2.73. We see from the above proposition that giving an A-scheme X for a ring A is the
same as giving the structure sheaf Ox the structure of a sheaf of A-algebras.

Remark 2.74. Let X be a k-scheme. Since all of the Ox(U)’s are k-algebras, we see also that
necessarily Ox , is a k-algebra for all € X. From this, one gets amap k = Ox , = Ox /m, =
k(z), so we see that k(x) is a field extension of k.

Definition 2.75. A morphism f: X — Y of schemes is an open (resp. closed) immersion if
f(X) is open (resp. closed), a homeomorphism onto its image (i.e. the induced map X — f(X)
is a homeomorphism), and for all 2 € X the pullback map f% on stalks is an isomorphism (resp.
a surjection).

Definition 2.76. Let X be a scheme. A closed subscheme of X is a closed set Z C X endowed
with the structure of a scheme (Z, Oz) and a morphism j*: Ox — j,0z where j: Z — X is the
inclusion of Z into X, such that (4, j%): (Z,0z) — (X,Ox) is a closed immersion.

Remark 2.77. If Z is a closed subset of a scheme X then there are several inequivalent closed
subscheme structures one can put on X, unlike the case for open sets.
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Proposition 2.78. Let X = Spec R be an affine scheme, and let g € R. Set Y = SpecA,.
Then (D(9), Ox|p(g)) = (Y, Oy).

Proof. Recall that Proposition M(c) essentially tells us that there is a canonical topological
open immersion i: Y — X whose image is D(g). Now let h € R be such that D(h) C D(g),
and let h be the image of h € A,. Then Ox(D(h)) = R, = (Ry);, = Oy (D(h)) = i.Oy (D(h)).
Therefore, we get an isomorphism Ox (D(h)) = i,Oy (D(h)) induced by i. By Proposition
this extends to an isomorphism Ox| D(g) = 1+Oy. Hence, we have that the topological open
immersion i is an actual open immersion of ringed spaces, so that (D(g), Ox|p(y)) = (Y, 0y). B

Definition 2.79. Let X be a topological space, and let x € X. We say that y € X specializes
to z if z € {y}. One then also says that x generalizes to y.

Lemma 2.80. Let X be a topological space, x € X, and let y € X be a point that specializes to
x. Then every open set that contains x also contains y.

Proof. Suppose that we have some open set U with x € U, but y ¢ U. Then y € U¢, which is
also a closed set. Since the closure of a set is the intersection of all closed sets containing the
set, we have that m C U¢ so x € U° But since z € U, it cannot be that x € U¢, so we have a
contradiction. Hence, if x € U then y € U. |

Corollary 2.81. Let R be a local ring, and let m denote the mazximal ideal of R. If U C Spec R
s an open set containing m, then U = Spec R.

Proof. This follows from Lemma [2.80] and Lemma [2.55 ]

Proposition 2.82. Let X be a scheme, and let © € X. Then there is a canonical morphism of
schemes Spec Ox , — X whose image is the set of points that specialize to x.

Proof. Let U be some affine open set containing . Then we get a map Ox (U) — Ox , which
induces a map canonical map Spec Ox , — U, which in particular sends m; to z. Composing this
with the inclusion U — X gives the map f: SpecOx, — X. We want this to be independent
of the choice of U. Suppose V is some open set containing x. Then f~(V) C Spec Ox is an
open subset of Ox ;, containing m,, and so by Corollary we have that f~1(V) = Spec Ox 4,
i.e. im f C V. Hence any open set containing x contains the image of f, so that the choice of
open set doesn’t matter. Now we will show that f has the right image.

Let R = Ox(U), so that U = Spec R is the open neighbourhood around z from above, and
let y € im f. Denote by p (resp. q) the image of = (resp. y) in Spec R. Then Ox , = Ry, so that
points of Ox , are ideals contained in p, and the map Spec Ox , — U is identified with the map
Spec R, — Spec IR, and has image those points that are contained in p. Hence q C p, so that
p € V(q) = {q} so that y specializes to z.

Now suppose that y specializes to . Then, by Lemma [2.80] every open neighbourhood of z
contains ¥, so y is in the above mentioned affine neighbourhood U of x. Hence, we may again
denote y by q € R. Since q specializes to p (using the same names as above), we conclude that
g € p, and so can be identified with an element of Spec R, = Spec Ox , i.e. y € im f. [ |

Definition 2.83. Let X and Y be schemes. The Y -rational points of X are defined as X (V') :=
Homgen (Y, X). If X and Y are S-schemes, then one takes this over S instead, i.e. X(Y) :=
Homgen/s(Y, X). When Y = Spec R for a ring R, one writes X (R) instead of X (Spec R).

It is good to ask whether we can concretely describe what the k-rational points of a k-scheme
look like. This is answered by the following:
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Lemma 2.84. Let R be a commutative ring, I C R an ideal. Then the map
Spec R/I — Spec R
induced by the surjection R — R/I is a closed immersion with image V(I).
Proof. This follows immediately from Proposition [2.46) |
Lemma 2.85. Let x € X. Then there is a canonical map Speck(x) — X with image x.

Proof. From Proposition 2.82] we get a canonical map SpecOx, — X. Furthermore, since
k(z) = Ox 4/m,, Lemma [2.84] gives a canonical closed immersion Spec k(x) — Spec Ox , with
image {z} = V(m;). Composing these gives the desired canonical map Speck(z) — X. [ |

Proposition 2.86. Let X be a k-scheme. Then X (k) can be identified with the points x € X
such that k(z) = k.

Proof. Let x € X be a point such that k(z) = k. From Lemma this immediately gives a
unique map Speck — X with image x which commutes with the structure map X — Speck,
i.e. it gives an element of X (k).

Now suppose = € X (k), i.e.  is a map Speck — X. Let z = Z(*) denote the image of the
unique element in Speck. Since Z is a map of schemes, we get a map ¢ : Ox — Z+Ogspec k-
Since 271 (U) = {x} if and only if x € U, we see that this is the same as being given maps
ij}] : Ox(U) — k with x € U. By the universal property of the colimit, we then get a map
74 Ox, — k. Since % is a map of local rings, and the maximal ideal of a field is the zero ideal,
we have that z%(m,) = 0, so that m, C kerz%. Since m, is maximal, this is also an equality.
Hence, the image of ig is a field containing (see Remark [2.74)) and contained in k, i.e. equal to
k, so that k(z) = Ox . /m; = Ox ./ ker f = im #%, = k. [ |

Remark 2.87. Note that the above proposition does not generalize to extensions K/k, i.e. it is
not in general true that if X is a k-scheme, then X (K) is in bijection with points z € X such
that k(x) = K or k(x) C K. There is, however, a characterization of X (K) which is fairly
similar to this, which will be the subject of a later proposition, and will involve base change,
replacing X with a K-scheme X.

Remark 2.88. Let X be a k-scheme, and identify X (k) with the points of X with residue field
k. Then if we are given some global section s € Ox(X), observe that this produces a “genuine”
function X (k) — k, given by = — s(z) (recall Definition [2.62). In other words, we are justified
in thinking of sections of Ox as functions in a way similar to the traditional sense, even if they
are defined in a totally abstract way.

There is a second, more specialized, characterization of the k-rational points of a k-scheme,
which confirms the intuition implied by the name, and provides a more direct geometric inter-
pretation.

Proposition 2.89. Let X = Specklty,...,tn]/I be an affine k-scheme, with k a field. Let
Z = {(a1,...,an) € K" | Vf € I, f(a1,...,a,) = 0}. Then there is a canonical bijection
Z = X(k).

Proof. Let a = (ai,...,a,) € Z, and set my, = (¢t; — ay,...,t, — ay). This ideal is maximal,
and I C mg, since if f € I then f (mod m,) = f(a) = 0. Hence, m, determines a point z,
of X, which has k(z,) = k[t1,...,tn]/m, = k (identifying X with V(I) C A}}), so that z, is a
k-rational point of X.
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Now suppose we are given a k-rational point x € X (k). Let a; be the image of ¢; in k(z) = k,
and set m = (t; —aq,...,t, —ay). Then f € m if and only if f(a) = 0. Furthermore, x C m and
I CxsolCm, henceif f €I then f(a) =0 so that a € Z. [ |

Remark 2.90. This tells us essentially that the theory of schemes actually is an extension of the
classical theory of algebraic geometry, in the sense that schemes manage to encode the same
kind of information (and more), just in a different way. In other words, the problem of solving
systems of polynomial equations is the same as finding rational points on schemes.

2.4 Projective Schemes

Projective schemes form a large class of examples of schemes that are not affine, and are also
usually the schemes that are of most interest. Classically speaking, they can be seen as the
prototype for schemes: projective n-space is covered by n+ 1 copies of affine n-space. Generally,
the way to think about projective space is to imagine that one is adjoining some points “at
infinity” so that geometric objects behave better (i.e. many theorems about projective space
have affine analogues, but for which the statements require many caveats and exceptions; a
notable example of this is Bézout’s theorem). The way we define projective schemes is somewhat
analogous to how one defines affine schemes, in that one does an operation on a ring to produce
a geometric space. However, rather than using Spec, one uses something called Proj, which only
accepts graded rings as input.
For the time being, fix a commutative ring R.

Definition 2.91. A commutative ring B is graded if B decomposes as a direct sum @ o By of
Abelian groups (called the grading) such that ByB, C By.. If, furthermore, B is an R-algebra,
we say that it is a graded R-algebra if the image of R in B is contained in By. Elements of By
are called homogeneous elements of degree d. An ideal I C B is called a homogeneous ideal if
it is generated by homogeneous elements. A homomorphism of graded rings ¢: C — B is a
homomorphism of rings such that there exists some r > 1 satisfying ¢(Cy) C B,q for all d > 0.

Definition 2.92. Let B be a graded ring. Then we call the ideal B = @ - Bq the irrelevant
ideal.

Definition 2.93. Let B be a graded R-algebra. Then we define
Proj B = {p C B | p is prime, homogeneous, and p 2 By}.

Definition 2.94. Let B be a graded R-algebra, and let I C B be a homogeneous ideal. Then
the set Vi.(I) ={p € ProjB | I C p}.

Proposition 2.95. Let B be a graded R-algebra.

(a) Let I,J be homogeneous ideals of B. Then Vi (I)UV,(J) =V, (INJ).
(b) Let {Ix}xen be a collection of homogeneous ideals of B. Then (ycp Vi (In) = Vi(Xaen In)-
(c) V(0) = ProjB, and V(B) = 0.

Proof. The proof of this is identical to that of Proposition [2.40 ]
Hence, we see that we can endow Proj B with a topology similar to that of Spec.

Definition 2.96. The Zariski topology on Proj B is the topology determined by setting the
closed sets to be of the form V., (I) for homogeneous ideals I C B.

Definition 2.97. Let B be a graded ring, and let I C B be an ideal. Then define the homoge-
nization of I to be I" := Daso(BaNI).
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Lemma 2.98. Let B be a graded ring, and let I, J be ideals of B.

(a) If I is prime, then the associated homogeneous ideal I" is prime.
(b) If I,J are homogeneous, then Vi (I) C Vi (J) if and only if JN By C /1.
(c) Proj B =0 if and only if By is nilpotent.

Proof. (a) Suppose we have a,b € B with ab € I" but a,b & I". Write a and b in terms of their

homogeneous components
n

m
a = Z a;, b= Z bj
i=0 j=0
where aq,bq € Bg. Then note that ab = a,b,, + > ¢;, where ¢; are elements of degree strictly
less than n + m. Hence, the degree n + m component of ab is a,b,,, so that a,b,, € Ih C 1.
Since a,b & I", we can assume that a,, b, & I", but since a,b,, € I" is a strictly homogeneous
element, we see that the primality of I gives that a, € I" or b,, € I" giving a contradiction.
Hence we conclude that I" is prime.

(b) For proving (<=), begin by assuming that J N By C v/I. Since p D I if and only if
0 D V1, we see that any p € V, (I) satisfies p O JN B, D JB,. Since p 2 By and is prime,
it must be that p O J, so that p € Vi (J), i.e. Vi(I) C Vi(J). For the ( = ) direction,
suppose Vi (I) C Vi (J). For any p € V(I), the homogenization p” is prime (by part (a))
and contains I (since I is homogeneous). If p? does not contain B, then p* € V,(I) so that
p2ph D J D JN By (since ph € Vi (I) = p € Vi (J)). If p" does contain B, then still one
has p D p* D JN B, so that JN By C MNpevn P = VI (by Lemma.

(¢) This follows from the above two parts, since Proj B = () if and only if V. (0) C V4 (B),
which by (b) is equivalent to By C 1/(0), i.e. By is nilpotent. [ |

We will want an analogue of the isomorphism D(f) = Spec Ry from the subsection on affine
schemes (Subsection [2.2)). To do this, we have to replace “pure” localization with only looking
at those elements that have degree 0.

Definition 2.99. Let B be a graded ring, and let f € B be a homogeneous element. The
distinguished open set defined by f is D4 (f) := Proj B\VL(f).

Remark 2.100. These form a basis for the zariski topology on Proj B, which can be proven in
the exact same way as in the Spec case. Furthermore, we may actually restrict ourselves to
f € By, since ) = V (By) = ; V4(fi), where the f; are homogeneous elements that generate
By, so that Proj B = {J; D+(f;). Similarly, one may conclude that for homogeneous g € B, one

has Dy (g) = U; D+(gfi) with gf; € By.

Definition 2.101. Let B be a graded ring, and let f € B be a homogeneous element. The
elements of degree zero of By, denoted By, is the subring of By made up of elements of the
form a/f", n > 0, with dega = ndeg f.

Proposition 2.102. Let B be a graded ring, and let f € By be a homogeneous element of
degree r. Then

(a) There exists a canonical homeomorphism 0: D (f) — Spec By).
(b) 1 Dy(g) € Dy (f) and a = g" =429, then (D, (g)) = D(a).

(c) ;Ve have a canonical homomorphism By — B(y) which induces an isomorphism (By))a =
(9)
(d) If I is a homogeneous ideal of B, then (V. (I)NDy(f)) =V (Iy)), where I 5y := IBsNBy).

(e) If I is an ideal of B generated by homogeneous elements hy, ... hy, then for any homoge-
neous f € B with deg f =1, the ideal Iy is generated by h;/fdeshi 1 <i<n.
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Proof. See |Liul0l p. 51-52, Lemma 3.36]. [ |

With the above in mind, we are now equipped to turn Proj B into a scheme. In particular,
one sets Oproj 5(D+(f)) = B(y) to define the structure sheaf.

Proposition 2.103. Let R be a commutative ring, and let B be a graded R-algebra. Then
Proj B can be endowed with a unique R-scheme structure such that for any f € By, the open
set Dy (f) is affine and isomorphic to Spec By).

Proof. Set X = Proj B and let B be the basis of the Zariski topology on X given by Dy (f)
with f € By. Then, as specified above, set Ox(D+(f)) = B(y), and note that Proposition
gives that if D (f) = D4 (g) then By) is canonically isomorphic to B, and if D (g) € D4 (f)
then we have a canonical restriction Ox (D4 (f)) — Ox(D+(g)). Hence Ox is a B-presheaf, and
furthermore the map 6 from Proposition shows that Ox is a B-sheaf. Hence, Ox extends
to a sheaf on X, which gives X the structure of a scheme, and the statement about D, (f) being
affine is immediate. Finally, this determines an R-algebra structure on X, since each By is
an R-algebra (due to the image of R being degree zero), and so we have a cover of X by affine
R-schemes. |

This finally gives us a way to define projective n-space, like we defined affine n-space before.

Definition 2.104. Let R be a commutative ring, and let Rl[tg,...,t,] be endowed with the
structure of a graded R-algebra by degree. Then we define projective n-space over R to be
P% = Proj Rlto, ..., tn].

Remark 2.105. Contrast this with the definition of affine n-space. In particular, note that
indexing starts with zero in the projective case, and with one in the affine case.

Remark 2.106. This looks basically the same as one expects from classical projective geometry
(e.g. over the complex numbers). In particular, setting B = Rlto,...,t,|, one has B, =
Rlto/ti, ..., tn/ti], which corresponds to the classical case in the sense that the affine open
subset D (t;) = Spec Byy,) is analogous to the typical coordinate chart of projective space given
by supposing that the ith homogeneous coordinate is non-zero.

In the case of classical algebraic geometry, one usually defines a projective variety (essentially)
as a closed set in projective space. Now, in the case of scheme-theoretic algebraic geometry, one
does something similar. Recall from the last subsection that one can define closed subschemes
of a scheme.

Definition 2.107. Let R be a commutative ring. A projective scheme over R is an R-scheme
which is isomorphic to some closed subscheme of P for some n > 0.

In other words, projective R-schemes are schemes that can be made to sit in P, which is a
very similar definition to the classical one.

Proposition 2.108. Let ¢: C — B be a homomorphism of graded R-algebras, and let M =
¢(C4+)B. Then ¢ induces a morphism of R-schemes f : Proj B\V,(M) — ProjC such that
Jor all homogeneous h € Cy, f~1(D4(h)) = Dy(¢(h)), and such that f|p, sny) is the same
as the morphism of affine schemes induced by the map C,y — Bgny)- In particular, if I is a
homogeneous ideal of R[to, ..., t,], then Proj R[to, ..., t,]/1I is isomorphic to a closed subscheme
of P, with underlying topological space Vi (I), i.e. it is a projective scheme.
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Proof. Let p € Proj B. Then q := ¢~!(p) is a homogeneous ideal of C, and q does not contain
C, if and only if p does not contain M. Hence, f = ¢! gives a map Proj B\V, (M) — ProjC.
Now we must verify the properties specified above. Let h € C; be homogeneous, i.e. h € Cy for
some d > 1. Then

FH D1 (h) = f1(Proj C\Vi(h)) = Proj B\f " (Vi.(h)) = Proj B\V,(¢(h)) = D (¢(h))

which verifies the first property. To check the second property, note that f|p_ (4n)) does indeed
give a map Spec By)) — Spec Cy), due to Proposition which then corresponds to a
homomorphism C(,y = B(g(x)) induced by ¢.

The last statement of the proposition follows from the preceeding ones by setting C' =
Rlto,...,ty) and B = Rlty,...,t,]/I, with ¢ being the canonical projection map. Then ¢(Cy) =
B, so that we get a morphism of R-schemes f: ProjB — P%, which has image V(I), and
furthermore the map ProjB — (Vi (I), f«OprojB) is an isomorphism of R-schemes, so that
Proj B is isomorphic to a closed subscheme of P%. |

Remark 2.109. Observe that the above tells us that (at least some) projective schemes look like
zero-sets of homogeneous polynomials. In fact, it is possible to prove that all projective schemes
are off this form. See, for example, [Liul0, p. 168-169].

In the previous subsection, we saw that k-rational points of certain affine k-schemes cor-
responded exactly to what one wants them to, i.e. to points in classical affine space satisfying
some defining polynomial equations. We want a similar result for projective schemes of the type
seen above (or, going by the remark, indeed all projective schemes) over fields. To do this, we
will first describe what classical projective space looks like.

Definition 2.110. Let k£ be a field, and let V' be a vector space over k. Let ~ be the equivalence
relation on V\{0} given by u ~ v if there is some A\ € k* such that v = Av. Then define
P(V) := (V\{0})/ ~. If V is finite dimensional, then fixing some isomorphism V = k™ one
denotes the equivalence class of a = (a1,...,a,) € K"\{0} in P(V) as [a1 : ... : ap], and one
calls the a; homogeneous coordinates.

This is projective space in the sense of classical projective geometry, i.e. the space of lines
passing through the origin of V. In particular, we want rational points of P} to be points of
P( k”+1).

Lemma 2.111. Let a = [ag : ... : a,] € P(k"TY), and set p(a) to be the ideal of k[to,. .., tn]
generated by ajt; — a;tj, 0 <i,j <n. Then p(a) € PY, and the map p: P(k" 1) — P} induces a
bijection between P(k" 1) and the set of rational points P} (k).

Proof. First of all, the map p is well defined since k is a field, and that if [af, : ... : a]] are
another set of homogeneous coordinates of a, then there is some ¢ € k* such that a; = cal.
Then, since ideals allow us to multiply by arbitrary constants, we can just multiply a;ti — a;t;
by ¢ to get a;t; — a;t;, and similarly one can go the opposite direction using 1/c.

Since at least one homogeneous coordinate of a is non-zero, we may assume without loss of
generality that this coordinate is ag. Since p(a) is generated by homogeneous elements, it is
homogeneous. Furthermore, k[to,...,t,]/p(a) = k[to] is an integral domain, so p(a) is prime.
Finally, the irrelevant ideal of k[tg,...,t,] is the maximal ideal (to,...,t,), which p(a) clearly
does not contain (since then p(a) would be equal to it, by maximality, and the quotient would
be k, not k[tg]). Hence, p(a) € P, so we have a map P(k"™!) — P?. Now we just need to show
that p(a) is a rational point.
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Since ag # 0, we have that ¢; — aya;tg € p(a) for all i, so that (to) Z p(a), ie. pla) €
D (t9), and so, by Proposition [2.102} corresponds to the ideal of k[taltl, .. ,taltn] generated
by ty'ti — agtai, 1 <i < n. The residue field k(p(a)) can then be calculated as

k(p(a)) = Frac(k(ty ‘t1,. .. tot, ]/ (to 't1 — agtan, ...ty "t — ag 'ay)) = Frack = k

so that p(a) is a rational point, which gives us that p is a map P(k"™!) — P?(k). We now just
need to show that it is injective and surjective.

Let a,b € P(k™™!) be points with homogeneous coordinates [ag : ... : a,] and [by : ... : b,] be
such that p(a) = p(b). We can, as before, assume that ag # 0. Then, one also gets that by # 0
since otherwise tg € p(b) = p(a), which cannot happen. Additionally, using the same reasoning
as above, p(a) corresponds to the ideal generated by the ¢, 1 — agy Ya;, and p(b) corresponds to
the ideal generated by the talti—balbi, so that a;/ag = b; /by for every i. But then b; = (bg/ag)a;,
so that b = a in P(k"*1). From this, the injectivity of p follows.

Let z € P?(k) be a rational point. We wish to find some a € P(k"*!) such that p(a) = =.
There is some t; such that x € D (¢;), and without loss of generality, we may assume that ¢ = 0
so that = € D (tp). Let a; be the image of t;'t; € Opp (D4 (o)) in the residue field k = k(z).
Then, setting a = [ag : ... : ay], we clearly have that p(a) = x. Hence p is surjective.

From the above, we conclude that we get a bijection p: P(k"*1) = P (k). [ |

The above lemma gives us a partial case of what we want. In general, we will now want points
of solutions to systems of polynomial equations in P(k"*1) to correspond to rational points of
corresponding projective schemes given by some Proj k[to, ..., t,]/I.

Definition 2.112. Let Py, ..., P, € kl[to, ..., t,] be homogeneous polynomials. Let Zy (P, ..., Py)

denote the set of points @ = [ag : ... : a,] in P(k"*1) such that P;(ag,...,a,) = 0 for all i.
Remark 2.113. This is well-defined, since if @ = [ag : ... : ay] is a solution, then for any \ € k*,
Aa = [Aag : ... : Aay] is also a solution since the P; are homogeneous, which implies that

Pi(Aa) = A" P;(a) for some r, i.e. Pj(a) =0 = P;(Aa) =0.

This finally allows us to precisely state what we want:

Proposition 2.114. Let k be a field, let Py, ..., P, € k[to, ..., t,] be homogeneous polynomials,
and let I = (Py,...,Py). Then there is a bijection between Zi(Pi,...,Py) and the k-rational
points of Proj k[to, ..., tn]/1.

Proof. Set B = k[ty,...,t,] and Z, = Z(Py,...,P,). By Proposition ProjB/I is
isomorphic to a closed subscheme of P}, in particular with image V(7). Hence, the rational
points of Proj B/I are in bijection with V. (I) NP} (k). Now let p be the bijection P(k"*1) = P}
from above. The proposition will follow from showing that p(Zy) = V(1) N P}.

Fix some 0 < i < n and let U; = p~1(D4(t;)(k)) C P(k"*!). Note that U; consists of those
a=lao:...:a,] € P(k") such that a; # 0. We then just have to show that p(Z, NU;) =
Vi(I) N Dy(t;)(k). Letting p: U; — k™ be the bijection given by

[ag : ...:ap]) — (ao/as, ..., ¢i—1/ai,aiy1/ai,...an/a;),

— (Spec Byy,))(k), and A be the bijection k"™ = (Spec B,))(k)
klto/tiy. .. tn/ti] = k[T1,...,T,], we get a commutative diagram

0 be the bijection D (¢;)(k
given by the fact that B,

~—

12

Ui LR D (t;)(k)

P I

k™ —2— (Spec By,)) (k)
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For a homogeneous polynomial P € kltg, ..., t,], set
P(z) = P(to/ti, R ,tn/ti) S B(t,)

Then, by Proposition we have that (Aop)(Z+NU;) = V(Py), - - -, Pi)), and by Proposition
2.102] we have that
OV (1) (1 D (1) (k) = V(I))(K) € Spec By,

Finally, I,y is the ideal generated by the Pj(;),..., Py, so that (Vi (I) N Dy (t;)(k)) =
V(Piiys -5 P@y) = Ao p)(Zy NU;) = (00 ply;)(Zy NU;). Since everything is a bijection,
we see that p(Z1 NU;) = Vi (1) N D4(t;)(k), which implies that p(Z) = Vi (I) NP (k), which
completes the proof. |

The above proposition justifies why we want to study Proj, why P} is called projective space,
and why projective schemes are in analogy with classical projective varieties. This essentially
concludes this subsection on the basic behavior of projective schemes.

2.5 Properties of Schemes

We now want to study some properties of the objects defined in the subsections prior to this,
and in particular the behavior of a certain operation that can be defined for them: the fiber
product. The fiber product is a powerful tool for studying schemes, since it happens to preserve
many of the features of interest that a scheme may have (e.g. there are a number of theorems on
cohomology regarding its behavior under certain fiber products). Fiber products also allow us
to get a generalization of the characterization of rational points on a nice scheme, i.e. of similar
types as in Proposition and in Proposition

The way one defines the fiber product is perhaps somewhat different from how one usually
conceptualizes a product in many mathematical disciplines. For example, in many cases, one
may simply give an explicit description of the product (e.g. the product A x B of two sets A, B
being the pairs of elements (a,b) with a € A, b € B). In the case of schemes, however, one begins
by defining the (fiber) product in the categorical sense, and then showing that there exists an
object which satisfies the required property, without ever specifying what it explicitly looks like
in the general case.

Definition 2.115. Let C be a category, let S € C, and let (f: X — S5),(g: Y — S) € C/S.
The fiber product of X and Y over S, is an object X xg Y equipped with S-morphisms (i.e.
morphisms in C/S) nx: X xgY — X and my: X xgY — Y (called the projections) such that
if Z is any other object with S-morphisms p: Z — X, ¢: Z — Y then there exists a unique map
pXgq:Z — X xXgY making the following diagram commute:

VA

I
b 1 PXsq

q

Remark 2.116. Note that, while it isn’t usually included in the notation, the maps f, g specifying
the S-object structure of X and Y are very significant in the structure of X xg Y.

Remark 2.117. There is another way to characterize this construction. Here, we essentially
define the fiber product X xgY as the product in C/S, but we can equivalently define it within
the category C as the limit of the diagram
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Y

f Jg

X —— S

which also gives an important mental image of what one can use the fiber product for: if X
and Y are S-objects, then we can construct from this a Y-object X xg Y, which arises in the
diagram

XxgV 25 v

lﬂx lg

x—1 435
with 7y giving the structure morphism as a Y-object. This is one of the reasons fiber products
are also called pullbacks, since in a sense one is “pulling back” the object X along the map g to
get X xXg Y. Note that if S is a terminal object, then the fiber product X xg Y coincides with
the regular categorical product X x Y.

Having defined what a fiber product should be in a general category (and hence in the
cateogry Sch of schemes), we now turn our attention to if it actually exists, and how to compute
it in special cases. Recall from an earlier comment that we cannot directly compute it in general;
we can, however, compute it in the affine case, then glue these together in the general case to
show existence.

We begin with lemmas showing that we can, in fact, glue compatible schemes and morphisms
together:

Lemma 2.118. Let X,Y be schemes, let {U;}icr be a covering of X, and let f;: Uy — Y be
morphisms such that fz'|UZ~mUj = fj‘UmUj- Then there exists a unique morphism f: X — Y such

Proof. On the topological space level, the map f is simply given by setting f(z) = f;(x) if
x € U;, and this is well defined since the f; agree on intersections. To get the required map
ft: Oy — f.Ox, note that (setting h; to be the inclusion U; — X) we have maps

1Oy = £;..00, = fiuhi'Ox

and that we can specify the map f* by specifying it for all open sets V' C Y. In particular,
letting V' be such an open set, we consider s; = fiﬂv(s) €Oy, (f~HV)) = Ox(f*(V)nU;) =
OX(fZ-_l(V)). We want to show that s;|y,nu;, = Sj’UmUj so that we can glue these together

to get a section s € Ox(f~1(V)). Set fi; = filvinu;, so that fi; = fj;. Then note that
silu,nu; = ffj’v(s) = fflv(s) = sj|u,nu; so we are done since this defines a map Oy — f.Ox.
Uniqueness follows from the fact that morphisms are determined by their constituent parts. W

Lemma 2.119. Let S be a scheme, and let {X;}icr be a family of S-schemes. Suppose there
exists open subschemes X;; of X; and isomorphisms of S-schemes fi; : Xjj = Xj; such that
fii = idx,, fij(Xij N Xix) = Xji 0 Xji, and fi, = fir o fij on Xi5 N Xy, Then there exists an
S-scheme X, which is unique up to isomorphism, along with open immersions g;: X; — X such
that g; = gj o fij on Xij, and X = U;es 9i(Xi).

Proof. The underlying topological space is constructed as follows: X = (I[;c; Xi)/ ~, where
x~yifzr e X;, ye Xj, and y = fij(x). Endow this with the quotient topology. This
immediately gives topological open immersions g; : X; < X such that g; = g; o fi;. Set
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Ui = ¢i(X;), and set Oy, = ¢;+0x,. If V.C U;NU; is some open set, then Oy, (V) =
Ox,(g; (V) = Ox,((fji 0 9;)(V)) = Ox;,(g; 1 (V) = Oy, (V), so that Oy, |v,~v; = Ov, v, -
Hence we can define the sheaf Ox on X to be such that Ox|y, = Op,. Then (X, Ox) is a scheme,
and the g; determine isomorphisms X; = U;. Now we just need to construct the structure
morphism X — S, which we do by utilizing Lemma In particular, let h;: U; — S be
the composition of g;” 1 and the structure morphism X; — S. Then hz’\UmU]- = hj\UmU]., SO we
may glue these to a unique morphism h: X — S which is by construction compatible with the
S-scheme structures on the X;. The uniqueness follows from the fact that if there were any
other “gluing” of the Xj’s, the induced isomorphisms would glue to an isomorphism with X. W

Proposition 2.120. Let S be a scheme, and let X, Y be S-schemes. Then the fiber product
X xgY exists and is unique up to unique isomorphism. If S, X andY are affine, then X xgY =
Spec(Ox (X) ®og(s) Oy (Y)), with the projection maps induced by the canonical morphisms
Ox(X) — Ox(X) ®OS(S) Oy(Y) and Oy(Y) — Ox(X) ®OS(S) Oy(Y)

Proof. First of all, supposing the fiber product exists, the uniqueness up to unique isomorphism
follows directly from the universal property, and this is easy (though somewhat notationally
tedious) to check. The proof is in essence identical to that of Proposition whereby one
constructs maps that must be unique and must compose to the identity in both directions, i.e.
are isomorphisms. Second, note that if the fiber product X xg Y exist, then it also satisfies
the universal property of Y xg X, and so that too exists, and furthermore they are uniquely
isomorphic. Third, if X xgY exists and U is an open subscheme of X, then U xgY also exists,
since (15" (U), 7x]| T (U) Ty | W;(U)) satisfies the required universal property.

We now consider showing existence in the completely affine case, i.e. S = Spec A, X = Spec B
and Y = SpecC. Setting W = Spec(B ®4 C), we get (from the maps B — B ®4 C and
C— B®4C)maps p: W — X and ¢: W — Y. Now, to check the universal property, consider
an S-scheme (i.e. an A-scheme) Z with maps f: Z — X and g: Z — Y. By Proposition m
this corresponds to maps B — Oz(Z) and C — Oz(Z). The universal property of the tensor
product (more accurately, this is an direct but not immediate consequence of it), there then
exists a unique map B ®4 C — Ox(Z) commuting with the maps of B,C to Z, so that we get
the required map Z — W.

Now consider the case when X is not affine. Choose an affine open cover {U; }ier of X. Then
the fiber products U; X gY exist. Let p;: U;xgY — U; and ¢;: U;xgY — Y denote the projections
of these. Then for all 4, j, by the third point above, we have that (U;NU;) xgY = p{l(UiﬁUj) =
pj_l(Ui N U;) which determines a unique isomorphism f;; : p; *(U; N U;) pj_l(UZ- nU;). If
i,j,k € I then f;; = f;1 o fi; due to the uniqueness of the isomorphism

P {(U;NU; N U) = pp (U U N UR).

Therefore, by Lemma [2.119] we can glue these schemes together to form a scheme W. Since all
the f;; are compatible with the X-scheme and Y-scheme structures of the U; X 5Y’, this combines
to give projections p: W — X and ¢: W — Y by Lemma [2.118] Let Z be a scheme with maps
f:Z—Xandg: Z =Y, let Z; .= f~YU,), and let f; := fl|z,, 9 := g|z,- Note that {Z;}ics
gives a cover of Z. Now, this gives us maps f; Xxg¢;: Z; = U; XgY, which further gives us maps
hi: Z; — W (with h; being the composition of f; X g g; with the open immersion U; xg Y — W)
which agree on overlapping sets, so again by Lemma [2.118 we may glue these to a unique map
h: Z — W, which by definition makes the desired diagram commute, so that W = X xgY.

Now consider the case when X and Y are arbitrary, and S is affine. Choosing an affine
open cover {U;}ier of Y, we see (by the symmetry mentioned in the second point discussed at
the start) that X xg U; exists for all i € I. Following the same proceedure as in the above
paragraph, we glue these together to get the fiber product X xg Y.
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Finally, consider the case when S is not affine. Let {S;};c; be an affine open cover of S, let
f (resp. g) denote the structure morphism of X (resp. Y), and let X; = f~1(S;), Vi = g7 1(S;).
Now note that X; and Y; are S;-schemes, so that we may take the fiber product X; x g, Y; (and this
exists since S; is affine). Since every S; scheme is in a natural way an S-scheme (by composing
with the open immersion S; — ), we have that X; xgY; = X; xg, Y;. Set W; = X; xgY;, and
set Wi; = (XN Xj) xg (Y;NY;) € W;,W;. Then clearly W;; = Wj; (via the identity), and
so the requirements of Lemma follow trivially, giving that we can glue these together to
get a scheme W. Following similar reasoning as the above paragraphs, this is the fiber product
X x S Y. |

Remark 2.121. For notational purposes, when S = Spec R one usually writes X xgr Y instead
of X x Spec R Y.

m

Example 2.122. A good example of an easy application of the above is that A} x AJ" = AZ'””.
This follows from the affine part of the above proposition, and from the fact that

klxy,...,zn] @ klt1, ... tm] = k[x1, .. Ty b1, oo tm] = k21, - o0 Toam]-

Remark 2.123. From the complexity of the above proof, it should be relatively clear that (de-
noting the underlying space by sp(-)) X xg Y in general does not have the underlying space
sP(X) Xgp(s)sp(Y'). However, this is where there is some magical interaction with rational points:
by the universal property, the map Homgy, s(Z, X xsY") — Homgep,5(Z, X) x Homgen/s(Z,Y),
induced by the maps

Homgen/s(Z, X x5Y) — Homgen/s(Z, X) and  Homgep/s(Z, X XsY) — Homgen,s(Z,Y)

given by composition with the projections, is a bijection. Recall in other notation that this
says that (X xgY)(Z) =2 X(Z) x Y(Z). Furthermore, if we set Z = Y then we get that
(X xsY)(YV)=Z X(Y) xY(Y). If we then recognize that X xg Y is also a Y-scheme, then we
can consider what happens when we restrict to the subset of (X xg¢Y)(Y) which consists of only
those morphisms that are also Y-morphisms, which gives that Homgey /v (Y, X x5Y) = X(Y).
This leads well into the next topic, namely that of base change.

Definition 2.124. Let S be a scheme, and let X,Y be S-schemes. The scheme X xgY when
endowed with the structure of a Y-scheme using the second projection is called the base change
by Y — S, and is usually denoted Xy. If f: X — Z is a morphism of schemes, then we
sometimes denote the induced morphism f x idy : Xy — Zy by fy.

Remark 2.125. As with the general fiber product, one usually alters the notation to write Xg
and fr when Y = Spec R for convenience.

Remark 2.126. Note that we can rephrase Homgep /vy (Y, X x5 V) = X(Y) as Xy (Y) = X(Y),
stating essentially that Y-rational points are invariant under base change by Y. This immedi-
ately gives us a route towards a generalization of Proposition and Proposition

Lemma 2.127. Let R be a ring, let B be a graded R-algebra, and let C' be an R-algebra. Then
there is a canonical isomorphism

Proj(B ®gr C) = Proj B x  Spec C.
Proof. See |Liul0, p. 82, Prop. 1.9]. |

Remark 2.128. As an aside, this lemma leads to a fun consequence. While it is not true that
IP’,lC Xk IP’,lC gives us P?, it is true that ]P’z = IP’,lC Xk A}C. In fact, one gets that P} = IP’,{U. X Az_l.
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Proposition 2.129. Let X be a k-scheme, and let K/k be a field extension. Then:

(a) if X is a closed subscheme V(I) of A}, then X (K) can be identified with

{pe K" |Vfel, f(p) =0}

(b) if X is a closed subscheme V(1) of P}, then X(K) can be identified with

{peP(K"™) | Vf €1, f(p) = 0}.

Proof. This follows by applying Proposition and Proposition together with Lemma
2.127|to Xk, and noting that X (K) = X (K). [ |

This gives us a good geometric characterization of the K-rational points of suitable k-
schemes. There is one further characterization that may be of interest, which is more similar
to that of Proposition Recall, however, that identifying the K-rational points of a scheme
is not as simple as identifying the points with residue field lying in K. Instead, we have the
following:

Proposition 2.130. Let K/k be a field extension, let X be a k-scheme, and let s € X(K).
Then s is uniquely determined by a point x € X with a homomorphism of k-algebras k(x) — K.
Furthermore, if K'/K is a field extension, then there is a natural inclusion X (K) C X (K').

Proof. Let s € X(K), and let z € X be the image of s. Then we get an induced morphism
sh Ox ., — K, which further induces a morphism of k-algebras Ox ,/m, = k(z) — K. Now,
if x € X and we are given a map k(x) — K of k-algebras, then this induces a morphism of
affine schemes Spec K — Spec k(x), which we can then compose with the canonical morphism
Speck(x) — X to get a K-rational point Spec K — X (this, in particular, is because the map
k(z) — K is a morphism of k-algebras, not just of fields). This has image = and clearly produces
the given map k(x) — K, so that the two operations described are inverses of each other.
Now, if K’/K is another extension, we get an induced morphism Spec K’ — Spec K, which
by composition induces a map X (K) — X (K'). This map is injective by the above. ]

Remark 2.131. This tells us why it isn’t enough to find points z € X with k(z) C K: it is
possible for several K-rational points to be “glued” to the same point x € X. The ambiguity
then arises from the Galois group Gal(K/k) generally being non-trivial. A good example of
this is to consider the real affine line A}, and the complex affine line A}C. The Galois group
Gal(C/R) consists of exactly one non-trivial automorphism, namely complex conjugation, and
a point in Af generally looks like either (t —r), for r € R, or like some quadratic (t* + at + b),
which then determines two complex numbers. In other words, geometrically the real affine line
looks like the complex plane folded in half, i.e. with complex conjugates glued together. This
also follows from the above proposition, since we then see that if we pick any non-real point
z = (t* + at + b) € A}, then k(z) = C and Gal(C/R) allows us two ways to automorphically
map C to C.

When we move to the complex affine line, however, we somehow “unglue” the conjugate-
identified points, so that points of A(%: are essentially in bijection with points of C (excluding the
generic point). It should be further noted that (Af)c = Al since R[t] ® C = C[t], so that this
observation ties in with Proposition [2.129]

Since the above proposition tells us that X (k) C X (K) when K/k is a field extension, there
is a reasonable question if we can somehow identify which K-rational points are also k-rational.
There is some precedent for this: consider the natural action of G = Gal(K/k) (with K/k being
some reasonably nice field extension) on K. We can identify the field & as the field that is fixed
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by every element of G. Similarly, if we consider the natural action of G on K", then we see that
we can identify £™ with the subset of K" fixed by GG. Hence, there should be some analogous
action of G on X (K) (induced by an action on X) whose fixed points are given by X (k). First
of all, what do we mean by a group G acting on a scheme?

Definition 2.132. Let S be a scheme, and let X be an S-scheme. The automorphism group
of X is the group of S-automorphisms of X, i.e. the subset Auts(X) C Homgep/s(X, X) of
isomorphisms equipped with the group structure given by composition. When the scheme §' is
obvious, we simply denote this by Aut(X) rather than Autg(X), and when S = Spec R we write
Autpr(X) instead of Autgpec r(X).

Definition 2.133. Let S be a scheme, let X be an S-scheme, and let G be a group. An action
of G on X is a group homomorphism G — Autg(X).

Remark 2.134. Let K /k be a galois extension. Then G = Gal(K/k) acts on Spec K in a natural
way: each o: K — K induces an automorphism of k-schemes Speco: Spec K — Spec K, i.e. an
element of Auty(Spec K), so we get a map G — Aut(Spec K). Furthermore, if X is a k-scheme,
then we get an action G — Auty(Xg) given by ¢ — idx Xj (Speco). Using the fact that
Xk (K) = X(K), this then gives an action of G on X (K). When X is, for example, a closed
subscheme V(1) of A7, then the action of 0 € G on a point = (z1,...,2,) € X(K) (using the
identification from Proposition is given by o(z) = (o(z1),...,0(xy,)), i.e. coincides with
the natural action on K™.

Proposition 2.135. Let K/k be a Galois extension, let X be a k-scheme, and let G = Gal(K /k).
Then, letting G act on X (K) as above, we have that the fized points of the action are the k-
rational points of X, i.e. X(K)¢ = X (k).

Proof. Let p € X(K), and let = be the image of p in X. Then by Proposition p is uniquely
determined by an associated morphism of k-algebras a: k(z) — K. If 0 € GG, then the action
on p is given by composing ¢ with «, i.e. it sends p to the point determined by x and ¢ o . If
we then want o(p) = p, it must be that the map « is left unchanged, i.e. the image of « is an
invariant subfield of K. Hence, it must be that if p € X (K)% (i.e. p is fixed by every o € G)
then p € X (k). [ |

As we saw in Remark the action of base change can provide finer information of a
scheme by ungluing points and such. This tells us that we should be interested not only in
the scheme itself, but how it looks under base change by various extensions of the base field.
In particular, we will be interested in properties that appear when one base changes by the
algebraic closure.

Definition 2.136. Let k be a field, k its algebraic closure, and let X be a k-scheme. Let P
be some property that a (k-)scheme can have (e.g. being connected as a topological space). We
say the the property P holds geometrically if P holds for Xj (e.g. X is geometrically connected
if X7 is connected).

The example of being geometrically connected will be of particular interest later when we
discuss genus with regards to Riemann—Roch.

For the next part, we will begin with an example (which will also serve as motivation for
models and reduction later). In particular, this will demonstrate how schemes can in some sense
“parametrize” families of schemes in a natural way.

Example 2.137. Consider the Z-scheme A}, = Spec Z[t] with structure morphism 7 induced by
the unique homomorphism Z — Z[t]. What does A}, actually “look like”? We should think of it
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as lying “over” Spec Z, which itself can be thought of as a line consisting of the prime numbers
p € Z and some kind of “point at infinity” which really lies everywhere, i.e. the generic point
determined by the ideal (0). So we can then restrict ourselves to determining what A} looks
like “above” a given prime number p € Z, i.e. computing what 7—!(p) is. A prime ideal of Z[t]
is either of the form (f(¢)) for an irreducible polynomial f € Z[t], or of the form (p, f(¢)). In
particular, w((p, f(t))) = (p), so that 7~1(p) consists of the points of A} that are of that form.
Further, note that if g € (p, f(t)) then pg € (p, f(t)), i.e. Z[t]/(p, f(t)) = Fp[t]/(f(t)). In other
words, in some sense we can think of (p, f(¢)) as encoding the polynomial f(¢) modulo p, so
that 7=1(p) = {irreducible polynomials/F,} = A]%p. The part of A} that lies over the generic
point can also be characterized like this: if g € Q[t] is irreducible, then we get an irreducible
polynomial h € Z][t] given by clearing the denominators of g, and further we get that (h) = (g)
in Q[t]. In other words, the set of ideals (f(t)) generated by irreducible polynomials f € Z[t] is
the same as the set of ideals generated by irreducible polynomials of Q[t], i.e. 7=1(0) = A(l@.

This tells us that A% can be thought of as a combination of the affine lines A}@, and A%p
with p € Z prime, i.e. the structure morphism A}, — SpecZ parametrizes these schemes. The
only difficulty here is that we have not yet ensured that the inverse images of m can actually be
given structures of schemes, but this is solved using the fiber product.

Definition 2.138. Let f: X — Y be a morphism of schemes. For a point y € Y, the fiber of f
over y is
Xy := X Xy Speck(y).

Xy is a k(y)-scheme via the second projection map.

Proposition 2.139. Let X,Y be schemes, let f: X — Y be a morphism of schemes, and
let y € Y. Then the first projection map X xy Speck(y) — X induces a homeomorphism
X, = f7Y(y), and we can endow f~1(y) with a natural scheme structure so that this is an
isomorphism of schemes.

Proof. In general, this is hard, so we want to reduce to an easier case. For notation, denote by
x: Xy — X and m,: X, — Speck(y) the projections.

First, note for V' = Spec A an affine open neighbourhood of y that X Xy Speck(y) =
(X xy V) xy Speck(y). Furthermore, from the proof of the existence of the fiber product, we
have that X xy V = f~}(V), so that X, = f~1(V),. Hence, we can restrict our interest to
this affine neighbourhood, i.e. we can assume that Y = V = Spec A is affine. Actually, one may
reduce one more step, since again by the proof of the existence of the fiber product, we have
that if U C X is any open subset of X, then 7 (U) = U xy Speck(y). Because f~'(V) is an
open subscheme of X, it can be covered by affine open subsets {U;} of X so that X, = f~1(V),
is the union of the U; , = W;(I(Ui)’s, i.e. we may assume that X = Spec B too is affine.

Having made these reductions we are left with a morphism f : Spec B — Spec A. Let
p € Spec A be the prime ideal associated to y, let p; : X xy Spec A, — X be the morphism
associated to the canonical homomorphism B — B®4 Ay, = By, and let pa: X, — X xy Spec A,
be the morphism associated to the canonical surjection B ®4 Ay — B ®4 k(p) (induced by
k(p) = Ay/pAp). Then mx = p1 o po. By Proposition since pp is a localization, we have
that mx gives a homeomorphism X, — {q € X = Spec B | ¢ 2 pB and q N fg/(A\p) = 0}, i.e.
()7 (a) = p, s0 that f(q) = p =y. Hence X, = f~'(y).

Let i: X, = f~(y) be the above isomorphism. The last statement of the proposition
follows immediately from giving f~!(y) the structure sheaf ixOx,, and this also immediately
gives that the induced morphism X, — (f~*(y),i.Ox,) (given by (i, idi.0x,)) of schemes is an
isomorphism. |
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Remark 2.140. This proposition clarifies how one can regard a morphism X — Y of schemes
as a “parametrization” of a family of k(y)-schemes X,, y € Y. In the above example, taking
X = A%, the morphism X — SpecZ does exactly this, since for a prime p € SpecZ, the fiber
over p is X, = SpecZ[t] xz SpecF,, = Spec(Z[t] ®z F,) = SpecF,[t] = Aﬂlrp, and similarly the
fiber over the generic point (since Z) = Q) is given by Xy = Spec(Z[t] ®7 Q) = A}@. This last
fiber has a name in general:

Definition 2.141. Let X be a topological space. X is said to be irreducible if whenever U,V
are closed sets of X with X = U UV, then U = X or V = X. A scheme X is said to be
irreducible if it is irreducible as a topological space. Any irreducible topological space X has a
point £ € X such that X = @, called a generic point.

Definition 2.142. Let f: X — Y be a morphism of schemes with Y irreducible, and let £ € Y
be the generic point. The fiber X over ¢ is called the generic fiber.

Example 2.143. As we saw above, if we let X = AL, Y = SpecZ and let f be the unique
structure morphism, then the generic fiber X is given by A(b.

Remark 2.144. All of the above has a natural generalization to X = A7. In particular, if
y € SpecZ is any point, then X, = X xz Speck(y) = Spec(Z[t1,...,t,] ®k(y)) = Al In fact,
this computation always works: let S be any scheme, let A% := A7 x7 S, and consider this as
an S-scheme. Then if y € S we have

g,y = (A} x7 S) xg Speck(y) = A7 xz Speck(y) = AZ(y)?

and note that this generalizes the previous statement since if S = Spec R then A% = A%.
Furthermore, one can even do this with projective space: let P := P x7 S. Then one has, by

Lemma [2.127] that
7, = (P2 xz,5) xs Spec k(y) = P& xz Speck(y) = Proj(Zltr, . ] @ k(y)) = Py,

so that, for example, if X = IP’% with canonical morphism X — Spec Z, we have that the generic
fiber is X¢ = IP’}@.

For a good part of the later sections, we will be interested in curves. This requires that
we should be able to talk about the dimension of a scheme. The idea here is similar to how
one defines the dimension of a vector space: one can think of the dimension of a vector space
V' as being the supremum of the lengths of chains of linearly independent elements, i.e. chains
of subsets of V' of the form () C {e;} C {e1,e2} C -+ C {e1,...,en} with the e;’s linearly
independent, where one defines the length of such a chain to be n. One can think of this as
representing chains of subspaces 0 C Span(e;) C --- C Span(ey,...,ey), i.e. “irreducible” parts
of V. This is also how one defines the Krull dimension of a topological space.

Definition 2.145. Let X be a topological space. A chain of irreducibles in X is a strictly
increasing sequence of irreducible closed subsets of X

0czZic---CZ,CX.
The length of such a sequence is defined to be n.

Definition 2.146. Let X be a topological space. The Krull dimension (or, for convenience,
sometimes just the dimension) of X is the supremum of lengths of chains of irreducibles in X,
and we denote this by dim X. The dimension of a scheme is the dimension of the underlying
topological space.
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How do we know that this will behave the way we want? We will, for example, certainly
want dim A} to be one. There is a related notion, namely the Krull dimension of a ring, which
is of interest for this.

Definition 2.147. Let R be a commutative ring, and let p be a prime ideal. The height of p,
ht(p), is the supremum of the lengths of strictly increasing chains of prime ideals contained in

p.
Definition 2.148. Let R be a commutative ring. The Krull dimension of R is dim R :=
SUPpeSpec R ht(p) :

Proposition 2.149. Let R be a commutative ring. Then
dim R = dim Spec R = sup{dim Ry, | m mazimal}.
Proof. See |Liul0l p. 69, Prop. 5.8]. |

Example 2.150. If k is a field, then dim k£ = 0. Hence we also see that dim Spec k = 0, which
is intuitively correct since Speck consists of a point. One also has dimZ = 1, and indeed if R
is any principal ideal domain then dim R = 1, so, for example, we also have dim k[t] = 1, i.e.
dim A} = 1. Furthermore, it can also be shown that dim k[t1,...,t,] = n (by considering the
chain (0) C (t1) C (t1,t2) C -+ C (t1,...,tn—1) C k[t1,...,ty]) so that dim A} = n.

Remark 2.151. Note, however, that A'% is not generally of dimension n for all commutative
rings R. It can be shown that dim A% = dim R + n (see, for example, [Liul0, p. 72]) so that
dim A}, = 2.

Definition 2.152. A scheme is said to be of pure (Krull) dimension n if all its irreducible
components are of dimension n.

Definition 2.153. A curve is a scheme of pure dimension one. Let S be a scheme. A curve
over S is an S-scheme such that the fibers over y € S are all curves (i.e. of pure dimension one).

Example 2.154. As seen above, SpecZ is a curve since dim SpecZ = dim Z = 1. Similarly, for
a field k, A,li and IP’,lc are curves over k. Note, however, that SpecZ is not a curve over Z, since
the fibers are of dimension zero.

Remark 2.155. Note that if S is a scheme and X is an S-curve, then it is not generally true
that X is also a curve indpendent of S. Indeed, since the fibers of X — S are of dimension one,
generically one should think of X as being of Krull dimension 1 4+ dim S. Hence, for example,
curves over 7Z will topologically look more like surfaces than curves, which is confirmed by
examining the Z-curve A% — Z.

We will in general not be interested in all curves, but only those that are in some sense
analogous to classical algebraic varieties.

Definition 2.156. Let k be a field. An affine algebraic variety over k is an affine scheme
associated to a finitely generated k-algebra. An algebraic variety over k is a k-scheme which
has a covering by a finite number of affine algebraic varieties. A projective variety over k is a
projective k-scheme.

Remark 2.157. Note that projective varieties are automatically algebraic varieties, since they sit
inside some P}, which is an algebraic variety on account of being covered by n + 1 copies of A}.

Definition 2.158. Let k£ be a field. An algebraic curve over k is an algebraic variety over k
that is a curve.
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There is something of an analogy between schemes and manifolds, as mentioned when they
were defined earlier. As a result, there is also a degree to which algebraic geometry can be
compared to differential geometry, which suggests that we should be interested in distinguishing
schemes that are “smoother” than other schemes, much like how one works (almost) exclusively
with smooth manifolds in differential geometry. For this, we will require several things, but pri-
marily the notion of reqularity. The motivation from this also comes from differential geometry,
in particular through a certain description of the (co)tangent space at a point.

Suppose we have a local ring R, and we set k¥ = R/m to be the residue field. Note that
m/m? is a k-vector space: let a € R, let v € m, and let [a] (resp. [v]) denote the image of a
(resp. v) in the quotient by m (resp. m?). Then if o’ € [a] we see that a — a’ € m so that
a'v —av = (a — a’)v € m?, so that a[v] — a/[v] = 0 and [a][v] is well-defined.

Definition 2.159. Let R be a local ring with maximal ideal m and residue field k = R/m. We
say R is regular if dim; m/m? = dim R.

Definition 2.160. Let X be a scheme, and € X be a point. We say X is regular at x (or that
x is a regular point) if the local ring Ox , is regular. If x is not a regular point, then it is called
singular. We say X itself is regular if all points of X are regular, and call it singular otherwise.

There is some further intuition that can be had here: suppose we have a scheme whose local
rings are all Noetherian (as an aside, such schemes are called locally Noetherian). Then we know
that dimg,) m,/m? is finite, and so the dual Tx, := (m,/m?)¥ has the same dimension and
therefore is isomorphic to m,/ mi. There is a reason for the choice of name for T'x .. If M is a
smooth manifold, and we denote by O, the sheaf of smooth functions to R, then one can check
that mpz . /m%“g is the cotangent space at x € M, so that the dual is the tangent space T, at
the point z.

So we see that a locally Noetherian scheme X is regular at z € X if dim Ox ; = dimy,) Tx 2,
i.e. if the “local dimension” of the scheme at x, given by the dimension of the local ring at x, is
the same as the dimension of the tangent space at x. This then coincides with how one defines,
for example, a surface in Gaussian geometry, that is: it is a topological space that is locally R?,
and at all points has a two-dimensional tangent space.

Definition 2.161. Let X be an algebraic variety over a field &, let € X, and let k& be the
algebraic closure of k. We say X is smooth at x if the fiber Xj . is regular. We say X itself is
smooth if it is smooth at every point, i.e. if it is geometrically regular.

Remark 2.162. There is a more general notion of a smooth morphism of schemes, which we
include in the next subsection, and is harder to define. This then allows one to define a general
smooth S-scheme X as smooth if the structure morphism X — S is smooth.

Finally, we will define three important properties a scheme can have: reducedness, integrality,
and being Noetherian. Roughly speaking, a scheme is reduced if it has no “infinitesimal” parts,
represented by the lack of nilpotents. The analogy comes from the notion of dual numbers, i.e.
the ring Rle] := R[z]/(z?), where one usually denotes the indeterminate x as € to suggest that
it is somehow an infinitesimal. Essentially, one adjoins an element to R which is “sufficiently
small” such that when you square it, it is zero, i.e. it is infinitesimally small. One can then check
that, for example, if f € R[x] then f(z +¢€) = f(z) + ef'(z). In other words, nilpotents tell us
about infinitesimal behavior, and a reduced scheme should be one that doesn’t have any such
behavior.

Definition 2.163. Let R be a commutative ring. We say R is reduced if R has no non-trivial
nilpotent elements, i.e. if 1/(0) = (0).
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Definition 2.164. Let X be a scheme, and let x € X. We say X is reduced at x if Ox, is a
reduced ring. We say X itself is reduced if every point of X is reduced.

Lemma 2.165. Let X be a scheme. Then X is reduced if and only if Ox (U) is a reduced ring
for every open set U C X.

Proof. Suppose X is reduced, and let f € Ox(U) be such that f” = 0 for some n > 1. Then
for every z € U, [f]; = 0 since Ox , is reduced. From the sheaf axioms we then conclude that
f =0. Now suppose Ox (U) is a reduced ring for all open sets U, let z € X and let f, € Ox , be
non-zero. Then there is some open set V' with = € V' such that [f, V] = f, where f is non-zero
and therefore not nilpotent, so f, is not nilpotent in Ox ;. |

Definition 2.166. Let X be a scheme. We say X is integral at x if Ox , is an integral domain.
We say the scheme X is integral if it is reduced and irreducible.

Lemma 2.167. Let X be a scheme, and let x € X. Then the irreducible components of X
containing x correspond to the irreducible components of Spec Ox 4.

Proof. See |Liul0} p. 64, Prop. 4.12]. ]

Lemma 2.168. Let X be a scheme. Then X is integral if and only if Ox(U) is an integral
domain for every open set U C X.

Proof. See |Liul0l p. 65, Prop. 4.17]. |
Proposition 2.169. Let X be an integral scheme. Then X is integral at every point.

Proof. This follows from the above lemmas. In particular, suppose f;,g. € Ox, such that
fzg: = 0. We can then pick a neighbourhood V' of x and representatives [f, V], [g, V] of f, and
gz, such that fg =01in Ox(V), i.e. f =0 or g =0, giving that f, =0 or g, = 0. Hence Ox , is
an integral domain. |

Definition 2.170. A scheme is called Noetherian if it is locally Noetherian (i.e. the local rings
are all Noetherian) and quasicompact.

2.6 Properties of Morphisms

A number of properties in modern algebraic geometry are phrased in terms of morphisms of
schemes, mostly due to the relative perspective introduced by Grothendieck. This is also why
one considers schemes X lying over other schemes S, since this is essentially studying morphisms
X — S. There are a great number of possible interesting properties to study throughout the
literature, but we will concern ourselves primarily with what is required for properly defining
properness, smoothness, étale-ness, and the degree of a morphism.

We will begin by describing proper morphisms, which consist of a combination of three
criteria: being universally closed, being separated, and being of finite type. The first is essentially
a topological property.

Definition 2.171. Let f: X — Y be a morphism of schemes. We say f is closed if for every
closed set V, the image f(V') is closed. We say that f is universally closed if for every morphism
Y’ — Y the induced morphism X xy Y’ — Y is closed.

Remark 2.172. In other words, a universally closed morphism is one which is stable under base
change (that is, remains closed after one performs a base change).
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The other properties are a little harder to characterize, but have fairly intuitive origins.
Schemes are very rarely Hausdorff topological spaces, due to the Zariski topology being too
sparse, and this is something of a problem. Consider the scheme formed by gluing two affine
lines together everywhere but the origin (this can be done using the gluing lemma, Lemma
of the previous subsection). This obviously is something of a strange space to study, and so we
want to exclude it (and its affiliates) in many cases. However, while one would usually use the
Hausdorff condition to remove these kinds of pathologies, this can no longer be done due to
the natural topology on a scheme. Hence, we replace it with an analogous condition, namely
separatedness.

Definition 2.173. Let f: X — Y be a morphism of schemes. The diagonal morphism Ax,y
associated to f is the induced morphism (idx,idyx): X — X xy X.

Definition 2.174. Let f: X — Y be a morphism of schemes. We say that f is a separated
morphism, or that X is separated over Y, if Ay y is a closed immersion. We say X is separated
if it separated over Z.

Remark 2.175. This is a particularly strange condition if provided without good justification.
The definition comes from a condition that, in the case of topological spaces, happens to be
equivalent to being Hausdorff. In particular, a topological space X is Hausdorff if and only if
the diagonal morphism A: X — X x X, given by = — (z, x), satisfies that A(X) is closed.

This is generally a hard condition to check, so we have the following:

Proposition 2.176. Let X be a scheme. Then X is separated (over Z) if and only if for
every pair U,V of affine open subsets of X, the intersection U NV is affine and the canonical
homomorphism Ox(U) ®7 Ox (V) — Ox (U NV) is surjective.

Proof. See [Liul0, p. 100, Prop. 3.6]. [ ]

Remark 2.177. One can now check that reasonable things are separated (e.g. the projective
space ) and that unreasonable things are not (like the affine line with a double origin). This
observation actually covers a lot of ground, practically speaking, since we have the following:

Proposition 2.178. Open and closed immersions are separated, the composition of separated
morphisms is separated, separated morphisms are stable under base change, and if X — Z,
Y — Z are separated, then so is X xz Y — Z.

Proof. See |Liul0l p. 101, Prop. 3.9]. |

Remark 2.179. From this, we immediately get that all notable projective spaces are separated.
In particular, let S be a scheme. Then P¢% = P7 x S is separated over S since P7 is separated.
Hence one also gets that all projective schemes are separated (since they are closed subschemes
of projective spaces).

The final ingredient we need, then, is what it means for a morphism to be of finite type.

Remark 2.180. In the following, we will refer to what is sometimes called “compact” as “qua-
sicompact.” This is essentially to reduce confusion, since in some places “compact” means
“compact and Hausdorff.” Hence, by quasicompact, we mean that every cover has a finite
subcover.

Definition 2.181. Let f: X — Y be a morphism of schemes. We say that f is quasicompact if
for every affine open subset V' C Y, the inverse image f~!(V) is quasicompact.

35



Definition 2.182. Let f: X — Y be a morphism of schemes. We say f is of finite type if f is
quasicompact, and if for every affine open subset V C Y and every affine subset U C f~1(V),
the induced morphism Oy (V) — Ox (U) makes Ox(U) into a finitely generated Oy (V')-algebra.
We say that a Y-scheme X is of finite type if the structure morphism is of finite type.

Example 2.183. We have already come across a fairly rich class of schemes of finite type. Let
k be a field. Then k-schemes of finite type are precisely the same as algebraic varieties over k.

We also have a similar set of statements as for separated morphisms that apply to morphisms
of finite type.

Proposition 2.184. Closed immersions are of finite type, the composition of two morphisms of
finite type is of finite type, morphisms of finite type are stable under base change, and if X — Z,
Y — Z are of finite type, then so is X Xz Y — Z.

Proof. See |Liul0, p. 838, Prop. 2.4]. [ |

Remark 2.185. As with before, this gives us that a number of other things are of finite type.
For example, if X — Y is of finite type, then we immediately get that for y € Y, the fiber X,
is an algebraic variety over k(y).

We are now ready to define what a proper morphism is.

Definition 2.186. Let f: X — Y be a morphism of schemes. We say f is proper if it is
universally closed, separated, and of finite type. We say that a Y-scheme is proper if the
structure morphism is proper.

Remark 2.187. In other words, a proper morphism is one that is extraordinarily well behaved.
It ensures a Hausdorff-like condition, it ensures that closed sets are sent to closed sets, and it
ensures that the domain behaves like a variety over the codomain.

Proposition 2.188. Closed immersions are proper, the composition of proper morphisms is
proper, proper morphisms are stable under base change, and if X — Z, Y — Z are proper, then
s0is X xzY — 7.

Proof. See [Liul0, p. 104, 3.16]. [ ]

Smooth morphisms are defined by combining the notion of a flat morphism with the easier
definition over a field. A flat morphism somehow guarantees that the fibers of the morphism are
“continuous.”

Definition 2.189. A morphism f: X — Y of schemes is said to be flat at x € X if the
homomorphism f%: Oy, @) — Ox is flat (i.e. gives Ox , the structure of a flat Oy f(,) module).

Proposition 2.190. Open immersions are flat, flat morphisms are stable under base change,
the composition of flat morphisms is flat, the fiber product of two flat morphisms is flat, and a
morphism Spec A — Spec B is flat if and only if the induced map B — A is flat.

Proof. See |Liul0l p. 136, Prop. 3.3]. |

Definition 2.191. Let Y be a locally Noetherian scheme. A morphism f: X — Y of finite type
is said to be smooth at x € X if it is flat at 2, and if the induced fiber X,y — Speck(f(x)) is
smooth (according to Definition [2.161]).
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Smooth morphisms will be important when we discuss reduction in Section [3| which are
integral to the proof of weak Mordell-Weil. A property which will provide us with interesting
structural information about elliptic curves is that of a morphism being étale. Roughly speaking,
these are analogous to local isomorphism in differential geometry. They are based on two notions:
flatness, which we recall from smoothness, and being unramified.

Definition 2.192. Let X and Y be locally Noetherian schemes, and let f: X — Y be a
morphism of schemes. We will say f is unramified at * € X if the morphism Oy ;) —
Ox . satisfies my(,)Ox = m, and if the extension k(f(z)) — k() is separable. We say f is
unramified if it is unramified for all x € X.

Definition 2.193. A morphism X — Y is étale at z € X if it is flat and unramified at . We
say it is étale if it is étale for all z € X.

The property of these that we will primarily care about in this thesis is actually the “un-
ramified” part. This is due to the following proposition:

Proposition 2.194. Let f: X — Y be a morphism of finite type between locally Noetherian
schemes. Then f is unramified if and only if for ally € Y, the fiber X, is finite, reduced, and
k(z) is separable over k(y) for all x € Xyy. In particular, if f is unramified, then X, is finite as
a set.

Proof. See [Liul0, p. 139, Lemma 3.20]. In particular, note that the proof shows X, is of
dimension zero, and hence quasicompactness shows that X, as a set is finite (and furthermore,
is discrete as a topological space). |

It is generally of interest to want to be able to talk about the degree of a morphism. One
also wants the notion to be roughly analogous to , for example, a map R — R given by z — 22
being of degree two. The inspiration here will come from looking at the residue field at a generic
point of an irreducible scheme. For an example, we will begin by considering the map A,lf — A,lC
induced by the map k[t] — k[t] given by t + t2. Intuitively speaking, we want this to be a
degree two map, so the question is how we can extract this from the map A}C — A}C. Note that
the generic point £ = (0) is mapped to itself, so that we get a map OAL,& — OAivﬁ’ which in
turns gives us a map k() — k(€), i.e. a map k(t) — k(t), given by ¢ — ¢2. This allows us to
regard k(t) as a field extension of itself, in particular as an extension of degree two. One can
further check that if we instead had a map given by ¢ — t3, this extension would be of degree
three. This is telling us that this is the property we want to calculate to get the degree of a
map.

Definition 2.195. We say that a morphism f: X — Y is dominant if f(X) is dense in Y.

Proposition 2.196. Let X and Y be integral schemes with generic points £x and &y, respec-
tively. Then a morphism f: X —'Y is dominant if and only if f(x) = &y .

Definition 2.197. Let X be an irreducible scheme with generic point £. The function field of
X is K(X) = k(&).

Remark 2.198. In other words, a dominant map is exactly what one needs to get a map K (V) —
K (X) of the function fields of integral schemes.

Definition 2.199. Let f: X — Y be a dominant morphism of integral schemes. The degree
of f, denoted deg f, is the degree of the induced extension K(X)/K(Y), i.e. we set deg f :=
[K(X) : K(Y)]. This does not need to be finite.
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This then gives that if we set f: A,lg — A}C to be the morphism induced by t — t2 as above,
then deg f = 2 as desired. This, however, leaves us with a problem: we also want the morphism
g: A} — A2 induced by k[t1,ts] — k[t] given by (t1,t2) — (,1?) to be considered a degree two
map, but clearly g(¢) = (to — t2) # (0), so g is not dominant. Note however that (to — t2) is
the generic point of the irreducible open subscheme Y = Spec k[t1, t2]/(ta — t7) and the induced
map A,ﬁ, — Y actually s dominant and has degree two. This suggests the following definition:

Definition 2.200. Let X be an integral scheme, let Y be a scheme, and let i: Z — Y be
an integral closed subscheme of Y. Let f: X — Y be a morphism of schemes that factors as
f =io f where f: X — Z is a dominant morphism. Then we define the degree of f to be the
degree of f, i.e. deg f := deg f.

We then see that, following this definition, the map A} — A7 given above is a degree two
map, as desired. Computing the degree above does come with the difficulty of computing the
field of rational functions, however, and so we want an easy way to do this. This is provided by
the following;:

Proposition 2.201. Let X be an integral scheme with generic point &, and let V C X be an
affine open subset of X. Then Frac(Ox(V)) = Oxe.

Proof. The point £ is also a generic point of V' when we view V as its own topological space,
and we have that Ox ¢ = Oy¢. We can compute Oy ¢ as Frac(Oy (V) = Frac(Ox(V)), and so
we get the desired equality Ox ¢ = Frac(Ox(V)). [

Example 2.202. Let us compute K(P}) for k a field. We can pick the affine open subset
V = Specklto/ti,...,tn/ti] for some 0 < i < n, which has (by definition) global sections
Ox (V) = klto/ti, ..., tn/t;], and from this we get K(P}) = Frac(Ox(V)) = k(to/ti, ..., tn/ti).

We will now apply this to computing the degree of a particular kind of morphism as an
example of its utility.

Lemma 2.203. Let k be a field, let Cy be a proper smooth curve over k, let Co be any curve
over k, and let f: C; — Cy be a morphism. Then f(Cy) = pt or f is surjective, and in the
second case we have that K(C1) is a finite extension of K(C2), and for all affine open subsets
V C Oy, the preimage f~1(V) is affine and Oc, (f~1(V)) is finitely generated over Oc, (V).

Proof. See [Har77, p. 137, Prop. 11.6.8]. [ ]

Example 2.204. Let fo, f1 € k[to, t1] be homogeneous polynomials of degree d with no common
zeros, and set X = Proj(k[to,t1]), Y = Proj(k[Tp, T1]) (i.e. X 2 Y = Pi). Let ¢: X — Y be the
morphism given by T; — f;. The above lemma gives that we may compute the degree of this
map. The map ¢ induces the map

K(Y)— K(X), Ti/Tow fi/fo

This exhibits K(Y') as a subfield of K (X). We then get deg ¢ = [K(X) : K(Y)] = d since K(Y)
occupies all the rational functions whose degree is a multiple of d.

In other words, we get the expected result that a morphism P}, — ]P’/,lc induced by polynomials
of degree d is itself of degree d. One should take care, however, with generalizing this: it is not
true that an analogous morphism P}} — P} is of degree d, though there is a strongly similar
result regarding this.
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3 Elliptic Curves

The purpose of this section is to describe elliptic curves as particular kinds of schemes, prove
that they satisfy a Weierstrass-type equation (i.e. y* = 2% + ax + b), and describe how one can
reduce a scheme (most importantly for us, an elliptic curve) modulo p, which will be necessary
for proving the weak Mordell-Weil theorem. To do these things, we introduce sheaf cohomology,
divisors on schemes, cohomological duality, and the Riemann—Roch theorem. The information
here is based primarily on [Liul0], [Har77], and |Clal2| (for the subsection on reduction), though
mostly the former.

3.1 Sheaf Cohomology

Cohomology is a tool used primarily for detecting certain obstructions in a topological space X
which prevents one from, for example, extending a section on an open set U # X to a global
section on X. Classically, the motivation for this comes from singular (co)homology, which is a
topological invariant that provides information about the number of (and structure of) “holes” in
the space X. Another classical example of a cohomology theory is de Rham cohomology, which
measures the amount by which the fundamental theorem of calculus fails on a given smooth
manifold. Somewhat remarkably, one can show that in most cases, de Rham cohomology and
singular cohomology actually coincide, so that differential information can be used to detect
holes in a space (a simple demonstration of this is given by Cauchy’s residue theorem).

Sheaf cohomology is, in a sense, closer to de Rham cohomology than to singular cohomology,
though these are all related. In essence, we are interested in the following fact: if

O=+F—=G—-H—=0

is a short exact sequence of sheaves of Abelian groups on a topological space X, then this in
general only induces an exact sequence of the form

0-TI(X,F) »I(X,G) = T'(X,H).

That is, one cannot conclude from a surjective morphism G — H that global sections of H
extend to global sections of G. Sheaf cohomology seeks to measure the obstruction preventing
this from happening. The cohomology theory of sheaves is a special case of general homological
algebra, a brief description of which can be found in [Har77, III.1]. A more extensive description
can be found in, for example, [Wei95|.

We define cohomology as the right derived functor of the global section functor I'(X, —):
Shf(X; Ab) — Ab. In particular, we have the following definitions:

Definition 3.1. Let F' be a functor Shf(X; Ab) — Ab. We say F' is ezact if whenever 0 —
G1 — G2 — Gz — 0 is exact, the induced sequence of maps 0 — F(G;) — F(G2) — F(G3) — 0
is also exact. We say F' is left exact if the statement is true with “— 0” removed.

Example 3.2. The statement above is essentially saying that I'(X, —) is a left exact functor.

Definition 3.3. A sheaf Z of Abelian groups is called injective if Hom(—,Z) is an exact functor.
Let F be a sheaf of Abelian groups. An injective resolution of F is a collection of injective sheaves
I", n >0, with maps 7" — Z""! and a map e: F — Z° such that the sequence

0-F STV =1 — ...

is exact.
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Proposition 3.4. The category Shf(X; Ab) has enough injectives, i.e. every sheaf F € Shf(X; Ab)
has at least one injective resolution.

Proof. See [Har77, III, Prop. 2.2 & Cor. 2.3]. [ |

If we let F be a sheaf with an injective resolution Z*, then one gets an induced sequence
0—I'(X, 7% - T(X,T") - I'(X,Z?) — ---

(where 0 — I'(X, Z°) is the composition 0 — T'(X, F) — ['(X,Z°)) which is no longer exact, but
it is instead a chain complex. What this means is that the composition of any two consequtive
maps in the sequence is zero, i.e. if d": I'(X,Z"!) — I'(X,Z") are the induced maps, then
d" o d® = 0. One often writes this as “d?> = 0” for simplicity. Now, an important property of
a chain complex is that im d” C ker d"*!. This is what we use to define cohomology:

Definition 3.5. Let F be a sheaf of Abelian groups on a topological space X, with an injective
resolution Z°, and let d" be the maps as above. The cohomology groups of X with coefficients
in F are defined as

H"(X,F) := ker d"*/im d".

This gives a functor H*(X, —): Shf(X; Ab) — Ab. Furthermore, H*(X, F) = I'(X, F).
Remark 3.6. For a proof of the last statement, note that T'(X, F) = ker d* since I'(X, —) is left
exact, so that HY(X, F) = kerd!/im d° = kerd' = T'(X, F).

Remark 3.7. The definition above is dependent on a choice of injective resolution. One can show
that the result is actually independent of this choice, see [Wei95| p. 44, Lemma 2.4.1].

In what way do these groups measure the failure of I'(X, —) to be exact? This is answered
by the following:

Proposition 3.8. Let 0 - F — G — H — 0 be an exact sequence of sheaves of Abelian groups
on a topological space X. Then we have an induced long exact sequence

0— H'(X,F) - H'(X,G) - H'(X,H) - HY(X,F) - HY(X,G) - HY(X,H) — ---
Proof. See [Wei95, p. 45, Thm. 2.4.6]. |

The above groups are generally quite hard to calculate, but there are certain theorems about
their vanishing that make it somewhat easier. In particular, there is a theorem of Grothendieck
which describes what the cohomology groups of certain spaces with specified dimension look
like.

Definition 3.9. Let X be a topological space. We say X is Noetherian if every descending
chain of closed subsets stabilizes, i.e. if Z1 D Zy D --- D Z, D --- are closed subsets of X then
there is some r > 1 such that Z, = Z,1;.

Remark 3.10. Note that while Noetherian schemes are also Noetherian as topological spaces,
the converse is not true. There are schemes X whose underlying topological space sp(X) is
Noetherian while X itself is not Noetherian.

Theorem 3.11 (Grothendieck’s vanishing theorem). Let X be a Noetherian topological space,
let F be a sheaf of Abelian groups on X, and let n = dim X. Then, for all i > n, we have
H'(X,F)=0.

Proof. See [Har77, p. 208-211, Thm. I11.2.7]. |
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Remark 3.12. This should be thought of as analogous to saying that in an n-dimensional space,
you can’t have holes that are of larger dimension than n.

Corollary 3.13. Let C be a Noetherian algebraic curve over a field k. Then, for every sheaf
of Abelian groups F on C, the only cohomology groups that are non-trivial are HO(C’7 F) and
HY(C, F).

Remark 3.14. Inserting this into the statement about long exact sequences in cohomology, we
see that if C' is a Noetherian curve as above, and 0 - F — G — H — 0 is an exact sequence of
sheaves of Abelian groups, then we get the long exact sequence

0— HC,F) = HC,G) —» H(C,H) = H(C,F) - HY(C,G) — H(C,H) — 0.

Remark 3.15. If the coeffiecient sheaf F has more structure, then often this structure can be
transported to the cohomology groups. For example, if X is a scheme over a ring R, and F is
an Ox-module, then the cohomology groups H"(X, F) are R-modules. As a consequence, we
see that if R =k is a field, then the cohomology groups become k-vector spaces.

In practice, the above defintion of cohomology is generally very difficult to actually compute,
so one tends to use an “approximation” of it which can be shown to be accurate in most cases
one cares about. This is called Cech cohomology, and [Liul0| contains a good account of it.
In this thesis however, we will primarily only need what has been presented so far (e.g. that
H(X,F) = T'(X, F)) along with the intuition that comes along with a comparison to singular
cohomology in algebraic topology (i.e. that H*(X, F) should somehow measure one-dimensional
“holes”).

Finally, we will now define two invariants of a projective curve that are based on the coho-
mology, namely the arithmetic genus and the geometric genus. The first of these is defined in
terms of the Fuler characteristic.

Definition 3.16. Let X be a projective variety over a field k, and let F be an Ox-module.
Then the Fuler—Poincaré characteristic (or just Fuler characteristic) of F is

Xk(F) == > (=1)" dimj, H' (X, F).
>0

Remark 3.17. The intuition for this is from algebraic topology, where one can show that this
type of alternating sum does indeed give the Euler characteristic. Note also that the above can
be “poorly defined” since some sheaves may have infinite-dimensional cohomology groups, so
that the differences don’t make sense. This can be resolved by restricting to a smaller class of
Ox-modules. One can also weaken X being a projective variety/k to simply being a proper
scheme/k (it is easy to check that all projective varieties over k are proper over k).

Definition 3.18. Let X be a projective curve over a field k. Then the arithmetic genus pq(X)
is given by
Pa(X) =1 —xx(Ox).

Remark 3.19. This definition is essentially designed to mimic y = 2¢g — 2 from classical algebraic
topology and geometry. Note also that it expands, in the case of curves as above, as

pa(X) =1 — dimy, H'(X, Ox) + dimy, H (X, Ox)
by Grothendieck’s vanishing theorem, and so we see that if p,(X) = 1, then dimy H*(X, Ox) =

dimy, H' (X, Ox), which is of interest in the case of elliptic curves.
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The geometric genus is a little harder to define. It relies upon a particular object called the
dualizing sheaf, which one can associate to any morphism of schemes, and is vastly outside the
scope of this thesis. What we will need is the following:

Definition 3.20. Let (X,Ox) be a ringed space, and let F,G be Ox-modules. We define
sheaf-hom, Homo (F,G), to be the sheaf Homo, (F,G)(U) = Home, (Flv,G|r). We define
the sheaf dual of an Ox-module F to be FY := Homo, (F,Ox).

Remark 3.21. This satisfies certain “obvious” properties analogous to those of Hompg (M, N) for
M, N modules over a ring R. In particular, Home, (Ox,F) = F, so that O% = Ox.

Definition 3.22. Let (X,Ox) be a ringed space. An Ox-module F is quasi-coherent if for
every x € X there is some open neighbourhood U of x and an exact sequence

OE;])\U — o§§> — F =0,

where I, J are sets, and ng (resp. Ogg)) denotes the direct sum @;c; Ox (resp. @jc; Ox)-

Proposition-Definition 3.23. Let X be a projective scheme over a field k, and suppose
dim X < r for some r € N. Then there exists an Ox-module wy i, called the r-dualizing
sheaf of X, such that for any quasi-coherent sheaf F we have

HO(Xa FY ®WX/k,7‘) = HT(Xa f)vv

where on the right-hand-side, one takes the dual as a k-vector space. If dim X = r, then we will
write Wy for wx k-

Proof. See |Liul0, p. 246, Cor. 4.29 & Remark 4.30], or in general the entire section in [Liul0]
on duality theory, and in particular the part on Grothendieck duality. ]

This then gives us the definition of the geometric genus:

Definition 3.24. Let X be a smooth projective variety over a field k. Then we define the
geometric genus py(X) as
pg(X) = dimy HO(X, wx ).

Remark 3.25. If we suppose X is a projective curve, then we get that H°(X, wx/k) = HY(X,0x)Y,
so that py(X) = dim H' (X, Ox).

In some cases, the arithmetic genus and geometric genus will coincide, so one can combine
them into one invariant.

Proposition-Definition 3.26. Let X be a smooth, geometrically connected, projective curve
over a field k. Then po(X) = py(X), and we simply refer to this common value as the genus
g(X) (or, sometimes, just g).

Proof. We use [Liul0, p. 105, Cor. 3.21] to see that HY(X,Ox) = I'(X,0x) = Ox(X) = k
when X is as described in the proposition. We then use Remark to compute p,(X) =
1—1+dimy HY(X,Ox) = dimj, H (X, Ox). Combining this with the above remark, we get that
pa(X) = dim, H'(X, Ox) = py(X). [ |
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3.2 Divisors & Riemann—Roch

In this subsection we are going to concern ourselves primarily with describing enough language
that we can state the Riemann-Roch theorem and later use it to show that elliptic curves satisfy
certain equations. For this, we will describe two definitions of divisors on schemes: Cartier
divisors, and Weil divisors. The first of these is the most general, but due to this is also more
lacking in intuition. The latter is distinctly more geometrically intuitive, but is also restrictive
in the sense that one only considers Weil divisors on sufficiently nice schemes.

We begin with Cartier divisors. The motivation for divisors in general came from trying
to prove the Riemann-Roch theorem, which in some sense was trying to answer the question
of whether it was always possible to describe functions with given poles and zeros. To this
end, it makes sense that divisors should somehow locally be represented by rational functions,
potentially modulo extraneous parts. This is indeed what Cartier divisors essentially are. For
now, let R(A) denote the regular elements of a ring A, i.e. the elements of A that are not
zero-divisors. Then:

Proposition 3.27. Let X be a scheme, and for any open subset U C X set
Rx(U):={s€ Ox(U)|Vz €U, [s]s € R(Oxz)}

Then Rx is a sheaf, with Rx(U) = R(Ox(U)) if U is affine. Furthermore, there is a unique
presheaf Ky on X, containing Ox, such that

(a) For any U C X open, we have K’ (U) = Rx(U)"tO0x (V).

(b) For any U C X open, the canonical morphism K’ (U) — [l,ey K'x . is injective (i.e. K'x
is a separated presheaf).

(¢) If X is locally Noetherian, then for any x € X we have that IC’XJ = Frac(Ox z).

Proof. See |Liul0, p. 255, Lemma 1.12]. [ |

Definition 3.28. Let X be a scheme. The sheaf of stalks of meromorphic functions on X,
denoted Kx, is (IC’X)T, i.e. the sheaf associated to the presheaf K’y described above. An element
s € Kx(X) is called a meromorphic function on X. The subsheaf of x given by the invertible
elements is denoted, as usual, by K%.

Remark 3.29. Since Ox is a subpresheaf of K, we see that it is also a subsheaf of Ix. Recall
also that sheafification turns “global” properties to “local” properties, so that since an element
of K'x (U) is a quotient s/r with s € Ox(U) and r € Rx (U) (roughly speaking, r is a “regular”
element of Ox(U)), an element of Kx(U) is locally of this form, i.e. is locally a quotient of
a section s € Ox(U), and some kind of “regular” section r of Ox(U). Note, further, that if
X is locally Noetherian, then by the properties of sheafification, we have that Kx , = IC’X,:E =
Frac(Ox z).

Remark 3.30. The above sheaf is a generalization of the function field of an integral scheme.
Note that if X is integral, then the sheaf Kx is just the constant sheaf K(X) associated to
K(X).

Definition 3.31. Let X be a scheme. The group of Cartier divisors on X, denoted Divg(X), is
given by the group H(X,K%/0%) = (KX/0%)(X), and elements of Dive(X) are called Cartier
divisors. If U C X is an open set, denote by D|y the restriction of a Cartier divisor D to U
as a section of K% /O%. Let div: I'(X,K%) — Divc(X) denote the projection map induced
by the quotient K} — K%/O%. An element of Dive(X) of the form div(f), f € K% (X), is
called a principal Cartier divisor. We say a Cartier divisor is effective if it is in the image of the
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canonical map I'(X,Ox NK¥) — Dive(X), and write Divd (X) for the set of effective Cartier
divisors. One usually writes D > 0 to say D € Div{(X). The group law on Dive(X) is notated
additively.

Definition 3.32. Let D;, Dy € Dive(X). We say Dy and Ds are linearly equivalent, and write
Dy ~ Dy, if their difference D1 — D5 is principal.

Remark 3.33. A Cartier divisor D on a scheme X can be represented via a collection of pairs
{(Ui, fi)}i, where ;Ui = X, fi € Kx(U;) (ie. fi is the quotient of two regular elements in
Ox(Ui)), and filv,nu; € filuinu; Ox (U NU;)™ for all 4,5. One then sees that, if Dy and Dy
are Cartier divisors represented by {(U;, fi)}: and {(Vj, g;)}; then Dy + D5 is represented by
{(Us NV}, figj)}ij. A Cartier divisor D is then effective if it is represented by {(Uj, fi)}i with
fi € Ox(U;) for all i, and principal if it is represented by {(X, f)} for some f € K% (X).

Definition 3.34. Let D be a Cartier divisor on a scheme X, represented by some collection
{(U, fi)}i- The sheaf associated to D, denoted Ox (D), is defined by setting Ox(D)|y, =

£ 'Ox|u,. (Note that, here, we do not mean the inverse image functor).

Remark 3.35. The above definition is independent of the choice of representation. Furthermore,
a Cartier divisor D is effective if and only if Ox(—D) C Ox, and we also have Ox(D)|y =
Oy (D|y) for any open set U. One further sees that Ox (D1 + D3) = Ox(D1) ®o, Ox(D3).
This gives us a group law on the collection of Ox-modules of the form Ox (D).

We now move on to the more geometrically friendly concept of Weil divisors. These only
make sense on Noetherian schemes. In one phrase, Weil divisors are cycles of codimension one.
This is made up of the following concepts:

Definition 3.36. Let X be a topological space, and let V be an irreducible closed subset of X.
The codimension of V in X, denoted codim(V, X), is the supremum of the lengths of chains of
irreducibles in X of the form

YCycziC---CZ,.

If Z is a closed set in X, then one sets codim(Z, X) to be the infinimum of the codimensions of
the irreducible components of Z. We say Z is pure of codimension n if all irreducible subsets of
Z are of codimension n.

Definition 3.37. A cycle on a Noetherian scheme X is an element of the direct sum @, ¢ y Z.
That is, a cycle is a formal finite sum ) .y ng[z]. If Z =" .y ne[z] is a cycle, then we write
mult,(Z) := ng,. If mult,(Z) > 0 for all x € X, then we say Z is positive and write Z > 0. If
mult;(Z) =n > 0 then we say Z has a zero of order n, at z, and similarly if mult;(Z) =n <0
then we say Z has a pole of order n at z.

Remark 3.38. Since there is a bijection between the points of X and the irreducible components
of X (given by x + {z}), we can reformulate this as a cycle being a formal sum Y, ¢ y 1z [{z}].
Additionally, any cycle Z can be written as a difference Z = Zy — Z,, of two positive divisors
(by moving all zeros into Zy and all poles into —Z,).

Definition 3.39. A prime cycle is a cycle > cx n, [{x}] such that there exists some y € X
with n, = 0 for all z € X\{y}.

Definition 3.40. Let Z be a cycle. The support of Z is

Supp Z := U {z}.
rzeX
mult, (Z)#0
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Definition 3.41. A cycle Z on a Noetherian scheme X is said to be of codimension n if Supp Z
is pure of codimension n. A cycle of codimension one is called a Weil divisor, and we denote
the group of such divisors by Divy(X). If U is an open subscheme of X, then one can restrict
a Weil divisor Z to U in an obvious way (by removing unused terms in the formal sum), and
one denotes this by Z|y.

Remark 3.42. Tt can be shown that codim({z}, X) = dim Ox ., so that a cycle ", y n.[{z}] is
a Weil divisor if and only if dim Ox , =1 for all € X such that n, # 0.

Example 3.43. If X is an algebraic curve over a field k, then the cycles of codimension one are
just formal sums of closed points on X.

Proposition 3.44. Let X be a regular, integral, and Noetherian scheme. Then the notions of
Cartier divisors and Weil divisors coincide, i.e. there exists an isomorphism [—]: Divy(X) =
Divo(X), such that a Cartier divisor D is effective if and only if [D] is positive.

Proof. See |Liul0l p. 271, Prop. 2.16]. |

Remark 3.45. Although this is not how [Liul0O] does it, the above proposition allows us to
introduce the notions of principal Weil divisor and linear equivalence of Weil divisors by porting
them from Cartier divisors. In fact, [LiulO, p. 270, Prop. 2.14] provides proof that this does
not lead to errors. Similarly, this lets us speak of the multiplicity of a Cartier divisor at a point
z € X, by setting multx (D) := mult,([D]).

Definition 3.46. Let D be (Weil or Cartier) divisor on a regular, integral, and Noetherian
curve X over a field k. Then the degree of D is the integer

deg, D = Z mult, (D)[k(x) : k.
reX

Definition 3.47. Let D be a (Weil or Cartier) divisor. Then define L(D) := H(X,Ox (D)),
and /(D) := dimy, L(D).

Remark 3.48. If X is an integral projective curve over k, then one gets that L(D) = {f €
K(X)* |div(f)+ D >0} u{0}.

We now state the Riemman—Roch theorem.

Theorem 3.49 (Riemann—Roch). Let f: X — Speck be a projective curve over a field k, and
let D € Dive(X). Then

dimy HY(X, Ox (D)) — dimy, H(X,w; ® Ox(—D)) = degy, D — pa(X) + 1.

Proof. See |LiulO, p. 281, Thm. 3.26]. It is essentially a consequence of cohomological duality
and a more classical theorem about the degree of a divisor (see |Liul0O, p. 279, Thm. 3.17]),
which follows essentially from the flatness of Ox (F) for certain divisors E. [ |

Remark 3.50. Primarily, we will be interested in Weil divisors for computation in the next
subsection, and we need the above proposition to show that we may later apply Riemann-Roch
to both Cartier divisors and Weil divisors.
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3.3 Elliptic Curves as Schemes

In this subsection, we will sketch a proof that elliptic curves have a defining equation of a
particular form, as well as give a good definition of what they are in the first place. For this
subsection, we will take the following convention regarding curves:

Definition 3.51. A nice curve over a field k is a geometrically connected, smooth, and integral
projective curve over k.

Remark 3.52. Recall that the above conditions let us conclude that p; = p,, so that we may
refer to these as simply the genus.

Definition 3.53. Let k be a field. An elliptic curve is a pair (E,0) with E a nice curve over k
of genus one, and o € F(k). Notationally, we often omit mention of the priviledged point o.

Before we begin with proving properties of elliptic curves, we need a lemma about ¢(D) for
divisors with D < 0.

Lemma 3.54. Let X be an integral projective curve over a field k, and let D be a divisor with
D <0 (i.e. =D >0 and D #0). Then ¢(D) = 0.

Proof. See |Liul0, p. 280, Prop. 3.25]. [ ]

Theorem 3.55. Let E/k be an elliptic curve. Then there exists a closed immersion i: E — P2
with image given by an equation of the form

v*w = ud + auw? + bw?, where a,b € k.

Proof. We will get the above theorem by inspecting the divisors given by natural number mul-
tiples of 0. Let m € N. Then the above lemma tells us that /(—mo) = 0. Furthermore, [Liul0,
p. 283, Exm. 3.35] gives Ox = wg/k 0 that wg/, ® Ox(—mo) = Ox(—mo). Furthermore, note
that degy(mo) = m, since o € E(k), which implies that k(o) = k. Hence, Riemann—Roch gives

£(mo) = £(mo) — £(—mo) = deg;,(mo) = m.

By the description of L(D) given in Remark we see that there is a natural inclusion
L(no) C L(mo) if n < m. We have that 1 € L(o), so we let {1,u} be a basis for L(20) and
{1,u,v} be a basis for L(30). We then consider these, via the natural inclusion, as elements of
L(60), and produce the collection of elements {1, u, v, v% uv,u?, u®} C L(60). These are in L(60)
since div(fg) = div(f) + div(g). There are seven quantities here, and so we have a non-trivial
relation

bov? + b1v + bouv = agu® + a1u?® + agu + ay.

We now use that u? and uv are independent of {1,u, v}, so that bpag # 0 (otherwise we would
get that £(50) # 5, which is a contradiction). We can then, by a change of coordinates, assume
that by = ag = 1. Furthermore, we can perform the transormation v — v + %(blu + b2) to
complete the square on the left, giving us that we may assume b; = by = 0. Finally, we apply
the standard change of variables for depressing a cubic u — u — a1/3 to get that we may assume
that a; = 0. Thus, setting a = a2 and b = ag, we are left with the equation

v =ud +au+b.

We now want to embed E into P. For D any divisor, and s € Ox(D)(E), set Es := {z € E |
Ogr(D)y = [s]zOg}. This is an open set, and one gets an isomorphism sOg|g, = Op(D)|z,.
We can then consider, for any ¢t € Og(D)(E), the quotient ¢/s as an element of Og(X). We

46



now apply this to the elements u,v above. The elements {1,u,v} are a basis for L(30), so
{E1, Ey, Ey} covers E. For notational purposes, set (s, s1,$2) = (1,u,v). We now construct,
for each 4, a map f;: Es, — D4 (t;) C P = Projk[to, t1,t2]. This map is induced by

Op2 (D (t)) = Op(Es,),  tj/ti sj/si € Op(Es,),

where we use Proposition to turn this into a full morphism (recall that D, (¢;) is affine).
The maps f; agree on overlap, and so we use Lemma [2.118| to glue these together to a map
fiE— IP’%, which clearly has image

Vi (tatg — t3 — atqt3 — bt3).

We now just need to know that this map is a closed immersion. However, this results from
the notion of a very ample divisor, whose definition boils down to saying that a divisor is very
ample if the analogue of the above map for that divisor is a closed immersion. We then have
a proposition, [Liul0O, p. 286, Prop. 1.4], which states that a divisor D is very ample whenever
deg D > 2g + 1. In our case, g = 1, and deg(30) = 3, so 30 is very ample, and hence the above
map is a closed immersion. Hence, we get the theorem. Furthermore, since both u, v necessarily
have poles at o, it must be that f(o) = [0 : 0 : 1], i.e. 0 is sent to the point at infinity on the
v-axis (i.e. the to-axis). [ |

Remark 3.56. The above basically states that an elliptic curve is, in “common notation”, given
by an equation of the form y? = 23 + az + b. The above theorem gives exactly that if one looks
at the chart D4 (o), where we may divide away the ty’s.

Proposition 3.57. Any two equations defining a fized elliptic curve as above are related by a
change of coordinates of the form u = o3u' + az, v = a$v’ + adasu/ + as.

Proof. See [Sil09, p. 59-60, Prop. 3.1]. |

Definition 3.58. Let E/k be an elliptic curve. An equation of the form of the above theorem
for E is called a Weierstrass equation for E. If k = K is a number field (i.e. a finite extension
of Q), then we may multiply away denominators to get an equation with all coefficients in O,
i.e. the ring of integers of K, and use the above coordinate transformations to set the coefficient
on x> to be one. We then call this an integral Weierstrass equation for E.

Suppose we are given some “Weierstrass-type” equation v? = u® + au + b (we write it here
in inhomogeneous coordinates for convenience). To this we can associate a quantity called the
discriminant, which will tell us when this defines a “true” elliptic curve.

Definition 3.59. Let C be a projective curve given by an equation of the form A: v? = u? +
au+0b, with a,b € R. The discriminant of the equation A is the quantity A := —16(4a> + 27b%).

Proposition 3.60. Let C be a projective curve given by the equation A above. Then C is smooth
if and only if A # 0.

Proof. See [Sil09, p. 45, Prop. 1.4] and [Liul0, p. 130, Thm. 2.19]. The proof is based on the
Jacobian criterion for regularity (which becomes a criterion for smoothness when one recognizes
that smoothness over a field is the same as geometric regularity). The statement of the Jacobian
criterion in [Liul0] is for affine algebraic varieties, but this is easily extended to projective
varieties by standard “affine chart” arguments. |

Remark 3.61. The above lets us essentially check if a curve given by a “Weierstrass-type” equa-
tion defines a well-behaved elliptic curve, in the sense that we require an elliptic curve to be nice
(hence smooth).
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The aim of this thesis is the weak Mordell-Weil theorem for elliptic curves, which concerns
the behavior of the group structure on the rational points on an elliptic curve. Hence, we will
now sketch a proof of the existence of such a group structure. First, we need to know what it
means for a scheme to be a group scheme.

Definition 3.62. Let S be a scheme. A group scheme over S is an S-scheme G equipped with
three morphisms: a multiplication map p: G xg G — G, a unit selection map n: S — G, and an
inversion map v: G — G, satisfying the following commutative diagrams:

id
GxgGxgG € 5 GxgG
idgxs ,ul lﬂ (associativity),

Gxs5G r G

Gxg§ 962" Loy

lﬂ (right-identity),
idg
G

A i v
G 295 Gxg G Y G xs G
J J’L (right-inverse)
S ! G

Remark 3.63. Let T be an S-scheme and G be a groups scheme over S. Then the morphisms
above induce a “real” group structure on G(7'), since the commutative diagrams translate di-
rectly to the standard group axioms.

Definition 3.64. Let S be a scheme, and let G be a group scheme over S. Then we say G is
commutative if for every S-scheme 7', the induced group G(T') is Abelian.

Definition 3.65. Let G be a group scheme over S. A subgroup scheme of G is a closed subscheme
H of G such that H(T) is a subgroup of G(T') for all T' € Sch/S.

Definition 3.66. Let G and G’ be group schemes over S. A homomorphism of group schemes
f: G — @G is a morphism of schemes that is compatible with the multiplication maps p. In
particular, f should satisfy fopu = po(f xg f). The kernel of f is ker f := G xS, where one
takes the fiber product with respect to the map n: S — G’.

Remark 3.67. The above has some nice functorial interpretations. A major theme within modern
algebraic geometry is that one replaces a scheme with a functor representing the scheme. This
is justified by the Yoneda lemma, which says that an S-scheme X is equivalent to the functor
X(=): (Sch/S)°? — Set. One says that a functor F': (Sch/S)°? — Set is representable
if there is some scheme X such that F' = X(—). In this framework, a group scheme over S
is a representable functor G : (Sch/S)°? — Grp, a commutative group scheme over S is a
representable functor (Sch/S)°? — Ab, and a morphism of group schemes is simply a natural
transformation G — G’. See also [Sil94, p. 309, Prop. 3.2] for a proof of the main content of
this remark.

Definition 3.68. Let k be a field. An algebraic group over k is a group scheme over k of finite
type. An Abelian variety over k is an algebraic group over k that is geometrically integral and
proper over k.

Remark 3.69. An Abelian variety is always commutative and projective. See the reference from
[Liul0}, p. 298, Defn. 4.37] for a proof of this.
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Definition 3.70. Let m be a natural number, and let G be an Abelian variety over a field
k. Then the multiplication-by-m homomorphism, denoted [m], is constructed by composing the
map p o Ag/g with itself m — 1 times. If T is an S-scheme, then this induces the standard
multiplication-by-m map on G(T'). We write G[m| := ker([m]), and call this the group (scheme)
of m-torsion points of G. Clearly, if T' is a k-scheme then G[m|(T") is the m-torsion part of G(T').

There is an important theorem about the structure of G[m] for an Abelian variety G, which
is of interest to us since it is required for a reduction in the proof of the weak Mordell-Weil
theorem.

Theorem 3.71. Let A be an Abelian variety of dimension d over a field k, and let m be some
natural number. If m is coprime to the characteristic of k, then A[lm] is étale over k and we
have Alm](k) = (Z/mZ)??; if char(k) = p > 0 and m = p™ then there exists some 0 < d' < d
such that Alm](k) = (Z/mZ)* .

Proof. See the reference in [Liul0), p. 299, Thm. 4.38]. |

Corollary 3.72. Let A be an Abelian variety of finite dimension over a field k with char(k) = 0.
Then, for any m > 0, the Abelian variety Alm] is finite as a set, and for any finite extension

K[k, Alm](k') is finite.

Proof. The above theorem says A[m] is étale. Hence, by Proposition [2.194] A[m)] is finite as a
set, since étale implies unramified. The second statement follows from the fact that A[m|(k") C

Alm|(k), and the latter is finite. [ |
Proposition 3.73. Let (E,0) be an elliptic curve over a field k. Then

(a) for any extension k'/k and pair of points (z,y) € E(k") x E(K'), there exists a unique point
my(x,y) € E(K') such that, as divisors, we have

my (2,y) + 0~z +y.

The map my gives E(k') the structure of an Abelian group with identity o. If k" /K is
some further extension, then my = My | gy« B(k) -

(b) if x € E(k), there exists a k-automorphism t,: E — E, called the translation by x, such
that for any extension k'/k the map E(k') — E(k') is the map z — my(z,z) (i.e. the
traditional translation by x map).

Proof. See |Liul0l p. 490, Lemma 2.8] for a full proof. We will sketch the proof of part (a).
Riemann-Roch gives that {(z + y — 0) = dimp H*(Og, (0 — 2 —y)) + 1 = 1 # 0, so that
x+1y—o is linearly equivalent to a divisor D which is effective and of degree one, hence equivalent
to a rational point z € E(k’). This point is unique, since otherwise (by [Liul0O, p. 277, Cor.
3.12]) E would be isomorphic to P},. We then set my (x,y) = z. The fact that this gives E(k’)
an Abelian group structure is then immediate, since it is inherited from the group structure on
the divisors. ]

Remark 3.74. Geometrically, the above group law is given finding remaining intersection ¢ be-
tween the line given by z,y and E(k'), then taking the remaining intersection of E(k’) with the
line given by ¢, 0. Practically speaking, this is the same as reflecting ¢ about the horizontal axis.

Theorem 3.75. Let (E,0) be an elliptic curve over a field k. Then E has the structure of an
Abelian variety with identity given by o, and such that if k' /k is any extension then the induced
group structure on E(k') coincides with that given in Proposition .
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Proof. See [Liul0, p. 291, Prop. 2.9]. The proof essentially consists of constructing p: E x E —
E from the translation map ¢, from Proposition 3.73] In particular, one uses the translation-
by-£ map, where £ is the generic point of E, to get an automorphism F X, F — E X E, which
one then composes with the first projection to get a map F X £ — E. One constructs the
other required maps in a similar way. One then just checks that these maps satisfy the required
properties. |

3.4 Reduction

In number theory, it is incredibly useful to study the solutions of an equation by reducing
modulo a prime. Similarly, one can also study certain schemes in this way, through a related
technique. The main idea is to define the notion of a model. A model is meant to act as a kind
of “amalgamation” of all possible reductions of a scheme, whereby one produces a particular one
by choosing a particular fiber. A great amount of effort is taken in the general theory of models
in choosing a “good” model that still retains enough information about the original scheme (see,
for example, [Liul0, Ch. 10]).

We will mainly be interested in models over Dedekind domains. These are generalizations of
integers in many contexts (e.g. the ring of integers of a number field, or of a similar situation
for local fields).

Definition 3.76. Let R be an integral domain with field of fractions K. We say R is a Dedekind
domain if it is Noetherian, of Krull dimension one (i.e. every prime ideal is maximal), and if
whenever x € K satisfies a polynomial equation " 4+ a,_12" + -+ a1z + a9 = 0 with a; € R
then z € R.

For the rest of this subsection, let R denote a Dedekind domain with fraction field K, and
let X be a K-scheme.

Definition 3.77. Let £ € Spec R denote the generic point. An R-model of X is an R-scheme
X equipped with an 1somorphlsm X = Xg Let p C R be a prime ideal. The reduction of X at
p with respect to the model X is the fiber over p, i.e. Xp

Example 3.78. Set f = t3tg — t3 — 5t1t2 — 3 € Q[to,t1,ta), and let X = ProjQl[to, t1,t2]/(f),
i.e. X is the elliptic curve given by the equation y?> = z® + 5z + 1. Then we see by an easy
calculation that X = ProjZ[tg,t1,t2]/(f) is a Z-model of X. From this, if we pick a prime
p = (p) of Z then

X, = X xz Spec(F,) = Proj(Z[to, t1,ta]/(f) @z Fp) = Proj(Fp[to, t1, ta]/(t3t — t3 — 5113 — t3).

In other words, this does indeed reduce the coefficients of the defining equation as desired. For
example, if p = 3, then X, = Proj(Fs[to, t1,t2]/(t5to — t3 — 2t113 — t3)).

The question is now when these reductions are well-behaved. In particular, we will want to
know about how often reducing by a prime produces a scheme which is not smooth.

Definition 3.79. Let p be a prime of R. We say X has good reduction at p if there exists some
Ry-model X of X such that X — Spec Ry, is proper and smooth. We say X has good reduction
if it has good reduction at all primes of R. If X does not have good reduction at p, then we say
it has bad reduction at p.

Remark 3.80. Note that if we have some R-model X’ of X, then we may perform a base change
by R, to get an Rp-model X }%p. Hence, we can exhibit good reduction at p by choosing an
R-model such that the induced R, model is smooth.
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Proposition 3.81. An elliptic curve over K has bad reduction at only a finite number of primes.
Proof. See |Liul0, p. 462, Prop. 1.21]. This also follows from Proposition m |

Remark 3.82. The primes where E has good reduction are essentially those where reducing gives
another elliptic curve, now over a finite field. In our definition of an elliptic curve, we disallowed
fields of characteristic two, but this is really for simplicity, and the case of characteristic two isn’t
that different from the others. Additionally, one can simply add the primes with characteristic
two residue fields to the set of primes with bad reduction at no cost, since there are also usually
only finitely many of them.

Since elliptic curves come with a description via a Weierstrass equation, they automatically
have models given by these equations. In particular, one chooses some integral equation y? =
x2 4+ ax + b for the elliptic curve, then produces a model via

PI'Oj R[t()y tlv t2]/(t%t0 - t:]j) - atlt(z) - bt%)
This is called the Weierstrass model associated to the pair (a,b).

Definition 3.83. We denote the Weierstrass model associated to (a,b) as W(a,b).

We now want to define a reduction map of some sort. In particular, let F be some elliptic
curve over K and let ¥ = W(a,b) be a Weierstrass model for E. We want to end up with some
kind of map F(K) — E’p(k(p)), and we want this map to be a group homomorphism. How do
we achieve this? First, we will note that we require F to be sufficiently smooth over p for this
to work (actually, it is possible to work with this even when the model is not entirely smooth by
taking the largest smooth subscheme, but this is not necessary for us). Hence, we will consider
a model over a ring which removes the troublesome primes. Recall from Proposition [3.60] that a
curve defined by a Weierstrass equation is smooth if and only if the discriminant is zero. In the
case of reduction, this translates to the model E being smooth over those primes p with A & p.

Definition 3.84. Let S be a collection of primes of R. The S-localization of R is the localization
Rg:={x e K|VW¢&S,zecRy}.
In other words, we remove the primes in S from Spec R.

Now consider the set S = {p € Spec R | A € p}. We move the model E to being over Rg by
taking the fiber product ERS. Bear in mind that this still has the same defining equation, and
we have Ep = EARSAJ when p € S. Furthermore, this is a smooth model of E. We then have the
following theorem:

Theorem 3.85. Let E be as above. Then the natural composition Erg(Rs) — Ery(K) — E(K)
is an isomorphism, and the group structure on E extends to Ery, and make the latter into a
smooth group scheme.

Proof. See [Sil94) p. 321, Thm. 5.3 & p. 329, Cor. 6.3]. [ |

Now we will define the reduction map. First of all, note that we have a map ERS (Rg) —
Epg(k(p)) stemming from the map Rg — Rg/p. We then note that for any (S-)scheme X
and (S-scheme) Y, one has X(Y) = Xy(Y). Hence, we sce that Eg,(k(p)) = Ergp(k(p)) =
E,(k(p)). From this, we get reduction.

Definition 3.86. Let p be a prime in R with A ¢ p. Then we define the reduction modulo p
map 7, as the composition

E(K) & Egg(Rs) — Erg(k(p)) = Ep(k(p)).



Proposition 3.87. The reduction modulo p map is a group homomorphism.
Proof. Let T be any Rg-scheme. Then we have a commutative diagram

. " N
X8 ERS —_— ERS

I I

. . A
Ers1 X7 ERg T — ERg T

Eg

S

where the horizontal arrows arise from the group-scheme structures on ERS and EARS,T, and the
vertical arrows are induced by the canonical projections. Taking Rg and T points here, and
combining this with Eg, 7(T) = Ery(T), we see that the canonical map Ery(Rg) — Ergy(T) is
compatible with the induced group structure on these, hence is a group homomorphism. Taking
T = Spec K and T' = Speck(p), we get the desired result since r, is then the composition of a
number of group homomorphisms. (Note also [Sil94, p. 309, Prop. 3.2].) |

Remark 3.88. If we instead worked purely over R instead of Rg, we would get an analogous
statement about the map 7, being a group homomorphism when restricted to the smooth points.
Since there are essentially no differences in presentation aside from a few details, we will not
explicitly deal with this case, and in particular, the following discussion remains practically
unchanged. See [Sil94, p. 231, Thm. 5.3], in particular part (c), and the remarks right after,
which say almost exactly this.

To describe what the reduction map looks like, note that the equation for Ep is exactly the
equation for E but reduced modulo p, and in particular then has that the rational points are
described as solutions to this equation. For ¢ € R, denote by ¢ the reduction of ¢ modulo p.
Then we have that

Ey(k(p) = {lg0 - @1 : a2] € P(k(p)**") | 630 = 4 + @15 + ba }-

For any [zo : 71 : 22] € P(K?™1), we can choose all 2; € R by clearing denominators. The map
Ty is given by
Tyt [l‘o T ng] — [f() A ZfQ].

We are now interested in the behavior of this reduction map. Consider the point [0 : 0 : 1]. This
clearly reduces to “itself” in the sense that 7,([0 : 0 : 1]) = [0 : 0 : 1]. Now consider a point
g=1[1:q:q). If g € R, then we just have r,(q) = [1 : ¢1 : ¢2]. What happens when ¢; ¢ R?

Definition 3.89. Let p be a prime ideal of R. Define the function vp: Ry, — N>¢ via

() o0 if £ =0,
vp(x) =
i max{n € N>o | z € p"Rp} otherwise.

Extend this to a function v, : K — 7Z by setting vy(x/y) = vp(x) — vp(y).

This function tells us about the “divisibility” of an element of K. First of all, note that
vp(x) < 0 means that there is some n > 0 such that 1/z € p™. If R = Z, then this is analogous
to saying that the denominator of x is divisible by p™. Furthermore, one observes that v satisfies
certain obvious properties:

Lemma 3.90. Let x,y € K, and set v =v,. Then

(a) v(zy) = v(x) +0(y),
(b) v(z) >0 if and only if x € Ry,
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(¢c) v(z +y) = min{v(z),v(y)}.

Proof. These properties follow trivially from the definition. Particularly, (a) & (b) are imme-
diate. To get (c), note that pR, is principally generated; this follows from considering that
Ry is a local Dedekind domain in the following way: first note that being Dedekind means, by
Theorem that every ideal in R, has a unique factorization into prime ideals. However, since
Ry, is local, there is only one such ideal, namely pR,! Therefore, all ideals are powers of pR,.
If z € Ry is such that v(z) = e, then it is clear that 2R, = p°R,, so that all powers of pR, are
principal. Hence, R, is a principal ideal domain. From this, it is obvious how to prove (c): if z
generates pR,, and you suppose that v(z) < v(y), then you just factor out 2*(@) from z+y to get
that = + y € pv®) R,. Extending this to K from R, is also immediate, since one in essence just
performs the same operation as when one factors out a prime p from a fraction z/y in Q. W

Using Lemma we can prove some things about the behavior of a point [1 : x : y]. In
particular,

Lemma 3.91. Let [1:z:y] € E(K), let p be a prime in R, and set v =v,. Then

(a) v(z) >0 if and only if v(y) > 0,
(b) if min{v(x),v(y)} < O then there exists some n > 0 such that v(z) = —2n and v(y) = —3n.

Proof. We begin with (a): suppose v(x) > 0. Then, since y*> = 23 + az + b, we have that
20(y) = v(z® + az 4+ b) > min{3v(z),v(a) + v(z),v(b)} >0,
so that v(y) > 0. Now suppose v(y) > 0. Then
3v(z) = v(y* — ax — b) > min{2v(y),v(a) + v(x),v(b)} > min{2v(y), v(z),v(b)}.

From this follows two possibilities: either 3v(x) > min{2v(y),v(b)}, in which case the non-
negativity of the latter implies that v(z) > 0, or 3v(xz) > wv(z), which can only happen if
v(x) > 0 (since if v(z) < 0 then 3v(z) < v(z)). Hence v(x) > 0. This proves part (a).
Now for part (b). Suppose v(x),v(y) < 0. Then we can first see that
20(y) = v(z® + az 4+ b) > min{3v(z),v(z) + v(a),v(b)}
> min{3v(z),v(z)} = 3v(x).

Hence, 2v(y) > 3v(x). We now aim to show the reverse inequality. Note that 3v(x) < v(z) and
compute

3v(z) = v(y® — ax — b) > min{2v(y), v(z) + v(a),v(b)}
> min{2v(y), v(z)}.

Hence, to avoid contradiction, it must be that 3v(x) > 2v(y). We therefore conclude that
3v(x) = 2v(y), which further gives that 2|v(z) and 3|v(y). Using this, write v(z) = 2m and
v(y) = 3m’. This gives

6m = 3v(x) = 2v(y) = 6m' = 6m =6m' = m=m'.
Setting n = —m, we find the desired positive integer such that v(z) = —2n and v(y) = —3n. R

The above lets us prove a result which will be extremely important for our proof of weak
Mordell-Weil. We will first, however, need to restrict ourselves to the part of the reduction map
rp which behaves well.
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Definition 3.92. Define E°(K) := {q € E(K) | p(q) is a smooth point}, and define EA',?S to

be the smooth points of Ep. Denote by rg : BY(K) — ESS the restricted reduction map. Set
EYK) = kerrg.

Lemma 3.93. Let p be a prime of R such that a,b € p. Then the curve E’p has E;‘S = (k(p),+).
Proof. See [Sil09} p. 196, Prop. 5.1]. |

Theorem 3.94. Let p be a prime of R, set v = vy, and suppose m € Z* is such that m is
coprime to the characteristic of k(p). Then EY(K)[m] =0, i.e. Tg is injective on m-torsion.

Proof. Lemma tells us that E*(K) consists of O, along with any points [1 : z : y] such that
v(z),v(y) <0, since then (setting, as in the lemma, z to be some generator of pR,) we can write
r=cz 2" y=c 273", giving

3n .

ic 3

1:z:yl=["":cz 1221 = [23" 1 ez €]
which after reduction is clearly O = [0 : 0 : 1]. We will now define a sequence of groups,
the properties of which will yield the result. Since E'(K)\{O} consists of those points with

v(y) < —3 =-3-1, we will define
E"(K) = {[1 2+ 4] € BY(K) | v(y) < —3n} U{O}.

It is immediately clear that E"*1(K) C E"(K), and that ,, E"(K) = {O}. Now fix some n > 0,
and consider the change of variables u' = z?"u, v’ = z3"v, so that we get the (inhomogeneous)
equation

W - U/2 — u/3 +az4nu/ + bzﬁn.

That is, we get the model W(az*",b2%"). When this is reduced modulo p, it produces the
singular curve v'? = u’®. Furthermore, the smooth points of this curve have (k(p),+) as their
group structure by the preceeding lemma. Let £(q) := max{m € Z* | ¢ € E™(K)\E™(K)}.
If ¢(q) < n, then we see that ¢ = [1 : z : y] gets mapped to a point ¢’ = [1 : 22"z : 23"y], where
the divisibility of y is not able to cancel out the 23", since v(y) = —3m and m < n. Hence r,(q)
is the singular point [1: 0 : 0]. If ¢(q) = n, then it cancels out exactly and we get the reduction
to some smooth point. If ¢(q) > n then the point ¢ reduces to O = [0 : 0 : 1] by factoring out
the remaining powers of z. This shows that the isomorphism Eg > W(az'", b2")¢ sends E™(K)
to (E')°(K), and sends E""!(K) to (E')!(K), where we denote by E’ the fiber W(az?", b2%"),.

This shows that the E%’s are always groups, and that they are therefore subgroups of each
other. Since they are abelian, it follows that we can take the quotient. Then E"/E"*! =
(E"N°/(EN' = W(az",b25")55 = (k(p),+). Since m is coprime to the characteristic of k(p), it
follows that the torsion part of k(p) is trivial. Now, suppose ¢ € E'(K) is such that mgq = 0.
Then, since ¢ has m-torsion, it must map to zero in E'(K)/E?(K) = k(p), so that ¢ € E?(K).
Now suppose ¢ € E"(K) with mg = 0. Then ¢ maps to zero in E"(K)/E"T!(K) since the
m-torsion of this is also trivial, so that ¢ € E"*!. Induction then gives that if ¢ € E'(K) with
mq = 0, then ¢ € E"(K) for all n, i.e. ¢ €, E"(K) = {0}, i.e. ¢ =O.

Hence, we see that E'(K)[m] = 0. [ |
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4 Weak Mordell-Weil

Here we prove the main goal of this thesis: the weak Mordell-Weil theorem. We first state the
motivation for the weak Mordell-Weil conjecture, namely that it constitutes roughly “half” of a
proof of the full Mordell-Weil theorem. We then quicly introduce some of the necessary concepts
from algebraic number theory, afterwhich we proceed to prove the theorem. The information
here is based on [Sil09], [Neu99], and |Clal2|, with the latter serving mostly as inspiration.

4.1 The Descent Theorem

The theorem presented in this subsection is the basis for the standard proof of Mordell-Weil,
and is the motivation for the statement of the weak Mordell-Weil theorem. The basic idea of the
descent theorem is that if we have a sufficiently nice function that can measure the “complexity”
of a point, and we have the finiteness condition on the quotient group, then we can show that
any element can be decomposed into a finite amount of sufficiently simple generators.

Theorem 4.1 (Descent). Let A be an Abelian group such that there exists an integer m > 2
with A/mA finite, and let h: A — R be a function satisfying:

(a) For every Q € A there is a constant Cy (depending on Q) such that
h(P+ Q) <2h(P)+ Cy forall P € A.
(b) There is a constant Cy (depending only on A and m) such that
h(mP) > m?*h(P) — Cy for all P € A.
(c) For every constant C, the set {P € A | h(P) < C} is finite.
Then A is finitely generated.

Proof. Let P € A. We will construct P as a linear combination of elements in A, and using
(c) above conclude that the number of possible generators is finite by having enough generators
satisfy a height condition.

Let Q1,...,Q, € A be a set of elements of A representing each equivalence class in A/mA.
We then have that for some 1 < i3 < r, P € [@;], so that P = mP; + @;, for some P, € A.
Similarly, we have that for some 1 < iy < r, P, € [Qi,], so that P, = mP,+Q;, for some Py € A.
Continuing this, we produce a list of elements of A:

P=mP; + Q;,
Py =mP, + Q,,

Pn :mPn+QZn (1)

This shows that we can write P as a linear combination of the (); and some other element
P, € A. We will now show that for some (large) n, h(P,) is bounded by a constant that is
independent of P, so that we can later apply (c) from above to show that there are only finitely
many possible choices of P,. To do this, we first examine h(F;) for any j:

1

h(Py) < —5 (h(mPy) + C2) from (b),
1

= W(h(Pj—l - Qi;) + Co) from ([I]),
1

< W@h(Pj—l) + C1 + Ca) from (a).
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Here, C] is the maximum of the C; constants derived from (a) using @ € {—Q1,...,—Q:}.
Also notice that the constants C] and Co are independent of P, since both (a) and (b) are
independent of P. Now, applying this inequality a second time, we obtain

1 /2 2 \2 1 2
h(Py) < — <m2 (2h(Pj_2) + C1 4+ C3) + C] + 02) = (mQ> h(sz)+<m2 + m4) (C1+C2).

Continuing this recursively for j = n all the way down to P, we get that

2 \" 12 on-1\
h(Pn)S(mQ) WP)+ | 5+ g4t 5 | (C1+ ()
2 \" 1 1
< <m2> h(P)+W71_%(C{+Cg)
2 \" Ci-i—Cg
= (=) mp)+ L2
(mQ) P+ m2 —2
< %h(P) + %(Ci + C2) since m > 2.

There exists some n such that 2™ > h(P), so we can conclude that for this sufficiently large n,
we have

1
h(P,) <1+ 5(C{ + Cy)

which is independent of P (i.e. only dependent on the choices of representatives @;). It follows
that every element P € A can be written as a linear combination of the form

T
P=m"Q+ ijilQij

J=1

where @) satisfies the same inequality as P,, above. Using (c), we then see that the set

{Q e Alh(Q) < 1+;(C{+02)}

is finite, and hence A is finitely generated since it is generated by the union of two finite sets. W

This theorem then allows one to split a full proof of Mordell-Weil into two parts: showing
that the quotient F(K)/mE(K) is finite for some m > 2, which is the goal of this thesis,
and constructing a suitable height function on F that satisfies the inequalities given above.
Constructing the height function, in [Sil09], is done by first constructing height functions on P",
afterwhich one restricts to an elliptic curve embedded in this space.

4.2 Number Fields & Algebraic Number Theory

This subsection is dedicated to providing some of the basic language from algebraic number
theory, and stating a result that we will need in the proof of weak Mordell-Weil, namely the
Hermite-Minkowski theorem. Number fields (and their rings of integers) are one of the main
objects of study in number theory. In this subsection (and the next), when we say “p is a prime”
we will mean that p is a prime ideal.

Definition 4.2. A number field K is a finite extension of Q. The ring of integers of K, denoted
Ok, is
Ok ={xcK|3a; €Zst. 2"+ ap_ 12" +---a1x +ag =0}.
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Example 4.3. A trivial example of a number field is Q itself, which has 0gp = Z. Another
example is provided by Q(i), which has Og() = Z[i]. In general, if d # 1 (mod 4) and d is
square-free then K = Q(v/d) is a number field with 0x = Z[V/d]. A similar statement can be
made when d =1 (mod 4): then O =7 {HT\/E}

There are a number of properties about number fields that we are interested in. First of all,
we want to know that we can work with number fields the way we need. For example, we will
need to know that we can reduce a curve over a number field.

Theorem 4.4. Let K be a number field. Then Ok is a Dedekind domain with fraction field K.
Proof. See [Neu99, p. 17, Thm. 3.1] and [Neu99, p. 45, Prop. 8.1]. [ |

The proof strategy for weak Mordell-Weil will involve some properties of the ramification of
an extension of a number field. The definition of an unramified field extension is dependent on
a theorem about factorization in Dedekind domains. In the case of the integers, we have unique
factorization for elements: any integer n € Z can be written as a unique product of a finite
number of primes, up to multiplication by a unit (i.e. —1 or 1). This is not true for all Ok.
Instead, one can only guarantee that ideals decompose into a unique product of prime ideals.

Theorem 4.5. Let R be a Dedekind domain, and let I be any ideal of R that is not (0) or (1).
Then we can decompose I into a finite product

I'=pi-pr
which is unique up to the order of the factors, and the p; are non-zero prime ideals of R.
Proof. See [Neu99, p. 18, Thm. 3.3]. The proof is rather lengthy. |

Definition 4.6. Let K be a number field, and let L/K be a finite extension. We say a prime
B of O, lies over a prime p in O if PN O = p, and we write Plp.

Remark 4.7. If L/K is a finite extension of a number field, and p is a prime in Ok, we usually
make the following simplifications in language: instead of saying p is a prime of Ok, we simply
say it is a prime of K, and instead of writing pO, for the ideal generated by p, we suppress the
Or, and only write p.

Remark 4.8. Note that a prime of K may not remain prime in L. For example, 2 is prime in Z,
but in Z[i] we have 2 = (14 4)(1 — i).

Definition 4.9. Let K be a number field, and let p € Ok be a prime. We write k(p) for the
field Ok /p. Note that this agrees with the field k(p), with p considered as a point in Spec O

Definition 4.10. Let p be a prime of K and let L/K be a finite extension. Suppose
p=]]%7
i

with all 53; distinct prime ideals. The integer e; is called the ramification degree of 3; over p in
L. If e; = 1 and the extension k()/k(p) is separable, then we say ; is unramified over p, and
we say L/K is unramified over p if all 3;|p are unramified (one also says that p is unramified in
this case).

Why do we care about the above? We care because being unramified is a strong condition,
and therefore puts strong bounds on what extensions can satisfy it. In particular, we have
the Hermite—Minkowski theorem, which is going to be an integral part of our proof of weak
Mordell-WEeil.
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Theorem 4.11 (Hermite-Minkowski). Let K be a number field, let n be some positive integer,
and let S be some finite set of primes of K. Then there exists only finitely many extensions of
K with degree < n which are unramified outside S.

Proof. See [Neu99, p. 203, Thm. 2.13]. [ |

Remark 4.12. It should be noted that there are several statements of Hermite—Minkowski, and
they are largely equivalent (though the equivalence may sometimes, or often, be non-trivial).
For example, another statement of the theorem replaces “are unramified outside S” with “have
bounded discriminant.” In [Neu99, p. 206, Thm. 2.16] this is how the theorem is stated when
named, and the above formulation is left unnamed. (Furthermore, Neukirch actually refers to
this as simply “Hermite’s theorem.”)

Remark 4.13. Funnily enough, it is also very difficult for a prime to be ramified. In particular,
there is a theorem stating that if L /K above is separable, then there can only be finitely many
primes that are ramified in L.

The question is now how one may check (un)ramification. The way we will be doing this is
using the inertia group. In particular, suppose we have a finite Galois extension L/K with K a
number field. If p is prime in K and B|p, we write

Gy = {0 € Gal(L/K) | o(p) = p}

afterwhich we see that an element o € Gy induces an automorphism & on k(B), given by x
(mod PB) — o(x) (mod P). Furthermore, have the following proposition:

Proposition 4.14. Let L/K be as in the paragraph above. Then k(B)/k(p) is a normal exten-
siomn, and the above map o +— & is a surjective homomorphism

Gy — Gal(k(B)/k(p)).
Proof. See [Neu99, p. 56, Prop. 9.4]. [ ]

Definition 4.15. The kernel of the morphism Gy — Gal(k(B)/k(p)) is called the inertia group
of B, and is denoted Iy. The fixed field of Iy in L is called the inertia field of B over K, and
is denoted Ts;.

We now have the following useful characterization of Iy and Ti:

Proposition 4.16. Let Zy be the fized field of Gy in L, and let B be a prime lying over p with
ramification index e. Then Tig/Zy is a normal extension, and

Gal(Ty/Zg) = Gal(W(F)/k(p)),  Gal(L/Ty) — Iy,
If, furthermore, the extension k(°B)/k(p) is separable, then
[Ip| = [L:Tp] = e, |Gp/Ip| = [Ty : Zy] = [E(B) : k(p)].

In this case, one has Gy = Gal(k(B)/k(p)), so that the latter can be considered a subset of
Gal(L/K), and
p is unramified <= Ip = 1 <= Ty = L.

Proof. See [Neu99, p. 57, Prop. 9.6]. [ ]
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4.3 The Weak Mordell-Weil Theorem

Recall from Section [£.1] that one can prove Mordell-Weil by producing a certain kind of function
on E(K) and by showing that F(K)/mE(K) is finite for m > 2. The weak Mordell-Weil theorem
concerns the latter statement. The proof of weak Mordell-Weil will be based on relating the
finiteness of E(K)/mE(K) to the finiteness of Gal(L/K) for a particular field extension L/K,
which will follow from Hermite-Minkowski.

Theorem (Weak Mordell-Weil). Let K be a number field, and let E/K be an elliptic curve.
Then for every integer m > 2, E(K)/mE(K) is finite.

We first have a lemma that allows the first of a number of reductions:

Lemma 4.17. Let K be a number field, let m > 2, and let L/K be a finite Galois extension.
Then E(L)/mE(L) finite = E(K)/mE(K) finite.

Proof. We have a canonical inclusion F(K) < E(L) from Proposition [2.130, which induces a
map a: E(K)/mE(K) — E(L)/mE(L). Let ® = ker a. Then

E(K)NmE(L)

®= mE(K)

Now, for any [P] € ®, we may choose some (not necessarily unique) Qp € E(L) with mQ, = P.
This defines a set-map Ap: Gal(L/K) — E[m](L), given by Ap(c) = o(Qp) — Qp. This is since
we have

mAp(o) = mo(Qp) —mQp =o(P)—P=P—-P =0,

since E(K) is fixed by the action of Gal(L/K). Now let P, P' € E(K)NmE(L), and suppose
Ap = Aps. Then, by definition, we have

o(Qp)—Qp=0Qp)—Qp = d(Qp—Qp)=Qp—Qp

for any o € Gal(L/K). Hence, Qp —Qp € E(K), since this is also the only subset of F(L) that
is fixed by Gal(L/K). Therefore,

P—P' =mQp —mQp =m(Qp — Qp) € ME(K) = P~ P € mE(K)

so that [P] = [P']in E(K)/mE(K). This gives us that the map ® — Homget(Gal(L/K), E[m|(L)),
P — \p is injective. Now, from Corollary E[m](L) is finite, and by assumption we have
that Gal(L/K) is finite, hence ® injects into a finite set, so it is finite itself. Finally, we conclude
that E(K)/mE(K) is finite since taking quotient by ® yields F(L)/mE(L), which is finite by
assumption. |

For the remainder, let K be a number field, and let E be an elliptic curve over K. The
above lemma lets us reduce to the case where E[m](K) = E[m](K), i.e. the m-torsion points
of F are all K-rational. This is because if it were not the case, we simply extend K to some

Galois finite K’ that ensures Ex/[m|(K) = Ex:/[m|(K') (which is possible due to the finiteness
of E[m](K)), and then prove the weak Mordell-Weil theorem for Ex instead. Using the above,
this then implies that F also satisfies the weak Mordell-Weil theorem. Hence, we now assume
that Em](K) = E[m](K).

We now want to relate the finiteness of E(K)/mE(K) to the finiteness of a particular
extension of K. To do this, we will make use of the Kummer pairing. Roughly speaking, one

applies the above construction with L = K.
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Definition 4.18. Let P = [py: ...: p,] € PL(K). The field of definition of P is

K(P) = K(po/pi,---pn/Pi),
where we choose any 0 < ¢ < n such that p; # 0. This is independent of the choice of i.

Definition 4.19. The Kummer pairing k: E(K) x Gx — E[m|(K) is defined as follows: let

P € E(K) and pick some Qp € E(K) with m@Qp = P. Then define k(P,0) = 0(Qp) — Qp.
Proposition 4.20. The Kummer pairing is well-defined, and bilinear. Furthermore,

[ kerr(—,0) =mE(K), (| kerw(P,—)= Gx/r»
ceGy PceE(K)

where L = K([m]"*E(K)) is the compositum of the fields of definition K(Q) as Q ranges over
the points in E(K) with mQ € E(K), and so the Kummer pairing induces a perfect bilinear
pairing

E(K)/mE(K) x Gk — Em](K).

Proof. First of all, x is indeed a map of the form described, as shown in the proof of the previous
lemma. Now we just need to show that the choice of the point (Jp does not change the value of
k. Note that if we have some Q’p also satisfying m@Q’s = P, then we can find some T' € E[m](K)
(= E[m](K)) such that Qp» = Qp + T, since m(Qp — Q) = P — P = 0. We then calculate:

o @Q@p+T)-Qp—T=0Qp)+0(T)—Qp—-T=0Qp)—Qr+T-T=0(Qp) —Qp,

where o(T) = T since T' € E[m](K), and so is fixed by the action of Gx. Hence, k does not
depend on the choice of Qp, and so we get a well-defined map.

To show bilinearity, note that linearity in the first variable is obvious. To show linearity in
the second variable, we will add zero. Let 0,7 € Gg. Then

k(P,ooT)=0(1(Qp)) —Qp =0(T(Qp) — Qp) + 0(Qp) — Qp = o(k(P, 7)) + k(P,0).

Since E[m](K) is fixed by Gk, we get k(P,007) = k(P,0) + &(P, ).

We now want to show the “kernel” part of the proposition. Suppose P € mE(K), and write
P =m@ with Q € E(K). Then all 0 € Gk fix Q, so k(P,0) = 0(Q) — Q = 0. Now suppose we
have some P € E(K) such that x(P,o) = 0 for all o € Gx. Then we pick some Q € E(K) with
m@ = P, and note that k(P,0) =0 = 0(Q) = Q for all 0 € Gk, i.e. all 0 € Gk fix Q, so
that @Q € E(K). Hence P = m@Q € mE(K).

Now, if o € GF/Lv then k(P,0) = 0(Q) — Q = 0, since per definition @ € E(L). Conversely,
if 0 € Gk satisfies k(P,0) = 0 for all P € E(K), then for all Q € E(K) with mQ € E(K) we
have 0(Q) — Q = k(mQ, o) = 0 so that o fixes (). But this shows that o fixes E(L), so that
o€ GF/L'

The above shows that G/, is normal in G (being the kernel of Gx — Hom(E(K), E[m](K))),
with quotient G /G /L = Gk, so that furthermore L/K is Galois. From this, we get that
the map

B(K)/mE(K) — Hom(Gyx, Elm](K))

is an isomorphism. |

Corollary 4.21. E(K)/mE(K) is finite if and only if the Galois extension L/ K from the above
proof is finite.
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Due to the importance of the extension L from the proof above, we will fix it as notation
for the remainder of this section. We now just need to show that this extension is finite to have
proven the weak Mordell-Weil theorem. For this, we will make use of the Hermite-Minkowski
theorem. First, we need to show that L is sufficiently unramified.

Proposition 4.22. Let m > 2, and let
S = {p € Spec Ok | E has bad reduction at p or chark(p) divides m}U{primes lying over 2 and 3}.

Then L/K is unramified outside S, i.e. if p is a prime in K not in S then p is unramified.

Proof. Let p € Spec O \S, and let Q € E(K) be such that m@Q € E(K). We may reduce to
checking that K (@) is unramified over p, since L is the compositum of all these fields, and being
unramified is preserved by this. Let P be a prime in K(Q) lying over p. E has good reduction
at p, and so also has good reduction at 3, since the fiber product preserves smoothness. Let
o € Iy be an element in the inertia group. Per definition, o acts trivially after reduction, so

rp(0(Q) — Q) = a(rp(Q)) —rp(Q) = O.

We now use m@ € E(K) to see that
m(o(Q) — Q) = ma(Q) —mQ = o(mQ) —m@Q = 0,

since o fixes K. We therefore see that 0(Q) —Q € E'(K)[m], so that 0(Q) — Q = O by Theorem
3:94 Hence 0(Q) = @ so that o fixes @, and so fixes any point in E(K(Q)). We now note that
one can identify fixed fields by identifying fixed points, and we see that Iy fixes all points in
E(K(Q)), ie. Tig = K(Q), so that K(Q) is unramified at p by Proposition [ |

Theorem 4.23 (Weak Mordell-Weil). Let m > 2. Then E(K)/mE(K) is finite.

Proof. We have seen that F(K)/mE(K) is finite if and only if L/K is a finite extension. Fur-
thermore, this field L is the compositum of a number of fields K(Q), where m@Q € E(K). Our
aim is to apply Hermite—Minkowski to show that there are only finitely many distinct such fields.
This will follow from bounding the degree of the K(Q)’s.

For each P € E(K), there are only m? points Q € F(K) such that m@Q = P, and these are
all Galois conjugate. This follows from considering the difference: if Q' is another such point,
then m(Q - Q") =mQ —-Q' =P —P=0,s0Q—Q € E[m](K), and this set has cardinality m?
by Theorem and Theorem [3.75] This also shows that Q" = Q + T for some T € E[m|(K).
Furthermore, if o € Gal(L/K), then similar reasoning shows that o(Q) — Q € E[m|(K), so
that o(Q) is one of the other points Q' with m@Q’ = P. Now, the degree of the the extension
K(Q)/K is the number of embeddings K(Q) — K(Q)"°" into the normal closure of K(Q), since
this is also the smallest Galois field containing K(Q). Such an embedding has to send Galois
conjugates to Galois conjugates and must be injective, hence there are at most m? embeddings.
Hence, the degree of K(Q) is at most m? for each Q.

We now apply Hermite-Minkowski (which we can, since the K (Q)’s are all unramified outside
a finite set of primes) to conclude that L is the compositum of a finite number of finite degree
fields K (@), and hence L/K is a finite degree extension. [ |
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Meaning

]:\/
f*fv fﬁl]r

I

Frac(R)

G[m]

Gk
Gal(L/K), Gk
(X, F)
H"(X, F)
Home (A, B)
Homo (F,G)
im f

VI

X =Y

X =Y

X =Y

K
Kl’lOI’
K(X)

my

Open(X)
Ox

Ox (D)
pa(X)
py()
Proj B
P(V)

P

Py

Affine n-space over the ring R, i.e. Spec Rlt1,...,t,].

Affine n-space over the scheme S, i.e. A7 xz7 S.

The automorphism group of the object X, i.e. the collection of iso-
morphisms X = X.

The elements of By that are of degree zero, with B a graded ring
and f € B homogeneous.

The slice category over A, i.e. the category of morphisms to A.
The opposite category of C.

Coproduct/disjoint union.

The diagonal morphism X — X Xy X associated to a morphism
X =Y.

The stalk of the (pre)sheaf F at x.

The sheafification (a.k.a. sheaf associated to) the presheaf F.

The dual of the Ox-module F, i.e. Homo, (F,Ox).

The direct image and inverse image sheaves associated to the func-
tion f and sheaf F.

The finite field of order ¢ = p™.

The (total) field of fractions of the commutative ring R.

The m-torsion part of a group(-scheme) G.

The absolute galois group of K, i.e. Gal(K/K).

The Galois group of the extension L/K.

The global sections of F over X, i.e. F(X).

The nth (sheaf) cohomology group of X with coefficients in F.
The collection of morphisms A — B in the category C.
“Sheaf-Hom,” given by Homo (F,G)(U) := Homo, (Fl|v, G|v)-
The image of the morphism f.

The radical of the ideal I C R, i.e. {f € R|3n >0s.t. f" €I}
An isomorphism X — Y.

An injection/monomorphism X — Y.

A surjection/epimorphism X — Y.

The residue field at x € X where X is a locally ringed space, i.e.
k(x) == Ox z/mg.

The algebraic closure of the field K.

A normal closure of the field K.

The function field of the irreducible scheme X.

The categorical limit and colimit.

The unique maximal ideal of the stalk Ox , at € X, where X is
a locally ringed space.

The category of open sets of X.

The structure sheaf of the ringed space X.

The Ox-module associated to the divisor D.

The arithmetic genus of the curve X.

The geometric genus of the curve X.

The projective scheme associated to the graded ring B.
The projective space given by the vector space V.
Projective n-space over the ring R, i.e. Proj Rl[to,t1, ...
Projective n-space over the scheme S, i.e. P, x7 S.

 n)-
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Meaning

The localization of R with respect to an element f € R, ie. Ry :=
{1,f,f%.. }7'R.

The localization of R with respect to the prime ideal p, i.e. Ry := (R\p) ' R.
The (prime) spectrum of the commutative ring R.

The morphism Spec R’ — Spec R associated to the morphism ¢: R — R’ of
commutative rings.

The germ of s at z, i.e. image of the section s € Ox(U) in the stalk Ox .,
where x € U C X.

“such that.”

The fixed points of the action G — Aut(X).

The Euler—Poincaré characteristic of F.
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