t-STRUCTURES AND RECOLLEMENTS

CARL-FREDRIK LIDGREN

Abstract

We provide an introduction to the basic theory of triangulated categories and t-structures,
and cover these in detail with a particular focus on recollements, roughly speaking gluings.
Triangulated categories are a convenient setting for developing foundational results in ho-
motopical algebra, and t-structures allow a refinement of this by imposing that objects have
a kind of “grading” on them, encoded in certain (co)reflective subcategories. We prove
a number of results on these topics, including a result of Hoshino-Kato—Miyachi stating
that triangulated categories admitting small coproducts and a silting object also admit a
t-structure whose heart is equivalent to a module category.
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Popularvetenskaplig Sammanfattning

Inom algebra finns det ett koncept som heter kohomologi. Fréan borjan kom
det fran topologi: till ett rum kan man associera en méngd algebraiska strukturer,
namligen kohomologigrupperna av rummet, som berédttar om vissa egenskaper rum-
met har. Man mérkte relativt snabbt att sidana strukturer kunde anvéndas i fler
situationer, och pa sa vis féoddes d&mnet homologisk algebra. Det man sag var att
man kunde skapa en kohomologiteori inom alla sa kallade abelska kategorier.

Inte langt efter att kohomologi hade definierats inom abelska kategorier insag
vissa matematiker att man behévde nagot mer flexibelt for mer kriavande situa-
tioner. Anledningen ar inte s svar att forsta: kohomologi kommer alltid fran vissa
foljder

e XL X XL

av morfismer (tdnk: funktioner) mellan algebraiska objekt, dir man berdknar ko-
homologin Hi(X *) i princip genom att kolla pa skillnaden mellan avbildningen av
X1 = X7 och det som X? — X! séinder till noll. Det &r omedelbart uppenbart
att man forlorar information genom att gora detta: man sldnger bort en ganska
stor del av foljden.

Detta l6stes genom att man bytte ut den initiala abelska kategorin med en ny
kategori vars objekt dr exakt sddana foljder som ovan, fast ddr man betraktar tva
fojder som “samma’” ungefir om de ger samma kohomologi. Pa sa sidtt glommer
man inte fo6ljden man boérjade med. Denna metod har dock ett annat problem:
den nya kategorin man anvénder ar inte ldngre en abelsk kategori. Déremot har
den liknande egenskaper som en abelsk kategori forrutom att de inte ldngre géller
“direkt” utan pa ett mer avancerat satt.

Den abstrakta strukturen som kommer fram i sammanhanget ovan kallas en
triangulerad kategori. Denna uppsatts handlar om precis dessa kategorier, tillsam-
mans med extra strukturer som man kan placera pa dem, till exempel sa kallade
t-strukturer, som fungerar som ett abstrakt sitt att formulera hur man kommer
ihag foljderna som diskuterades innan och konsekvenserna det har.
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1 INTRODUCTION

1 INTRODUCTION

1.1 SoME HISTORY

This thesis concerns many tightly related topics centered around the concept of a t-structure on
a triangulated category, and the main goal of the thesis is to present a reasonably self-contained
exposition of these. Put broadly, triangulated categories are abstract settings in which one can
do certain weakened constructions of homological algebra, and in particular they allow one to do
some “elementary” version of homological algebra up to homotopy (so triangulated categories can
be thought of as some homotopy-weakening of Abelian categories). This is perhaps surprisingly
important even in studying ordinary homological algebra: in some sense, homological algebra is
at its roots all about studying Abelian categories along with their derived categories (which we
discuss in Section , however the latter crucially fail to avoid issues of homotopy—the derived
category of an Abelian category is not an Abelian category, but it is a triangulated category. It
may be useful to understand a bit of the history involved in order to see why one should care
at all. For a much more detailed description of the history of homological algebra, on which we
base our own, see the excellent [Wei99].

The modern notion of homological algebra has its roots in the book by Cartan & Eilenberg
[CE56) from 1956, which itself was a response to a number of developments within topology—for
example, the Ext-groups defined by Baer in 1934 [Bae34] were investigated by Eilenberg and
MacLane in 1942 [EM42] in order to state a version of the universal coefficient theorem, and
earlier than that Cech (in [Cec32]) had given a version of the universal coefficient theorem using
what we would today recognize as Tor-groups. All of the work prior to the book of Cartan &
Eilenberg was done purely in the context of Abelian groups and in terms of specific examples.
These ideas were put into a more cohesive form in [CE56] under the name derived functors,
which also allowed the authors to extend them to the context of modules over an arbitrary ring.

Around the same time, Leray (in [Ler46a; Ler46b|, and [Ler50]) was developing the notion of
a sheaf (most of his early work on which was done in a concentration camp), their cohomology
and tools for computing said cohomology, namely spectral sequences (together with Koszul’s
work in [Kos47b; Kos47a]). Some of these methods, for example those of spectral sequences,
were also later included in [CE56]. Still, all of these methods were contained to the world of
modules over a ring.

This was the state of affairs until Grothendieck, in his 1957 “Tohoku paper” [Gro57], intro-
duced a good notion of Abelian categories and detailed a method for doing homological algebra
in such a framework, including generalizing the notion of derived functors. This allowed the
techniques of homological algebra to be applied more directly to situations such as categories of
sheaves on topological spaces, which were previously inaccessible except through ad-hoc meth-
ods.

For many purposes, the homological algebra of [Gro57] (or even [CE56] and other contem-
porary sources) was sufficient. However, for the work Grothendieck was doing in algebraic
geometry, he needed a more flexible framework. In particular, in order to state and prove a
duality theorem for sheaf cohomology, he needed to consider a homological algebra not just
of “objects in an Abelian category” but of chain complexes of such objects. To elaborate, the
methods available to him at the time essentially consisted of procedures one applies to individ-
ual objects, one at a time. What he needed was something which bundled together all these
procedures into a single structure, and which enriched the individual objects to chain complexes
of objects up to cohomology (more precisely, quasi-isomorphism).

To this end, Grothendieck sketched an idea about derived categories, which was later made
into a precise notion by his student Jean-Louis Verdier in his thesis around 1967 (though only
published in full in 1996 as [Ver96]). In his thesis, in order to prove results about derived
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categories, he introduced the general framework of ¢riangulated categories.

Triangulated categories proved to be a very fruitful framework for doing quite a lot of foun-
dational theory surrounding a homotopical version of homological algebra, in particular for
having control over localizations, and giving a precise notion of what it means for a functor to
be (co)homological (which allowed a rigorous way to describe how cohomological functors turn
short exact sequences into long exact sequences). On the other hand, one finds that triangulated
categories do not have enough structure and information in order to capture all the features of
derived categories, which might be an issue given that triangulated categories were invented
precisely to explain the structure of derived categories.

This situation was solved in [BBDG18| with the introduction of t-structures. A t-structure
is additional data one puts on a triangulated category which essentially endows the objects of
the category with a kind of “grading,” or “chain complex structure,” much like how the objects
of a derived category consist of actual chain complexes. Once one has this additional data,
it becomes possible to extract from it things like cohomology functors (which, appropriately,
are examples of cohomological functors), and truncation functors (generalizing the concept of
“cutting off” a chain complex at some point). Furthermore, it gives one the ability to define
(t-)exact functors, namely (triangulated) functors which preserve this additional “grading.” The
benefit of this is that it provides a precise way in which some functors between derived categories
preserve more or less structure.

On the other hand is another recurring topic in this thesis, namely recollements. Their
name, translated from French, means something like “regluings” (or “patchings”), which sug-
gests a picture that they describe how two triangulated categories are glued together to form
a third. Roughly speaking, they are split short exact sequences of triangulated categories, and
they do indeed lead to certain “gluing” phenomena which otherwise do not occur in general.
Recollements are also interesting from a purely theoretical standpoint since they demonstrate
very well how to operate the structure of a triangulated category.

1.2 STRUCTURE OF THE THESIS

At the end of this document, on page is a table displaying some of the notation used
throughout the thesis.

We begin, in Section 2] with a short introduction to some of the prerequisites regarding
Abelian categories, in particular introducing chain complexes and their cohomology in an ab-
stract setting. Notably, however, this section should not be taken as a complete description of
all the prerequisites on this topic. The section is essentially entirely based on the exposition of
Abelian categories found in [KS06|, though in a less general setting.

In Section [3] we introduce triangulated categories, which will form the main setting of interest
for most of the thesis. The basic theory is contained in Section [3.I, where we discuss the
foundational definitions and their consequences. A notable result of interest is Proposition
which shows that the Hom functors in a triangulated category are cohomological. After this, in
Section (3.2 we discuss some pertinent questions regarding uniqueness of certain constructions in
triangulated categories, in particular Lemma [3.28] gives a criterion for when cones have a unique
induced map.

Sections and are dedicated to building up the machinery required to define the Verdier
quotient of a triangulated category by a null system (i.e. a triangulated subcategory closed
under isomorphism), roughly speaking a coherent way to kill the objects of the Verdier quotient
while still retaining a triangulated structure. The former is focused on the general theory of
localization of categories, while the latter then specializes that to the context of triangulated
categories. Amongst the important results of Section [3.3] are Proposition [3.42] which gives an
explicit construction of the localization of a category by a suitably nice class of morphisms
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(called a multiplicative system), and Proposition which says that the localization of an
additive category (see Section by a (left or right) multiplicative system of morphisms yields
an additive category. This is then used in Section to show that the Verdier quotient of
a triangulated category is again a triangulated category, and that the canonical “projection”
functor is triangulated; see Theorem Another important result here is a characterization
of when a morphism becomes invertible in the Verdier quotient (given in Corollary .

The last part of Section [3] is Section [3.5], which covers some of the theory of recollements
(used later in Section . Notable results here are Theorems and which encapsulate
very many of the formal categorical properties of recollements. The latter theorem also gives
access to some non-trivial distinguished triangles; see Corollary The references for Section
[3are primarily [KS06] and [Nee01], but also include [Kra22] and [MM92], particularly for Section
0.9

Section [ exists primarily to give some explicit non-trivial examples of the machinery of
Section [3] “in the wild,” namely derived categories of Abelian categories. The derived cate-
gory is obtained by taking the category of chain complexes in an Abelian category, identifying
morphisms under homotopy, then taking the Verdier quotient of this with respect to acyclic
complexes, i.e. those whose cohomology is zero. In this way, one is considering a category of
chain complexes “up to quasi-isomorphism,” and this is made precise in Corollary [£.29] We
present the fundamentals here in a reasonably complete way, though with some arguments only
being sketched. The exposition here is largely based on [KS06], especially in Sections and
although the proof of Theorem is based on an analogous proof for topological spaces
(as outlined in [Ram21]), and the proof of Lemma was independently worked out. The
proof of Corollary is based on the outline in [Pap20].

In Section [ one also sees the first motivations for t-structures, which are the subject of
Section There, we treat t-structures, and there are a number of central results of interest.
In Section [5.1] we give the definition of a t-structure and construct one of the most important
features they have, namely the truncation functors. In Section [5.2] we prove that the heart of
a t-structure is an Abelian category, and following this we construct some cohomology functors
associated to a t-structure in Section These give a sequence of functors H': D — DY from a
triangulated category D with a t-structure into the heart DV of the t-structure, and in Section
.5 we show that these functors are cohomological. In between, we also have an important
result in Section showing that (Yoneda) extensions in the heart DY can be computed using
a Hom-functor; see Theorem [5.30] Essentially all of these results are used later in Section [6

In Section 5.6} we relate recollements to t-structures. More precisely, we first show that given
a suitably compatible “short exact sequence” (i.e. Verdier quotient sequence, in our terminology)
of triangulated categories with t-structures, the t-structures on the smaller pieces determines
the one on the bigger piece, and vice versa (see Propositions and . We then show what
could be considered the “main” result of the subsection, Theorem which says that given a
recollement where the smaller pieces have t-structures, this (uniquely) determines a t-structure
on the bigger piece (i.e. the “gluing”). We end with giving two toy examples of applying this.

The main reference for Section [5|is [KS94], which covers essentially everything except the
content of Section [5.4] and most of Section [5.6] For Section [5.4] the proof of Theorem [5.30| was
worked out independently with some initial guiding direction from my advisor. The lion’s share
of what is in Section (with the exception of the final part of Theorem which is taken
directly from the original source, [BBDG18|]) was worked out independently based on the very
brief outline in [GMO03|, p. 286, Ex. IV.4.2] and with some occasional tips from my advisor.

Section [6]covers just enough in order to use the previously developed theory to prove Theorem
which is due to Hoshino—Kato—Miyachi. This theorem is the focal point of the section,
and it says that in any sufficiently nice triangulated category (one which admits a silting object,
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that is, a compact generator with certain Hom-properties) admits a similarly nice t-structure.
In order to prove this, we define compact objects in Section [6.2] and prove a proposition about
triangulated categories which are generated by some set of objects. In Section [6.3] we define
“the” homotopy colimit of a certain kind of diagram, and use this to prove an “approximation”
result, namely Theorem [6.16] These results are then combined to prove Theorem The
primary resource used in this section is [Jas21].

1.3 PREREQUISITES

It is somewhat difficult to estimate the precise required prerequisites for this thesis. The main
necessity is a healthy amount of category theory and facts from homological algebra. As noted
before, this thesis is very much not self-contained, and one does need a strong foundation in the
aforementioned subjects. As a result, we take very many of the results from [KS06| for granted,
particularly those of their Chapter 8, amongst other things. All such results are standard, and
therefore should not be too hard to look up should it occur that a reference has been neglected.
Outside of these, there are essentially no formal prerequisites other than those required by the
previous two.

1.4 A NOTE oN FOUNDATIONS

There are various approaches to making the foundations of category theory precise, and in
practice it is not of great importance which one is used. One approach is based on choosing
three inaccessible cardinals, one corresponding to “small,” another to some ordinary, default
size, and a final for “large.” To use this approach, one must then postulate the existence of such
inaccessible cardinals. Another approach, which we take in this thesis (following [KS06], who
follow [SGA4]), uses universes.

Definition 1.1. Let U be a set. We say U is a (Grothendieck) universe if it satisfies the following
properties:

(i) @ el,
(ii

) if u e U, then u C U,
(iii) if w € U, then {u} € U,

)

)

(iv) if u € U, then the power set P(u) € U,

(v
(vi) NelU.

it € and u; € U for all i € I, then J;c;u; € U, and

A universe is then essentially a set in which one can perform practically any set-theoretical
operation of interest upon its elements, and still remain within the universe. We add the following
axiom to Zermelo-Fraenkel set theory:

Axiom. Any set is contained in a universe. That is, for any set X, there exists a universe U
such that X € U.

For the thesis, we fix some universe I, and make the following definitions.

Definition 1.2. We say a set S is small if S € U. A category C is locally small if for all objects
X,Y € C, Hom¢(X,Y) is small. We say C is small if it is locally small, and furthermore, the
set of all objects in C is small.

By default one should assume that, unless otherwise specified, all sets and categories are
small although it should be noted that this is usually not actually necessary.
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2 ADDITIVE & ABELIAN CATEGORIES

2.1 (PRrE-)ADDITIVE CATEGORIES

We want a natural place (i.e. category) in which to do homological algebra. At its most basic
level, homological algebra occurs in the category of Abelian groups, Ab, and so we should aim
to replicate features of this category. One of the most immediate properties is that if A, B € Ab
are Abelian groups, then Homap (A, B) is also an Abelian group. In particular, for any two
morphisms f, g: A — B, we can define (f+g¢)(a) = f(a)+g(a). Furthermore, this is well-behaved
with respect to composition: for all composable morphisms f, g, h, (f+g)oh = (foh)+(goh),
and ho (f+g) = (ho f)+ (hog). Notably, the composition map o is Z-bilinear. We may then
pose the following definition:

Definition 2.1. A pre-additive category is a category C such that for each A, B € C, the set
Hom¢ (A, B) has the structure of an Abelian group, and for each A, B,C € C the map

o: Hom(B, C) x Hom(A, B) — Hom(A, C)
is bilinear.

In the category of Abelian groups, finite products and coproducts agree. This is also always
true in pre-additive categories.

Proposition 2.2. Let C be a pre-additive category, and let A1, Ay € C.

(a) Suppose the product A1 x Ag exists, and let py: A1 X Ay — Ay, be the projections. Define
the maps iy, A, — Ay X Ay to be the maps induced by ida, : Ap — Ay and the zero map.
Then

ida; x4, = (i1 0p1) + (i2 0 p2).
(b) Let B € C and assume there are maps py: B — Ay, ix: Ap — B such that

ida, ifj=k,
0 ifj#k.

Then B together with (p1,p2) is a product of A1 and Az, and B together with (i1,i2) is a
coproduct of A1 and As.

idp = (t10p1) + (iz0op2) and pjoiy = {

Proof sketch. For a full proof, see [KS06, pp. 169-170, Lemma 8.2.3]. To prove (a), note that
pro((i1op1)+ (i2op2)) = (proi1opr) + (p1oizop2) =p1 +00py =pyoida,xa,.

A symmetric calculation shows the same thing for ps, and so by the universal property of the
product we obtain the desired equality.

To prove (b), first pick an arbitrary ¥ € C and apply Hom¢ (Y, —). Since this commutes
with products, this lets us assume that C = Ab. In particular, to see that B is a product of
Aj and A, it suffices to see that Home(Y, B) is a product of Hom¢ (Y, A1) and Home (Y, Ag) in
the category Ab, functorially for all Y € C. The proposition can then be checked using explicit
calculations, in particular by checking that the canonical maps B — A1 x As and Aj U Ay, - B
are isomorphisms. [l

Corollary 2.3. Let C be a pre-additive category, and let A1, As € C. Whenever their product
exists, so does their coproduct. Furthermore, we have an isomorphism r: A1 U Ay — A1 X Ao
induced by the maps i from above.
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Definition 2.4. Let C be a pre-additive category. When a product A x B exists, we denote it
by A @ B and call it the direct sum.

Above, one sees that products and coproducts agree for all finite, but non-empty, cases. The
following gives us the empty case:

Lemma 2.5. Let C be a pre-additive category, let A, B,C € C, and suppose we have morphisms
ftA—=B,g:B—C. ThenOo f=0and go0=0.

Proof. By bilinearity of composition, we have that
Oof+00f=(0+0)of=00f = 00f=0
and
go0+go0=go(0+0)=go0 = go0=0.

This proves the lemma. |

Proposition 2.6. Let C be a pre-additive category. If an object * € C is terminal, then it is
initial. Conversely, if an object @ € C is initial, then it is terminal.

Proof. Suppose * € C is terminal. Then there is a unique map * — % which must also be the
identity, so in particular id, = 0 € Hom(x, ). Now let A € C and suppose we have a morphism
f:* — A (of which there exists at least one, since the hom-sets are Abelian groups). By Lemma
we then have

f=foid,=fo0=0 = f=0.

Therefore, any map * — A is zero, so there is exactly one map * — A for each A € C, i.e. x is
inital. The case where @ is initial follows by a dual argument. |

An interesting feature of pre-additive categories is that much of the additive structure is
totally determined by the underlying category.

Proposition 2.7. Let C be a pre-additive category, let A,B € C, and let f,g € Hom(A, B). If
the direct sums A® A and B @ B exist, then the morphism f + g € Hom(A, B) is given by the

composition

ALY ApAl® gy YE B

where the first map is the diagonal map and the last map is the codiagonal, i.e. the map
BeoB—B
induced by the universal property of the coproduct along with the identity map idpg.

Proof. Let p{‘,pé“: AP A— A, i‘f‘, 1‘24: A — A @ A be as before (and similarly define maps for
B). Then it is easily computed that

pito (it +i4) = (' 0if') + (pi 0 if) = ida = pf 0 Ay

and similarly for ps', so ift +44 = A4. An essentially identical proof shows that Vg = p? + pZ.
Therefore, we have that

Vpo(f@®g)oitt =f, Vpo(f@g)oiy=y,

and therefore
Vpo(f®g)oAa=(Vpo(f@g)o(if +i)=Ff+g
as desired. [ |
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So we see that the additive structure on the Hom-sets in a pre-additive category is totally
determined by the underlying category whenever that makes sense, i.e. when the product exists.
Therefore, it is suggestive for an additive category to be a pre-additive category where such
products always exists. We make the following definition:

Definition 2.8. An additive category is a pre-additive category such that all finite products
(including the empty product) exist.

Remark 2.9. Alternatively, one can define an additive category as a category C such that

(a) there is a zero-object 0 € C,

(b) for any A, B € C, the product A x B and the coproduct A U B exist,

(c) forany A, B € C, the morphism r: AUB — Ax B induced by the maps (id4,0): A — Ax B,
(0,idg): B — A x B is an isomorphism, and

(d) for every A € C, there is some a € Hom¢ (A, A) such that the composition

AR Ax AW g Al Aua s A
is the zero morphism.

It is then clear that a pre-additive category admitting all finite products satisfies all these
properties (with the morphism a above being —id 4). It is also not too hard to show the converse
(see [KSO06, p. 173, Thm. 8.2.14]). The final condition, (d), is essentially the existence of additive
inverses. Intuitively, it is imposing the existence of a map a: A — A such that for all z € A,
a(z) +x = 0.

Definition 2.10. Let C and D be (pre-)additive categories. A functor F': C — D is additive if
for each A, B € C, the induced map Hom¢(A, B) — Homp(F(A), F(B)) is a homomorphism of
Abelian groups.

Since the underlying category of an additive category totally determine the structure, we
should expect that additive functors too are characterized by a purely categorical criterion. This
is true: additive functors are precisely those that preserve finite products.

Proposition 2.11. Let C and D be additive categories. Then a functor F': C — D is additive
if and only if it commutes with finite products.

Proof sketch. For a full proof, see [KS06, pp. 173-174, Prop. 8.2.15]. This follows essentially
from the fact that, for two functors F, F’: C — Ab commuting with finite products, the obvious
morphism

HomFun(C,Ab) (F> F/) — HomFun(C,Set)(U oF,Uo Fl)) n—Un

given by composing with the forgetful functor U: Ab — Set is an isomorphism (see [KS06, p.
173, Prop. 8.2.12]). The argument is then:
Fix some A € C. We then have two functors «, 8: C — Ab given by

a:Y — Home(A,Y), B:Y — Homp(F(A),F(Y)).

Then o commutes with finite products, and if F' commutes with finite products, then S also
does. In that case, the functors Uoa and U of also commute with products, and so the canonical
natural transformation U oo — U o 3, f — F(f), lifts to a natural transformation o — . In
light of what this lifting is, this says any set map Hom¢(A,Y) — Homp(F(A), F(Y)) is also a
group homomorphism.

Conversely, suppose F' is additive. For any A, B € C, we have a characterization of the
product A x B from Proposition By the additivity of F', the same relations hold for
F(A x B). O
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Using the characterization of additive categories from Remark we have the following
proposition, which in some cases lets us deduce that a category is additive.

Proposition 2.12. Let C be an additive category, and let D be a category where finite products
and coproducts exist and coincide. Suppose there exists a functor F': C — D which is essentially
surjective and preserves finite products and finite coproducts. Then this induces a unique additive
structure on D such that F is additive.

Proof sketch. We just have to check the conditions of Remark By assumption, (a)—(c) are
verified in D, and so we just need to check (d). Let X € D. Since F is essentially surjective, we
know that X = F(A) for some A € C. Since C is additive, we have a morphism a: A — A such
that

AL 4g A @9 g4 Ya,y

is zero. Applying F' and using that it preserves both finite products and coproducts, we see that

(F(a),idp(a))
—

F(A) 259 pa) & F(A) F(A) @ F(A) 229, p(a)

is zero, so F'(a) verifies (d). Therefore, D is additive. That F' is additive follows since it preserves
finite products by Proposition [2.11] O

2.2 ABELIAN CATEGORIES

While in additive categories we have access to addition of morphisms, this is not enough struc-
ture to do homological algebra. The category Ab of Abelian groups satisfies more properties.
For example, we may form kernels, cokernels, and images, and we have various isomorphism
theorems. A natural setting to generalize this is in the framework of Abelian categories.

Definition 2.13. Let C be a category with a zero object, and let f: X — Y be a morphism in
C. The kernel of f is the pullback

and the cokernel of f is the pushout

The image of f is
im f := ker(Y — coker f),

while the coimage of f is

coim f := coker(ker f — X).
Remark 2.14. Note that the map ker f — X is automatically a monomorphism. Similarly, the
map Y — coker f is automatically an epimorphism.

Remark 2.15. Thus, the image is defined by the universal property that any morphism Z — Y
such that Z — Y — coker f composes to zero factorizes uniquely through the map im f — Y.

Thus, since X i> Y — coker f composes to zero, there is a canonical map X — im f.
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Remark 2.16. Similarly, the coimage is defined by the universal property that any morphism
X — Z for which the composition ker f — X — Z is zero factorizes uniquely through the
morphism X — coim f. Thus, since ker f — X — Y composes to zero, there is a canonical map
coimf — Y.

Remark 2.17. Furthermore, one observes that coim f — Y — coker f composes to zero: com-
posing f: X — Y with the map Y — coker f gives the zero map, and therefore by definition
the composition X — coim f — Y — coker f is zero, and thus since X — coim f is epic we
obtain the result. Using this fact, we may apply the universal property of the image to produce
a canonical map coim f — im f. The situation is summarized in the following diagram:

ker f X f/ Y coker f.
o fX | Tf e
coim f ----- > im

Remark 2.18. If we use some abusive notation, then for a morphism ¢g: A — B we can write
coker g =: B/g(A). If g is a monomorphism, we can then abuse the notation even more and write
coker g = B/A. This notation allows us to observe that im f = ker(Y — Y/f(X)). Similarly,
coim f = X/ ker f.

Definition 2.19. An Abelian category is an additive category C such that
(a) for every morphism f in C, the kernel ker f and cokernel coker f exist, and
(b) for every morphism f in C, the canonical map coim f — im f is an isomorphism.

Remark 2.20. Using the notation from the recent remark, we then see that (b) in the above
definition essentially corresponds to a version of the first isomorphism theorem. In particular,
it asserts that X/ ker f = im f.

Remark 2.21. An immediate consequence of the definition is that any morphism factors as an
epimorphism followed by a monomorphism. In particular, consider a morphism f: X — Y.
Then, by identifying im f and coim f, we obtain the commutative diagram

f

~N

im f

X Y

which gives the desired factorization. Note that the identification of im f and coim f is impor-
tant: the first gives the monomorphism, and the second gives the epimorphism.

Using Abelian categories, we can now do some homological algebra. Actually, the following

definition works just as well in an additive category, so that’s where we will state it.

Definition 2.22. Let C be an additive category. A chain complex in C is a sequence of objects
and morphisms

di+1
—

i1 di-! Ci d i+l

in C such that for all i € Z, we have d'T! o d* = 0.
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Remark 2.23. We can also formulate the definition in a more categorical way as follows: a graded
C-object will be a functor C*: Z — C, i — C?, where we regard Z as a discrete category, i.e. with
only identity morphisms. This assembles into a category, namely the functor category Fun(Z,C).
Now let C* € Fun(Z,C). We can define, for any j, the shift C(j)® by C(j) = C**/, and this
clearly extends to an automorphism Fun(Z,C) — Fun(Z,C). A chain complex is now a graded
C-object C* together with a morphism d¢: C* — C(1)® such that do(1) o do = 0. Note that
this notion is the same as a differential graded C-object. This justifies the following notational
convenience: the pair (C*®,d) is a chain complex if d? = 0.

Chain complexes in Abelian categories have cohomology. In particular, consider a chain

complex

Jit1
—

ci-1 4T oi A it

in an Abelian category \A. Then we note that the requirement that d?> = 0 implies that d*~!
factors through the kernel of d’. In fact, since C*~! — imd’~! is an epimorphism, this shows
that the composition imd*~! — C* — C**! is zero. Similarly, since the map imd’ — C**!
is a monomorphism, the composition C*~! — C? — imd’ is zero. In conclusion, we have the
commutative diagram (taken directly from [KS06])

/ x
i1 Vou d it
x \ /
coker d=1 - LA > im d’

Proposition 2.24. The morphism ¢ (resp. 1) in the above diagram is a monomorphism (resp.
an epimorphism,).

Proof. Consider a map z: Z — imd*~! such that ¢oz = 0. Composing with the monomorphism
kerd® — (" and using commutativity shows that ¢ o z = 0 if and only if the composition
Z 5 imd"~! < (" is zero, which happens if and only if z = 0. The proof for ¢ is dual. |

Thus, we actually have a diagram

Let u! be the composition of the morphisms ker d* < C? — coker d*~!. Then ¢ factors through
the kernel of u’ since u’ o ¢ = 0 (which can be checked by using that various morphisms are
mono/epimorphisms), and the induced map imd~! — keru’ is a monomorphism (checked
similarly as before). Furthermore, there is a monomorphism keru’ < imd~! essentially by
definition of the image. Thus we have an expanded diagram of the form
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ker u®
A
g \
imdi—! ¢ ker d"
/ / x
Ci-1 di? \‘ Ci d Cit1
\) / \ /

coker ¢! im d¢

where the dashed arrows are unique in making this diagram commute. It is now easily seen that
ker u! satisfies the universal property of im d~! by using the monomorphisms im d*~! < ker v’
and keru’ < im d*~!. Therefore, these monomorphisms are actually isomorphisms. The same
reasoning can be run in dual to finally obtain the following rather large commutative diagram,
which summarizes the situation:

ker u*

\
/

imdi—1 ker d!

S -

Cz’ Ci—l—l

\/

coker dt~—1 im d*

/
VAR

coker u*

As a result, using the fact that im 4’ = coim u’, we have the following natural isomorphisms
(taken almost verbatim from [KS06]):

im u’ 2 ker(coker ! — im d') = ker(cokerd'~! — C'*1)
>~ coker(im d ™! < ker d’) = coker(C"™! — ker d°).

Two of these isomorphisms follow by checking universal properties (and using that the appro-
priate maps are mono/epimorphisms). Finally, we can define cohomology.

Definition 2.25. Let (C*,d) be a chain complex in an Abelian category A. The cohomology
of C*atieZis ‘ ' '
H(C*) := coker(im d' ™! « ker d'),

or any of the other equivalent choices from above.
Remark 2.26. Notice immediately that in the case where A = Ab, we have H (C*®) = ker d’/ im d'~'.
Note that using the isomorphisms we have above, we see that
u' =0 < cokerd ! 5 imd" <= cokerd ! — C*!
— imd ! B kerd < C"! » kerd® < H(C®)=0.
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Definition 2.27. Let (C*,d) be a chain complex in an Abelian category A. We say C*® is ezact
at i € Z if H(C*) = 0, i.e. if any of the above equivalent conditions are satisfied. A chain
complex is a long exact sequence (or just an ezact sequence) if it is exact at every ¢ € Z. A short
exact sequence is an exact sequence of the form

0—X —Y —27—0.

Using the language of Abelian categories, we can prove the following version of the first
isomorphism theorem regarding short exact sequences:

Theorem 2.28 (First isomorphism theorem). Let A be an Abelian category, and suppose we
have a short exact sequence
0—X—>Y —272—0

in A. Then
im(X —-Y)2X and coker(X —Y)=Z.

Proof. To see the first claim, note that
im(X —Y) = ker(Y — coker(X — Y)) = coker(ker(X —Y) — X) = coker(0 - X) = X.
To see the second claim, note that we have

Z=2im(Y — Z) = ker(Z — coker(Y — Z))
= coker(ker(Y — Z) = Y)
= coker(im(X — Y) - Y) = coker(X — Y)

which completes the proof. |

It will be important later to discuss issues of exactness in (hearts of) triangulated categories
(with t-structures). Thus, we include here the definition of an ezact functor:

Definition 2.29. Let A, B be Abelian categories. An additive functor F': A — B is left (resp.
right) ezact if it sends an exact sequence 0 - X — Y — Z — 0 to an exact sequence

0—F(X)—=>FY)— F(Z) (resp. F(X)—= F(Y)— F(Z) —0).
We say a functor is exact if it is left and right exact.

We have defined chain complexes in an Abelian category A essentially as objects C® of the
category Fun(Z, A) together with a natural transformation d¢: C* — C(1)®. This makes it
quite easy to see that we can assemble this data into a category:

Definition 2.30. Let A be an Abelian category. The category of chain complexes C(A) in A is
the category in which the objects are chain complexes (C*®, d¢) and the morphisms are morphisms
of graded objects (i.e. natural transformations) n: A* — B*® such that dg on = n(1) o d4, where
n(1) denotes the induced natural transformation A(1)®* — B(1)°®.

Remark 2.31. Thus a morphism A® — B* is a collection of morphisms A* — B’ fitting into the
diagram

A1 A i d g d

L

pi-1_4d ., pgi_d, pgi+l _d |

12
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where we omit the decorations for convenience.
Proposition 2.32. The category C(A) is an Abelian category.

Proof sketch. Essentially, this just depends on the fact that for any category C, the category
Fun(C, A) is Abelian. This itself basically relies on the fact that you can essentially just check
the axioms “point-wise.” Checking that all this is compatible with the differentials on the chain
complexes is not so hard. O

Let (A®,d4) and (B®,dp) be chain complexes in an Abelian category A, and suppose we
have a morphism f: A®* — B®. This will induce a morphism H'(A®) — H*(B®) for each i € Z.

To see this, first observe that since fi*1 o di, = diy o f!, the composition kerd}y — A’ L pi
factors through ker d’;. We then note that to get a morphism H'(A°®) — H(B®), it suffices to
show that the composition of the canonical morphisms

imd’y t < kerdy — kerdly — H'(B®)

is zero. To do this, we produce a canonical morphism im dil_l — im dgl. The following diagram
displays both steps:

e S ker d’y H'(A®)
dit ; \ / ;
Fim1 i\ A iHi(f)
Bl —— imdiy? ker diy H'(B*)
dig! \ J /
B! coker dgl.

In particular, to produce the map between the images, it suffices to show that the composition
im df’;l < ker dYy — kerdiy < B — coker dgl

is zero. However, this follows by the commutativity of the diagram together with the fact that
the map A°~! — imd’; " is an epimorphism. The morphism H(f) : H'(A®) — H'(B®) then
follows by commutativity, since the composition

imd,y ' — imdy ! — kerdy — H'(B®)
is zero. Thus we have essentially proven

Proposition 2.33. Let A be an Abelian category, and let f: A®* — B® be a morphism of chain
complexes in A. Then this induces a canonical morphism

HI(f): H(A®) - H'(B®)
for every i € Z. This data assembles into an additive functor H': C(A) — A.

Proof sketch. We have provided most of the data, so we know what H’ does on objects and
morphisms. What remains to check is that it preserves composition, but this can be checked
by using that every morphism was produced by a universal property (and thus are unique

13
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in making all the diagrams commute). The composition “on the nose” would also make the
diagrams commute, and so we must have H'(g o f) = H¥(g) o H(f) for all f: A®* — B°,
g: B* — C°. Essentially the same reasoning shows that H'(f + g) = H(f) + H'(g) for all
morphisms f,g: A®* — B°. O

Finally, we will make use of the famous five lemma in several places throughout the text.
The formulation we take here is from [KS06].

Lemma 2.34. [KS06, p. 181, Lemma 8.3.13]. Let A be an Abelian category, and suppose we
have a commutative diagram

X0 X! X2 X3
el e
y? y! Y? Y3

in A whose rows form a complex, and assume that X' — X? = X3 and Y° = Y!' = Y? are
exact sequences.

(i) If f° is an epimorphism and f', f3 are monomorphisms, then f? is a monomorphism.
(ii) If f3 is a monomorphism and f°, f? are epimorphisms, then f' is an epimorphism.

Corollary 2.35 (Classical five lemma). Consider a commutative diagram

XO Xl X2 X3 X4
Yo y! };2 Y3 Y4

with exact rows. If all vertical arrows aside from the dashed one are isomorphisms, then so is
the dashed one.

Proof. Applying (i) in Lemma one sees the dashed arrow is a monomorphism. Applying
(ii), one sees it is an epimorphism. Therefore, since isomorphisms in Abelian categories are
exactly those which are monic and epic, this implies the dashed arrow is an isomorphism. W

14
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3 TRIANGULATED CATEGORIES

Triangulated categories were introduced by Grothendieck and developed by Verdier in his 1967
thesis [Ver96]. They aim to get around the fact that derived categories and homotopy categories
of complexes fail to be Abelian by recognizing that these still maintain additivity along with
knowledge about exact sequences. Triangulated categories provide a general theory of additive
categories wherein one has “short exact sequences” which give rise to “long exact sequences”
in an appropriate sense, and furthermore allow one to have an appropriate non-trivial ambient
category for derived categories to live inside as objects (in particular, we have a notion of
triangulated functors; see Definition [3.9).

To a large extent, this section follows [KS06] although we choose slightly different con-
ventions. Some results about the Verdier quotient come from [NeeOl]. The proof that the
localization of an additive category (by a suitable class of morphisms) is additive can be found
in, for example, [Kra22, p. 29, Lemma 2.2.1].

3.1 (PRE-)TRIANGULATED CATEGORIES

Definition 3.1. Let D be a category, and let (—)[1]: D — D be an automorphism. A triangle
(X,Y, Z,u,v,w) with respect to (—)[1] is a sequence of objects X,Y,Z € D and morphisms
w:X =Y, v:Y = Z and w: Z — X][1], i.e. a diagram of the form

X Yy 2z X[

A morphism of triangles (X,Y, Z,u,v,w) — (X', Y' W' /v w') is a triple (f,g,h) of mor-
phisms f: X — X', g: Y — Y’ and h: Z — Z' fitting into a commutative diagram

X %5y "z -, X[
bl
X'[1]

;U ;v r w
X Y A

We say a triangle (X,Y, Z, u,v,w) is a candidate triangle if wov =0 and vou = 0.

Definition 3.2. A pre-triangulated category is an additive category D together with an additive
automorphism (—)[1]: D — D, where we write (—)[n], n € Z, for (—)[1] applied n times (with
(—)[—1] being the inverse of (—)[1]) and a class of triangles with respect to (—)[1] stable under
isomorphism, called distinguished triangles, satisfying

(TR1) for any X € D, the triangle

x 4, x 0 X[1]

is a distinguished triangle, and for any morphism f: X — Y in D, there exists some Z € D
(called a cone of f) and a distinguished triangle

X f

Y Z X[1],

(TR2) given the two triangles

15



3.1 (Pre-)Triangulated Categories 3 TRIANGULATED CATEGORIES

X Yy ¥z -2, X[l

and

Yy vz v, x4

Y]

if one is distinguished, then so is the other, and

(TR3) for any commutative diagram

X %5y Y7 ", X[
/

[
1]
X Yy Yz X

where the rows are distinguished triangles, there exists some not necessarily unique

h: Z — 7'
such that
X =Y —"—= 7 "> X[1]
lf ly lh f1
h QRN T iy AN 'Y
commutes.

Remark 3.3. We will sometimes, although not necessarily consistently, denote a choice of Z in
(TR1) by Cy and refer to it as “the” cone. Note that the choice here is not canonical at all
(although all choices are non-canonically isomorphic, see Proposition , so this is largely
useful for remembering where the object came from. In these instances, we will sometimes write
K for C¢[—1] and call it a cocone.

Remark 3.4. Distinguished triangles are essentially supposed to play the role of (short) exact
sequences in Abelian categories, with the caveat that we no longer have access to kernels and
cokernels with which to actually formulate exactness. This, however, does suggest the intuition
that in a distinguished triangle

X —Y —7— X[1]

one should think of X as being a kind of “weak kernel” of the map ¥ — Z, and of Z as being
a kind of “weak cokernel” of the map X — Y. In fact, this intuition can be made formal in
several ways: using cohomological functors, which we do in Proposition [3.20] using Proposition
and later, using t-structures, we will see (in Theorem that in select situations these
“weak (co)kernels” are actual (co)kernels.

Definition 3.5. One says a pre-triangulated category D is triangulated if it further satisfies

16
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(TR4) if there are three distinguished triangles
X =Y — Z — X
X =32Y — 7 — X
y % Y — Y — Y]

M

= =
=

then there exists f: Z — 7', g: Z' - Y"” and h: Y"” — Z]1] such that

X Y Z X[1]
v if

| b

X e,y Z' X[1]

T

Y Yy’ V& V1]

is a distinguished triangle. This axiom is sometimes called the octahedral axiom, since it
is possible to assemble the above data into a diagram shaped like an octahedron.

Remark 3.6. We can, and frequently will, write the diagram in (TR4) as

s \

h\\

~

where we note that we omit the shift operations.

Remark 3.7. We can think of (TR4) as giving us a prefered choice of morphism h in (TR3)
in certain situations to make up for the fact that taking cones is not functorial. In particular,
suppose we have a map u: X — Y and a map v: Y — Y’. We then complete these to
distinguished triangles X - Y — C, and Y — Y’ — C, and note that we have the following
diagram of solid arrows

X —“sy C. X1
lu lv \Lh J{u[l]
Y Yy Cy Y[

17
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which then allows us, via (TR3), to obtain the dashed arrow h: C,, — C,, giving us a morphism
of distinguished triangles. However, since we lack functoriality, we have no information on how
this relates to the cone of v o u, thereby leaving us with very few compatibility relations. The
octahedral axiom (TR4) ameliorates this by allowing us to take h in (TR3) as the composition
g o f of morphisms f: Cy, — Cyoy and g: Cyoy — C) sitting in the diagram

X sy Cu X1]

[ R P

X oy Chou X[1]

N

Yy —2sy’ Cy Y]
P
Cu[1]

thereby giving us a relation between the cones of u, v and v o u.
Remark 3.8. The interpretation of cones as “weak cokernels” suggests another intuition for
(TR4). Consider the situation in (TR4), and informally write Z = Y/X, Z/ = Y'/X, and

Y" =Y'/Y, as indicated by pretending these are all short exact sequences. Then (TR4) gives
us a “short exact sequence” identifying the fact that

(Y/X)/(Y'/X) = Y/Y".

That is, (TR4) can be thought of as saying that the third isomorphism theorem is true. Compare
this with the fact that one of the axioms of Abelian categories is that the first isomorphism
theorem is true.

Definition 3.9. Let D and D’ be two triangulated categories. A triangulated functor is an
additive functor F': D — D’ such that there is a natural isomorphism F o [1]p = [1]pr o F, and
for all distinguished triangles

X —Y —7— X[1]

in D, the triangle
F(X)— F(Y)— F(Z) — F(X)[1]

obtained by applying F' and using that F(X|[1]) = F(X)[1] is a distinguished triangle in D’.

Definition 3.10. Let D be a triangulated category. A subcategory C in D together with a
triangulated structure is a triangulated subcategory if the inclusion C — D is a triangulated
functor.

Proposition 3.11. Let D and £ be two triangulated categories, and let F': D — £ be a tri-
angulated functor. If G: & — D is a left or right adjoint to F, then G is also a triangulated
functor.

Proof sketch. For a full proof, see [NeeOl, Lemma 5.3.6]. We sketch this in the case where G is
right adjoint to F'. Let X € £, Y € D. Then we have isomorphisms, natural in X and Y,

Homp (¥, G(X[1])) = Homg (F(Y), X[1]) = Homg (F(¥V) 1], X)
= Homg (F(Y]-1]), X) = Homp(Y[—1], G(X)) = Homp(Y, G(X)[1]).

18
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~Y

By the Yoneda lemma, this gives a natural isomorphism G o [1] = [1] o G. We prove that G
preserves distinguished triangles by using the five lemma (Corollary. In particular, consider
a distinguished triangle

X —Y —7— X[1]

in £. Applying G to the morphism X — Y and taking the cone, we obtain a distinguished
triangle
GX)—GY) —C— GX)[1].

Applying F' gives a distinguished triangle
F(G(X)) — F(G(Y)) — F(C) — F(G(X))[1]

in £ and one now makes use of the counit F'o G — id and (TR3) to produce a morphism to the
original distinguished triangle. The new map F(C) — Z then defines a map Homp(W,C) —
Homg (F(W), Z) which is an isomorphism by the five lemma. O

Having a pre-triangulated structure allows us to, in an elementary way, define the notion of
cohomological functors. In particular, a distinguishing property of cohomology is that it turns
short exact sequences into long exact sequences. The structure on a pre-triangulated category
consists exactly of information that allows us to formalize this. The distinguished triangles play
the role of the short exact sequences, and the shift allows us to extend this to long sequences.

Definition 3.12. Let D be a pre-triangulated category, and let A be an Abelian category. An
additive functor F': D — A is cohomological if for any distinguished triangle X — Y — Z —

X 1], the sequence
! F(X)— F(Y)— F(Z)

in A is exact.

Remark 3.13. Here is an explicit way to see that this definition makes sense. Consider a distin-
guished triangle as above. We may extend it to a sequence of morphisms

o — Y[l —Z[-1] - X —Y —-Z7Z — X[1]] - Y[1l]] — -
which after applying F' gives a sequence
o — F(Y[-1]) — F(Z|-1]) — F(X) — F(Y) — F(Z) — F(X[1])) — F(Y[1]) — ---

and the requirement that F' is cohomological is exactly that this sequence of morphisms is a
long exact sequence (at least after potentially switching signs in some places). If we temporarily
write F' := F o [n], then this has the form

e — YY) — FY(2Z) — F'(X) — FOtY) — F%(2) — FY(X) — F}(Y) — -

which is suggestive when compared with the classical long exact sequence in cohomology from
topology or geometry.

If cohomological functors are to be reasonable, then there should exist reasonable examples.
The following proposition is an important result which says that all objects of D induce a
cohomological functor via the Yoneda embedding. One can think of it as a kind of “triangulated
Yoneda lemma.”

Lemma 3.14. Let D be a pre-triangulated category, and consider a distinguished triangle

19
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) N X[1].

Then go f =0.

Proof. By (TR1) and (TR3), we have a morphism of triangles

x 4, x 0 X[1]
I A A
x 1oy 9.7 X[1]
which, by commutativity, gives that go f = 0. |

Proposition 3.15. Let D be a pre-triangulated category. Then, for any X € D, the functors
Homp(X,—): D —- Ab and Homp(—,X): D - Ab
are cohomological.

Proof. Fix a distinguished triangle

f

X y 4> 7 X[1]

and an object £ € D. We need to show that

Homp(E, X) —° Homp(E,Y) —2+ Homp(E, Z) (1)
and
Homp(Z, E) —2= Homp(Y, E) —L Homp(Z, E) (2)

are exact. Lemma immediately gives that im(fo) C ker(go) and im(og) C ker(of). Thus,
we just need to show the other inclusions. Let ¢ € Homp(FE,Y’) and suppose that g o ¢ = 0.
We need to produce a map hy € Homp(F, X) such that ¢ = f o hy. However, this follows by
applying (TR2) and (TR3) in order to obtain hg as the leftmost dashed arrow in the below
morphism of triangles:

E—Y,E 0 E[1]
§h¢> Lﬁ l §h¢,[1]
x 1oy 4,7 X[1]

This proves is exact. Dually, suppose we have ¢ € Homp(Y, F) and ¢ o f = 0. We need to
find some h¥ € Homp(Z, E) such that ¢ = h¥ o g. We again use (TR2) and (TR3) to obtain
hY as the dashed arrow in the morphism of triangles

x 1.y 9.7 X[1]
[ b=
0 E—4,E 0
This proves is exact. |
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Remark 3.16. Proposition [3.15 is particularly important due to how frequently it is used in
proofs. It allows us to turn a potentially difficult problem in a (pre-)triangulated category
D into a concrete, comparatively easy problem in the category Ab of Abelian groups. More
precisely, it makes it possible to relatively easily transfer results from standard homological
algebra to analogous results about triangulated categories in the same way that the Yoneda
lemma makes it possible to turn set theoretical results into categorical results.

An immediate and incredibly useful application of Proposition [3.15]is the following result,
which can be thought of as the triangulated version of the five lemma from homological algebra
(see Lemma or Corollary . In particular, the five lemma states that in a the situation
of a morphism of two exact sequences of length five, if all component morphisms aside from the
middle are known to be isomorphisms, then the middle is also an isomorphism. The triangulated
version says this, but for distinguished triangles.

Proposition 3.17. Let D be a pre-triangulated category. If, in a morphism

X Y Z X[1]
bl b
X' Y 7! X'[1]

of distinguished triangles, the morphisms f and g are isomorphisms, so is h.

Proof. Let W € D. For notational convenience, we will write h'V'(—) for Homp(W, —). By
Proposition [3.15] we have a commutative diagram, whose rows are exact, of the form

Y (X) — WY (Y) — WY (2) — WY (X[1]) — RV (Y1)

g |#° iho e [stae

V(X' —— WY (Y") —— BV(Z)) —— WV(X'[1]) —— WY (Y'[1))

in Ab, where all solid vertical arrows are isomorphisms. It then follows by the five lemma that
(ho) : Homp(W, Z) — Homp(W, Z’) is an isomorphism for all W € D, and therefore h is an
isomorphism by the Yoneda lemma. |

Proposition [3.15] also allows us to prove the following lemma, which will be of use later.

Lemma 3.18. Let D be a pre-triangulated category. There exists a distinguished triangle
x Ly —o0—x[

if and only if the map f: X — Y is an isomorphism.

Proof. (=) Shift the triangle to the right to obtain a morphism of triangles

0 X X 0
[ P
0 x 1.y 0

where all vertical arrows are known to be isomorphisms aside from f. By Proposition this
implies the dashed arrow, i.e. f, is an isomorphism.

(«<=) If f is an isomorphism, then playing the same argument as above in reverse and using
that distinguished triangles are closed under isomorphisms yields the result. |
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As promised in Remark we will now explain how to give a precise way in which distin-
guished triangles give “weak kernel/cokernel pairs.” In particular, we first make the following
definitions:

Definition 3.19. Let D be a pre-triangulated category, and let u: X — Y be a morphism. A
weak cokernel for u is an object C' € D together with a morphism v: Y — C such that for any
W € D and map ¢: Y — W such that ¢ o u = 0, there exists some (not necessarily unique!)
¥: C — W such that ¢ =y o v, i.e. for any diagram of solid arrows as below, there exists some
dashed arrow completing it:

s C

X *5Y
R« ld) L/’/q/;
w

A weak kernel for u is defined dually.

Using Proposition [3.15] we then immediately have the following proposition, confirming the
intuition from Remark [3.4l

Proposition 3.20. Let D be a pre-triangulated category, and consider a distinguished triangle

X sy Y,z X[1.

Then Z together with v is a weak cokernel for w and X together with u is a weak kernel for v.

Proof. Let W € D. Suppose we have a map ¢: Y — W such that ¢ o w = 0. Then, since
¢ € ker(ou), Proposition tells us that there is some ¢ : Z — W such that ¢ = ¥ o u.
Therefore, Z is a weak cokernel for w.

Dually, let ¢p: W — Y be a map such that v o1 = 0. Then, since 9 € ker(vo), Proposition
tells us that there is some ¢: W — X such that 1) = u o ¢. Therefore, X is a weak kernel
for v. |

Remark 3.21. One sometimes says that weak (co)kernels that lie in distinguished triangles are
homotopy (co)kernels for the appropriate morphisms.

Since all (pre-)triangulated categories are additive by definition, they admit finite direct
sums. We should hope that this additive structure is respected by the triangulated structure,
and in particular, we should hope that the direct sum of two distinguished triangles is again a
distinguished triangle. This is true, and will be important later.

Proposition 3.22. Let D be a triangulated category. Consider two distinguished triangles

X "y Y,z -, X,

Then the triangle
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is a distinguished triangle.

Proof. By (TR1), we have a distinguished triangle
XX — Yoy — U —— X[1]®X'[1].

By (TR3), we have maps Z — U, Z' — U sitting in the commutative diagram

X Y Z X[1]

| | |
XX —YaY g X[1] @ X'[1]

| | | l

X/ Y’ A X'[1],

which induces a map Z @ Z' — U. Therefore, we have a diagram

XX — YooY U X[1] & X'[1]

T T T T

XX — YooY — ZaZ —— X[1]® X'[1].

Let W € D, and for convenience write X” = X @ X, Y =Y ®VY', and 2" = Z ¢ Z'.
By Proposition Homp(—, W) is cohomological, and therefore—using (TR2)—we obtain a
diagram

Hom(Y"[1], W) — Hom(X"[1],W) — Hom(U, W) — Hom(Y"”, W) — Hom(X", W)
Hom(Y”[1],W) — Hom(X"[1], W) — Hom(é”,W) — Hom(Y"”, W) — Hom(X", W)

in Ab where the top row is exact, and all morphisms are isomorphisms aside from the dashed
one. The lower row is seen to be exact by commuting the direct sums with Hom and using that
the triangles we started with are distinguished, i.e. the bottom row is isomorphic to the direct
sum of the exact sequences

Hom(Y[1],W) — Hom(X[1], W) — Hom(Z, W) — Hom(Y, W) — Hom(X, W)
and

Hom(Y'[1], W) — Hom(X'[1], W) — Hom(Z', W) — Hom(Y', W) — Hom(X', W).

~Y

Then, by the five lemma, the dashed arrow is also an isomorphism, which shows that Homp(Z”, —)
Homp (U, —), so Z & Z' = Z" = U. Since distinguished triangles are closed under isomorphism,
this implies that

XX — YooY — ZaZ —— X[1]® X'[1].
is distinguished. |

By applying Proposition to the distinguished triangles X — X — 0 — X[1] and
0 —Y — Y — 0, we obtain the following corollary, which will be important, for example, in
the proof of Theorem [5.20]
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Corollary 3.23. Let D be a triangulated category. For any X,Y € D, the triangle

X 25Xy 25y Y X[1]

is a distinguished triangle.

Remark 3.24. By induction, Proposition extends to cover all finite direct sums of distin-
guished triangles. However, through an essentially identical proof, it is possible to show that for
any indexing set I, if direct sums indexed by I exist, then direct sums of distinguished triangles
indexed by I are distinguished. For an explicit proof of this, see [KS06, p. 247, Prop. 10.1.19].

3.2 ISSUES OF UNIQUENESS

There are various aspects in triangulated categories where uniqueness is not guaranteed. No-
tably, in (TR3), we do not obtain a unique morphism A in the diagram

X Y Z X[1]
AR
X' Y’ 7z X'[1]

which is also what causes cones to not be functorial. In particular, while (TR3) gives us a
weak kind of functoriality and (TR4) gives us distinguished choices satisfying some natural
commutative diagram relating f, g, and g o f, at no point are these choices the only ones.
However, it is possible in some situations to have a unique choice (and hence also a unique
choice of cone, up to unique isomorphism of triangles).

Here is a simple condition for uniqueness:

Proposition 3.25. Let D be a pre-triangulated category and suppose we have two distinguished
triangles with morphisms

X y — 45z I Xx[1
[
X! v Lz s X

where ¢ and 1 are two possible choices of morphisms induced by (TR3). If Homp(X[1],Z") =0
or Homp(Z,Y') =0, then ¢ = .

Proof. Given distinguished triangles and morphisms as above, we observe that
gpog=1vog and hogp="h'ot
so that
(p—1)og=0 and h'o(¢—1)=0.

By the weak kernel property of Y/ — Z’ and the weak cokernel property of Z — X[1], this
implies we have (not necessarily unique) maps a: Z — Y’ and : X[1] — Z’ such that

goa=poh=g¢—1.

However, if either of the conditions in the proposition statement hold, then this implies
p—tp=0 = =1
as desired. |

24



3.2 Issues of Uniqueness 3 TRIANGULATED CATEGORIES

Another, more complicated condition is the following:

Proposition 3.26. Let D be a pre-triangulated category, and consider a diagram

X My "z -% X[

IR

/ /

X My Yz s X

of solid arrows where the rows are distinguished, and assume further that Homp (Y, X’) = 0 and
Homp(X[1],Y’) = 0. Then the dashed morphism h induced by (TRS3) is unique.

Proof. 1t suffices to show that when f = 0 and ¢ = 0, h = 0. In particular, if h; and hsy are
choices for h when f, g are arbitrary, then h; — hy will be choices for when f = g = 0, so we
would have h; — hy = 0 yielding the general result.

Thus, assume f = g = 0. By Proposition X[1] together with w is a weak cokernel for
v, and Y’ together with v’ is a weak kernel for w’. We have that w’ o h = 0, so since Y’ is a
weak kernel there is some p: Z — Y’ such that h = v’ o p. Similarly, hov = 0 so X[1] being a
weak cokernel tells us that there is some ¢: X[1] — Z’ such that h = ¢ o w. We therefore have
the following (not necessarily commutative) diagram of solid arrows:

X sy Y57 ", X[l

bbb b

/

X Yy Yz v X

We conclude the existence of the dashed arrow r: Y — X’ using (TR2) and (TR3), by placing
it in the following commutative diagram:

—u/[1]

LT lp lq vr[1}

Y Yz v X[ Y1
X My Yz XU

By assumption, r = 0 since it is a map Y’ — X. However, by commutativity, this implies that
pov=uor=u0o0=0

and since X[1] is a weak cokernel, this means that there is a map s: X[1] — Y’ such that
p = s ow. However, by assumption we have that Homp(X([1],Y’) = 0, so s = 0. Therefore,
p =0, and since h = v/ o p we get that h = 0. |

Corollary 3.27. Let D be a pre-triangulated category, let X, Y € D, and let u: X — 'Y be a
morphism. Suppose that Homp (Y, X) = 0 and Homp(X[1],Y) = 0. Then the cone C,, in the
distinguished triangle

X %,y C X[1]

s unique up to unique isomorphism of triangles.

Proof. If Z is any other choice of cone, then it is clear that it sits in a commutative diagram
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X sy C. X[1]
.
X sy Z X[1]

where all vertical arrows are isomorphisms. However, the assumptions allow us to deduce (using
the above proposition) that this isomorphism is unique. |

The above gives a criterion which guarantees uniqueness of the cone construction in select
circumstances. There are other ways in which non-uniqueness arises in triangulated categories,
however. For example, consider a distinguished triangle

X —Y —7— X[1].
We can wonder if there any other distinguished triangles which contain the sequence
X —Y — Z

or rather, if the morphism Z — X[1] is unique in this regard. In general, we have no way of
knowing this. However, with a relatively mild assumption, we can obtain the following lemma
(which will be used later in the proofs of several results in Section [f)):

Lemma 3.28. Let D be a triangulated category, and consider two distinguished triangles

x -,y 9,7

1= 1,2. IfHomD(X[l],Z) = 0, then h1 = hQ.

Proof. By (TR3), we have some morphism ¢: Z — Z such that
x 1oy
x 1oy
commutes. Therefore, we have that h; = hao¢ and ¢pog = g, so (id—¢)og = 0. By Proposition
X[1] together with hp is a weak cokernel for g, and therefore there exists some ¢: X[1] = Z

such that 1 o h; = id — ¢. By assumption, ¥ = 0, and hence ¢ = id, from which we obtain that
hi = hs. ]

h1

g Z X[1]
S
I,z M x

3.3 LOCALIZATION OF CATEGORIES

It is useful, in certain contexts, to impose upon a category additional relations that cause
previously non-invertible morphisms to become invertible. The most obvious example of this
will be expounded upon in Section [ where we construct derived categories, i.e. categories
formed by formally inverting quasi-isomorphisms in categories of chain complexes.

Definition 3.29. Let C be a category, and let S be a class of morphisms in C. A (big) category
D together with a functor Q: C — D is a (strict) localization of C at S if

(i) for all morphisms f € S, the morphism Q(f) is an isomorphism in D,

(ii) for all (big) categories £ with a functor G : C — & which sends morphisms in S to
isomorphisms in &, there is a unique functor G’: D — £ such that G = G’ o Q.
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When such a localization exists, we denote it by Cs, and the functor G’ above is denoted by Gs.

Remark 3.30. There is also a notion of “weak” localization, where one replaces the above 1-
categorical definition with the appropriate 2-categorical version, and this is the definition which
[KS06] uses. We take the simpler 1-categorical definition because it will be more convenient for
our purposes. This will not be a problem, since a strict localization is automatically a weak
localization. In particular, the localization as defined above also satisfies the following stronger
version of (ii): the functor @) induces an isomorphism of categories

(0Q): Fun(Cs, &) = Funs(C, )

where Fung(C, £) denotes the full subcategory of Fun(C, E) consisting of functors sending mor-
phisms in § to isomorphisms in €. In a weak localization, this is merely an equivalence.

Remark 3.31. When a localization exists, it is unique up to isomorphism of categories. Note that
in the 2-categorical case, this is not true: a weak localization is only defined up to equivalence
of categories.

Remark 3.32. Even when C is a locally small category, the localization Cs does not need to be
locally small.

In general, the localization Cgs is complicated to describe. However, if we place some restric-
tions on &, then one can give a relatively simple description. To give some motivation first,
note that in the situation of (for example) rings, localization can also be defined essentially as
above, using a universal property. However, it is not until we impose that the localizing class is
multiplicative that one has a good description in terms of fractions. Thus, we want to have the
same thing for categories.

Definition 3.33. Let C be a category, and let S be a class of morphisms in C. The class S is a
right multiplicative system if it satisfies the following criteria:

(M1) any isomorphism in C is also in S,
(M2) for any two morphisms (f: X —Y),(¢: Y — Z) € S, we also have go f € S,

(M3) given a morphism f: X — Y in C and a morphism s: X — X' in S, there is some
t:Y =Y in S and g: X' — Y’ which fit into a commutative diagram

x 1.y
s 3375
X,y

(M4) for any two parallel morphisms f,g: X — Y in C, if there exists a morphism s: W — X in
S such that fos = gos, then there exists a morphism ¢: Y — Z in § such that to f = tog,
i.e. we have the commutative diagram

A class of morphisms S is a left multiplicative system if S°P is a right multiplicative system
in C°P. A class of morphisms is a multiplicative system if it is left multiplicative and right
multiplicative.

27



3.3 Localization of Categories 3 TRIANGULATED CATEGORIES

Remark 3.34. The above definition follows the naming scheme of [KS06, p. 151-152, Definition
7.1.5]. In a remark (specifically, Remark 7.1.7), the authors warn that this terminology is not
universal. In particular, some resources swap the names (so that our left multiplicative systems
are their right multiplicative systems).

We will now define several categories of interest.

Definition 3.35. Let C be a category, and let S be a class of morphisms satisfying (M1) and
(M2) above. Fix some X € C. Define the categories S,x, S/, and functors mx: S;x = C,

71X/ 8X/ 5 C as follows:

S)x ={s: X' = X |seS}

l X/l

Homg/x((s:X’—>X),(t:X”—>X)) = fEHomc(X’,X”) \ / commutes p ,
S¥ ={s: X - X'|s eS8},

Homgx,((s: X = X'), (t: X — X")) := ¢ f € Home (X', X") / \ commutes  ,

/ X//

mx(s: X' = X) = X',
X (s: X - X') = X'

Remark 3.36. Here, our notation differs from [KS06]. In particular, what we call SX/ and S /X
they call S¥ and Sx. They also refer to the projection functors 7~/ and = /X as X and ay.
In the situation that S is a (left /right) multiplicative system, we will use the above categories

to make a workable construction of the localization Cs. In particular, for S a right (resp. left)
multiplicative system, we will define a category Cs (resp. Cfg), which will give the localization.

Definition 3.37. Let C be a category, and let S be a right multiplicative system. For x € {l,r},
let the objects of C§ simply be the objects of C. Define the Hom-sets

Homey (X,Y) := lim Home (X, 7'/ (<)) = lim  Home(X,Y”).
(Y=Y")es8Y/

When § is instead a left multiplicative system, define the Hom-sets

Homcé(X,Y) = lingomc(ﬂ/X(—),Y) = lim Home (X' Y).
(X’*)X)ES/X

We want to make sure that this defines an actual category (note that we need to define
composition). To do this, we will explicitly compute these colimits. To do that, we first make
the observation that whenever § is a right (resp. left) multiplicative system, the category S~/
(resp. S/x) is filtered (resp. cofiltered; see [KS06, p. 72, Def. 3.1.1]) for any X € C.

Proposition 3.38. Let C be a category, and let S be a right (resp. left) multiplicative system.
Then, for any X € C, the category S~/ (resp. S/x) is filtered (resp. cofiltered).

Proof. We prove only the case when § is a right multiplicative system, since the proof in the
other case is dual.
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Certainly, S*/ is non-empty, since idx € S/ by (M1). Now let
(2': X = X), (z": X = X") e Y.

By (M3), we then find that there exists an object X"’ and morphisms s: X’ — X" ¢g: X" — X"
with s € S fitting into the commutative diagram

sox!

and by (M2), we have s o’ € S, hence (X 2% X") € S/,
Finally, consider two parallel arrows f,g: 2’ — 2, i.e. maps in C fitting into the commutative
triangle

X
/f\

X —————— X/
—>.
g

We then observe that (M4) provides us with an object X" and a morphism ¢: X" — X"’ which
makes the diagram
X x’ X/ L Xty xm
g
commute. Since z” € S, we have t o z” € S, which makes 2" :=t o 2 an element of SX/. The
map t: " — 2’ then satisfies the desired requirement that to f =tog. [ |

When the indexing category of a colimit of sets is filtered, we have a good description of it.
In particular, we get the following:

Homey (X, Y) ={(Y',5,f) | (s:Y = ¥Y) €8/, f1 X 5 ¥}/ ~

where ~ is the equivalence relation given by (Y',s, f) ~ (Y”,t,g) if and only if there exists
Y 5Y")eSY ¢ Y =YY" ¢ Y" = Y", fitting into a commutative diagram

which, one notes, also defines an element (Y™, u, h) € Homer (X,Y), where h=¢'o f =¢"og.
The situation for left multiplicative systems is similar. In particular, one sees that

Homcfs(X,Y) ={ X' s, )| (s: X' = X)eS/x, [: X' =Y}/ ~

where ~ is the equivalence relation given by (X', s, f) ~ (X", t, g) if and only if there exists some
(X" =+ X) € §)x together with maps r’: X" — X', r”": X" — X" fitting into a commutative
diagram
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Similarly, this diagram too defines an element of HomC}S (X,Y) given by (X" u,h), where h =
for'=gor”.

We now define the composition. Consider a right multiplicative system S, and let (Y, s, f) €
Homer (X,Y), (Z',t,9) € Homcr, (Y, Z). We then have a diagram

NN

and using (M3) on the maps s, g, we obtain some object W along with maps h: Y — W,
u: Z' — W, with u € S fitting into the following commutative diagram

2N N
X Y Z

and we set

Y s, f)o(Z',t,g) == (W,ho fuot).

This gives a well-defined notion of composition. Checking that this is well-defined is essen-
tially elementary, but requires drawing quite a large diagram so we omit it. The situation for
a left multiplicative system is entirely dual, so we also skip writing that down. Thus, we have
defined a category C% (when S is right multiplicative; C5 when S is left multiplicative). When
S is both left and right multiplicative, one may use (M3) to give maps

Homer (X,Y) —— Homg (X,Y)
which are natural bijections, so that in that situation we obtain an equivalence
Ch = CL.

More explicitly, consider a morphism X Loy Y Cs. Using (M3), but now for the left
case, we then obtain the following diagram

x L,y
PR
x Ly
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which defines a morphism (X', s/, f/) in C. The other direction is dual. That this gives a natural
bijection

Homer (X,Y) = Homcg (X,Y)
is clear.

Remark 3.39. One may show much of the above more systematically by defining the composition
using universal properties, as is done in [KS06]. We opt for the above approach since the precise
details are not of too much interest to us.

Notation 3.40. Consider a morphism

x Jtoyres y

in C%. We will sometimes write s~!f to denote this, particularly when the maps f and s are
clear. Similarly, a morphism

X +—— X'

in Cfg will sometimes be denoted fs~!.

Definition 3.41. Let C be a category, and let S be a right (resp. left) multiplicative system.
Then we define the localization functor

Q=Q%: C—C: (resp. Q5:C —C%)

by Q5(X) = X, and Qu(X -1 ) = (Vidy, f) (resp. Q5(X) = X, QL(f) = (X,idx, f)).
When no confusion is possible, we write Q) = Qs = Qfs.

Pictorially, Q% sends a morphism f: X — Y to the diagram

f dy

x Ly oy

It can be checked that when & is a multiplicative system, the equivalence C5 = Cfg briefly
described is compatible with the functors ()’ and Qfs in the sense that the diagram

o S
=
Ny
CS
commutes strictly. Indeed, denoting by F': C5 — Cfg and G : Cfg — Cs the above described
equivalences, it is easily seen that

FoQu) (X Ly)=Fx Ly iy
= (X,id, f),

GoQ)Xx Ly)=cx L x Ly
= (Y,id, f)

so that o Q% :Qfg and GoQg:Qg.
The way to think about the localization C% is that the diagram
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x oy y

represents the composition “s~! o f” even though this may not exist. However, we will see that
it does make clear the fact that it describes the composition

Q(s) ™o Q(f).
We will now check that these categories are actually localizations.

Proposition 3.42. Let C be a category, and let S be a right (resp. left) multiplicative system.
Then C% (resp. Ck) together with Q% (resp. Qk) is a localization of C at S. In particular, any
morphism

x Ly &y

in C% can be written as Q(s)~L o Q(f).

Proof. We show only the case when § is right multiplicative. First we show that morphisms in &
are sent to isomorphisms by Q). Consider amap s: X — Y in S, and note that Q(s) = (Y, idy, s).
Let t: Q(Y) — Q(X) be the morphism in Cg defined by (Y, s,idx). Then

toQ(s) = (X =5 Y < X), Q(s)ot=(Y Ly L X)=idyp.

Thus it remains to show that (Y,s,s) = idg(x). However, this is clear from the following
diagram:

S

S

—

S

X

7B

\d/‘
— X
Thus, @ sends morphisms in S to isomorphisms in C%.

Consider now an arbitrary category & along with a functor G: C — &£ such that G(s) is an
isomorphism for all s € S. Define a functor Gs: Cs — & as follows:

Gs(X) = G(X), Gs(X LY < v¥):=G(s) 1o G(f).
This is well-defined. In particular, suppose we have two representatives (Y') s, f), (Y, s, f') of

the map given above. Them being equivalent yields a third representative (Y s” f”) fitting
into the diagram

/l\,,

f// Y/// S
\ I /
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from which we calculate

Thus, Gs does not depend on the representative chosen for a morphism in Cs. Furthermore, if
we have two morphisms

xLyey v 4Lzl
then the diagram

N
NN

defining the composition tells us that

Gs((Z',t,9) 0 (Y, 5, f)) = G(uo ) OG(hOf)
=G(t) o G(u) T o G(h) 0 G(f)
=G(t) " oGlg)o ()_ o G(f)
=Gs((Z',t,9) 0 Gs((Y', s, )

so Gs does define a functor. It is immediately clear that Gs o Q = G. It remains to check that
Gs is unique. Suppose we have another functor G': Cs — &£ such that G’ o Q@ = G. Then it is

S

clear that G's and G’ agree on objects. Furthermore, for any morphism s~ !f: X Toyresy
in Cs, we know that G’ must satisfy G'(s 71 f) = G'(Q(s)"1oQ(f)) = G(s) 1o G(f) = Gs(s7Lf),
and therefore G’ = Gs. [ ]

Thus we see that the category Cg is the localization, and we may happily denote it Cs. The
upside of having done all the above work is that we now have an explicitly workable theory
of localization which we may then apply to triangulated categories. Shortly, when we involve
triangulated categories, we will need that localizations of additive categories are additive, and
that the localization functor is an additive functor. Showing this requires some theorems in
abstract nonsense. Our strategy will be to show that localization is well-behaved with respect
to products and adjoints.

If we have categories C and D equiped with classes of morphisms S and 7T, then a functor
F:C — D such that F(S) C T induces a functor Cs — D7 (in particular, by applying condition
(ii) from the definition of localization to 7 o F'). In particular, this lies in the commutative
diagram

c—t.p

Qs| |er

We need the following;:
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Proposition 3.43. Let C and D be categories, and let S (resp. T ) be a class of morphisms in C
(resp. D). Suppose we have functors L:C — D, R: D — C such that L is left adjoint to R and
L(S)C T, R(T) CS. Denote by Ls: Cs — Dy, Rr: Dy — Cs the induced functors described
above. Then Lg is left adjoint to Ry.

Proof. We will use the characterization of adjoints as absolute Kan extensions (see [Riel7, Ch.
6], especially Prop. 6.5.2). In particular, we will show that Ry = Lany idcg and that this holds
absolutely, i.e. that G o Ry = Lany,(G). We need to show that we have a natural isomorphism

Hom(G,F o Ls) =Hom(G o Ry, F)

for all categories £ with functors G: Cs — &, F': Dy — £. Since L is left adjoint to R (i.e. R
is right adjoint to L), we know that these satisfy analogous conditions. Therefore, we have the
following natural isomorphisms:

Hom(G,F o Ls) 2 Hom(G o Qs,FoLsoQs)
~ Hom(G o Qs,FoQrolL)
~ Hom(GoQso R, FoQr)
~ Hom(G o RroQ7,F oQ7) 2 Hom(Go Ry, F)

where two of these follow by the definition of localization (in particular, the fact that strict
localizations are also weak localizations), two follow by commutativity, and one follows by the
fact that L is left adjoint to R. This shows the desired isomorphism. |

The above proposition essentially says that localization preserves adjoints. We now wish to
show that (finite) products of localizations are the same as localizations of finite products.

Proposition 3.44. Let C and D be categories, and let S (resp. T ) be a class of morphisms in
C (resp. D). Then there is a canonical isomorphism of categories

(C xD)sx1T = Cs x Dr.
Proof. For any category £, we have natural isomorphisms (!) of categories

Fun(Cs x D7, &) = Fun(Cs, Fun(Dr, £))
= Fung(C, Fun(Dr,€))
= Fungs(C, Funr (D, €))
= Funsx7(C x D, &) = Fun((C x D)sxT1,E)
where we use that the product is left adjoint to Fun in the category Cat of categories. The

fourth isomorphism can be checked by explicitly writing out the adjunction map and checking
how it affects isomorphisms. We now apply the Yoneda lemma to deduce the result. ]

We will now show that localizations of additive categories are additive. The idea is that the
existence of finite products is equivalent to the existence of a left adjoint of the diagonal functor

c—C"

for all finite n.

Lemma 3.45. Let C be a category, and let S be a right (resp. left) multiplicative system. Then
the localization functor Q: C — Cs commutes with finite colimits (resp. limits).
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Proof. We assume S is a right multiplicative system, since the other case is dual. Let I be a
finite category, and let D: I — C be a diagram. Assume that ligie ; D(i) exists. For any Y € Cs,
we then have natural isomorphisms

HomcS(Q(lig D(3)),Y) = lim Homc(li_n}D(i),Y')
i (Y=Y")esY/ g
lim  lim Home (D(i),Y")
(Y—=Y")esY/ i
@ lim  Home (D(4),Y")
i (Y—=Y')eSY/
= lim Hom, (Q(D()). Y)

(2

I

where the third row follows because finite limits commute with filtered colimits in Set. Therefore,
Q(liglie ; D(i)) represents the desired colimit. [ |

Proposition 3.46. Let C be an additive category, and let S be a multiplicative system. Then
Cs is additive and the localization functor Q:C — Cg is additive.

Proof. Since C admits finite products, there is a right adjoint P to the diagonal functor
Aén) :C — C" for all n > 0, given by taking the product of n objects. Similarly, since C admits
finite coproducts, there is a left adjoint S™ to Aén) for all n > 0, given by taking the coproduct

of n objects. Note that (A(Cn))g = Agg, and therefore Cg admits finite products and coproducts
by Proposition Since ) commutes with finite limits and colimits by Lemma [3.45] it follows
that finite products and finite coproducts agree in Cs. In particular, every object in Cs is of the

form Q(X) for some X € C, and we have canonical isomorphisms
QIXUQY) = QX UY) = Q(X xY) = Q(X) x Q(Y).

Since () preserves finite limits and colimits, it preserves finite products and coproducts.
Therefore, since in addition @ is essentially surjective, by Proposition Cs inherits an
additive structure such that @ is additive. |

3.4 THE VERDIER QUOTIENT

Suppose we have a triangulated category D. In the situation that a multiplicative system
S on D has no relation to the triangulated structure, there is no way of knowing whether
the localization Dg has a reasonable triangulated structure on it which makes the localization
functor : D — Dg a triangulated functor. Thus, for our purposes, we need a stronger notion.
The standard way to approach this is to designate a number of null objects, i.e. objects which
after localizing should be isomorphic to zero, in such a way that this information is compatible
with the distinguished triangles.

Definition 3.47. A full subcategory N of D is called a null system if

NO) N is closed under isomorphism, i.e. if X € D is isomorphic to Y € N, then X € N,

(NO)

(N1) 0 e NV,
(N2) N is closed under shifting, i.e. X € N if and only if X[1] € NV,
(N3)

N3) N is closed under extensions, i.e. for any distinguished triangle X —Y — Z — X[1] in D
where X, Z € N, then Y € V.
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A (not necessarily full) subcategory satisfying only (NO) is called replete, and if said subcategory
is full, then one can say it is strictly full.

Remark 3.48. The terminology we use here differs from [KS06]. This is due to their terminology
generally clashing with many other standards. What we here call replete they call saturated,
but in some resources “saturated” may refer to either: a saturated class of morphisms (related
to homotopy theory), or a subcategory which is closed under direct summands.

Remark 3.49. Note that (N3) can actually be strengthened to the following statement: for any
distinguished triangle of the form

° o o 0[1]

if any two (non-shifted) objects are in NV, then so is the third. In particular, just apply (TR2)
along with (N2) and (N3).

Proposition 3.50. Let D be a triangulated category, and let N be a full subcategory of D. Then
N is a null system if and only if N, together with the restriction of (—)[1] to N and with all
distinguished triangles whose objects are in N, is a strictly full triangulated subcategory of D.

Proof. Let N be a null system. Then N is an additive strictly full subcategory of D, since by
Corollary we get that X @Y € N for all X,Y € N. Finally, that A is triangulated is im-
mediate: it satisfies (TR1)—(TR4) simply because any required distinguished triangle produced
in D using objects of A/ ends up in N.

Conversely, suppose N is a strictly full triangulated subcategory of D. Then (NO), (N1),
and (N2) are trivially satisfied. Suppose we have a distinguished triangle

X Y Z X[1]

in D with X, Z € N. Then let Y’ be a cone of Z[—1] — X in N, so that we have a morphism
of distinguished triangles

Y/

X[1]

VA
VA

X
)H( X[1]

by (TR2) and (TR3). Then the dashed arrow must be an isomorphism by Proposition S0
Y € N. Therefore, N satisfies (N3), and hence is a null system. [ |

Y

We can codify Remark as the following:

Corollary 3.51. Let D be a triangulated category, and let N be a null system. Then N satisfies
the following 2-out-of-3 property: for any distinguished triangle of the form

° o o 0[1]

if any two objects are in N, so is the third.

To any null system, we can associate a reasonable class of morphisms giving a multiplicative
system. The idea is as follows: in a triangulated category, we know that a morphism f: X — Y
is an isomorphism if and only if there exists a distinguished triangle
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X f

Y 0 X[1].

Thus, if we want to make any Z € N isomorphic to zero in such a way that we remain compatible
with the distinguished triangles, then we ought to invert all maps f: X — Y for which there
exists a distinguished triangle

f

X Y Z X[1].

Therefore, we make the following definition:

Definition 3.52. Let D be a triangulated category, and let A/ be a null system in D. We then
define

S(N) :={f: X = Y | there exists a d.t. X Ly 2z — X[1] with Z € N'}.
Proposition 3.53. Let D and N be as above. Then S(N) is a multiplicative system.

Proof. We check that N is a right multiplicative system, since the left case is dual. If i: X — Y
is an isomorphism in D, then we have a distinguished triangle

X —>vy 0 X[

and since 0 € N by (N1), we have that f € S(N) by definition. Thus, (M1) is satisfied. To
check (M2), consider two maps f: X — Y, g: Y — Z, in S(NV). Then (TR4) tells us that we
have a distinguished triangle

C’f CQOf Cg Cf [1]

where Ct, Cyor, and Cy are cones of f, go f, and g, respectively. Since f,g € S(N), we see that
Ct,Cy € N, and therefore Cyor € N, which finally means that g o f € S(N).

We now prove (M3). Let f: X — Y be an arbitrary morphism in D, and let s: X — X’ be
in S(NV). Note that by definition of S(N), the cone of s is in A/. Therefore, (N2) together with
(TR2) guarantees that there is some W € N and a morphism h: W — X such that

WLl x <5 X W11]

is a distinguished triangle. Let Y’ be a cone of foh: W — Y. We then have a morphism of
distinguished triangles

WLl x < X W11]
|
w Lty sy w1

where the dashed arrow g is obtained using (TR3). This identifies the morphism ¢ as having a
cone in NV, and therefore t € S(N).

Finally, we prove (M4). Here, since we are in an additive category, we may replace f by f—g
and g with the zero morphism, so that we need to prove the following: if we have a morphism
f: X — Y and a morphism s: W — X such that s € S(NV) and f o s = 0, then there exists a
Z € D together with a map ¢: Y — Z such that ¢t € S(N) and t o f = 0. To produce Z and ¢,
we make use of (TR1) and the fact that distinguished triangles give weak kernel/cokernel pairs
by Proposition In particular, a cone of s is a weak cokernel of s, and so we have a diagram
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w—-Xx 250 W[1]
\J ih
Y

To obtain Z and t, we complete the map h: Cs — Y to a distinguished triangle

c, sy ‘1tz Cy[1]

using (TR1). Combining this with the diagram we already had, we get a commutative diagram

w—-Xx 250, W[1]
N
%
Z

where the dashed arrows give a distinguished triangle. Since s € S(N), we have that Cs € N,
and therefore t € S(N). Furthermore, by commutativity we get that

tof=tohog=00g=0.
This completes the proof. [ |

Definition 3.54. Let D be a triangulated category, and let A be a null system in D. Then we
denote the localization Dg(ny by D/N and call it the (Verdier) quotient of D by N.

Remark 3.55. This notation makes sense, since we are asking that in the quotient all objects of
N become isomorphic to 0.

We will now turn D/N into a triangulated category. First, let Q : D — D/N be the
localization functor. Then note that Q o (=)[1] : D — D/N sends morphisms in S(N) to
isomorphisms, so in particular it extends to a functor (—)[1] : D/N — D/N sitting in the
strictly commutative diagram

Prospectively, this will be the shift functor on D/N.

Theorem 3.56. Let D be a triangulated category, and let N be a null system in D. Then D/N
s an additive category. Furthermore, if we equip it with the functor described above and define
distinguished triangles to be those that are isomorphic to triangles of the form

Q(u) Q(w)

Qv)
Q(X) QYY) — Q(2) Q(X[1))
where X %Y 5 Z 8% X[1] is a distinguished triangle in D, then this gives D/N the structure

of a triangulated category such that the functor Q: D — DN is triangulated.
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Proof. By Proposition the category D/N is additive and @ is an additive functor. Given
the definitions above, if we can prove that D/N is triangulated, then @ is automatically a
triangulated functor (on account of the strict equality Q o [1] = [1] 0 Q).

We begin by showing that the shift (—)[1] on D/N is an automorphism. For now, to separate
it from the shift on D, we will denote it by (—)[1]ar. Note that because the diagram

D2, DN

o s

DIN

commutes, the uniqueness in the definition of the localization implies that the identity on D/N
is the only functor which satisfies this. Now, let (—)[—1]n : D/N — D/N be defined by the
diagram

D9, DN

(—)[—ul

D9 DN

and note that

so that

commutes. By uniqueness, we then have [—1]yro[1]n = id. An essentially identical computation
holds for [1]xr o [=1]pr, so [1a: /N — D/N is an automorphism.

It now remains to check that D/N satisfies (TR1)—(TR4). Axiom (TR2) may be deduced
by changing all triangles to be of the form

Qu Qv Q(w
Q) 4 Qv) 2 Q(z) 2 Q(x()
and then applying (TR2) to the triangles of the form

X Yy ¥z X[

—1
in D. To check (TR1), consider a morphism Q(X) Is7, Q(Y),ie X & X' EN Y, in D/N. Then

we may take the cone of f in D to obtain a distinguished triangle X’ Ly & Cy — X'[1], and
we then see that we have an isomorphism of triangles

Q)

Q(X") QYY) — Q(Cfy) — QX")[1]

| H I

Q(sﬂz
QX)L Q(Y) — Q(Cy) — Q)]
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where the top triangle is distinguished. Thus, the bottom triangle is also distinguished which
verifies (TR1).
To check (TR3), consider a diagram

Xo Yo Zo Xo[1]
| |
X4 Y1 Z X1[1]

and choose isomorphisms

X; Y; Z;
| | | |
QX)) — Q) — Q(Z)) —— Q(X{[1]).

Then we have the diagram

Q(Xy) — Q(Yy) — Q%)) —— Q(Xg[1))

Xy J Yo J Zy Xo[1]
QX)) QYY) —— Q7)) QX 1)
e s Y 7
X3 Y1 Z1 Xl[l]

where we get the solid vertical arrows in the background by using that the diagonal arrows are
isomorphisms, the dashed arrow in the background by applying (TR3) in D, and the dashed
arrow in the foreground by again using that the diagonal morphisms are isomorphisms. Axiom
(TRA4) is proven similarly, i.e. by choosing isomorphic triangles that can be lifted directly to
triangles in D, applying (TR4), and then going back by applying Q(—). Thus, we conclude that
D/N with the given data is a triangulated category. |

We may restate the universal property of localization with respect to this situation.

Theorem 3.57. Let D be a triangulated category, let N be a null system, and let Q: D — D/N
be the Verdier quotient. Then for all X € N, we have Q(X) = 0. Furthermore, if € is any other
triangulated category with a triangulated functor F: D — & such that F(X) =20 for all X € N,
there is a unique functor Fxr: D/N — &€ such that F = Fy 0 Q.

Proof. For any X € N, we have a distinguished triangle
0— X —X—0

in D, which shows that 0 — X is in S(N). Therefore, 0 = Q(0) = Q(X).
If F sends objects of N to zero, then it follows that for any morphism (s: X - Y) € S(N)
we have a distinguished triangle

F(s)

FX) =2 FYV) —— 0 —— F(X)[1]

which implies that F(s) is an isomorphism in £. Therefore, F' sends morphisms of S(N) to
isomorphisms, which gives the claimed statement. [ |
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Corollary 3.58. Let D be a triangulated category with a null system N, and consider a coho-
mological functor H : D — A to an Abelian category A such that H(X) = 0 for all X € N.
Then the induced functor DJN — A is cohomological.

Proof. Since every distinguished triangle in D/N is (isomorphic to) the image of a distinguished
triangle in D, the result follows. ]

The notation for the Verdier quotient can suggest some things which are not quite true. Let
us introduce the following:

Definition 3.59. Let D and £ be triangulated categories, and let F': D — £ be a triangulated
functor. The kernel of F' is the full subcategory of objects of D which are sent to zero by F, i.e.

ker F:={X € D| F(X) =0}.

The kernel of F': D — £ is automatically a strictly full triangulated subcategory of D, and
hence a null system. One might hope that when & = D/N that we get ker @ = N, but this
is not generally true. In particular, while N' C ker @, the kernel may be strictly larger. The
problem is this: we know that A is closed under extension (and hence under direct sums), but
we do not know that it is closed under taking summands. In particular, if Q(X @ Y) = 0, then
it follows that Q(X) = 0 and Q(Y) = 0 since ) commutes with direct sums. We see that the
kernel is a thick subcategory.

Definition 3.60. A subcategory C of a triangulated category D is thick if it is a full triangulated
subcategory which is closed under direct summands.

Remark 3.61. In particular, a thick subcategory is closed under shifts, extensions, and direct
summands.

We then see that when A is not thick, the kernel must be larger than N. However, it will
turn out that the kernel is not much bigger. In particular, the final aim of this subsection is to
prove that ker @ = thick(N), i.e. that the kernel of the localization map is the smallest thick
subcategory containing A. This fact will also allow us to characterize which morphisms in D
are sent to isomorphisms in D/N.

We proceed as in [NeeOl|. Specifically, the argument contained in this thesis is exactly
Lemmas 2.1.31, 2.1.32, 2.1.33, and Proposition 2.1.35 in Neeman’s book except with slightly
different notation.

Lemma 3.62. Consider two morphisms f: X =Y, g: Y — Z inD. If any two of f, g, go f
are in S(N), then the third is too.

Proof. If f and g are in S(N), then trivially g o f € S(N). In the other cases, we may apply
(TR4) to the composite g o f to get a diagram

X Y Cy X[1]
U S
x 7 Cgoy — X[1]
] | l
y — % . 7 C’; Y]
[ H |
Cy ----- » Cyof ———---+ Cy ------ * Cf[l]
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where we then get the result using the 2-out-of-3 property (N3) of null systems (in particular,

see Remark (3.49)). [ ]

Lemma 3.63. If a morphism

x&xLx
in D/N is in the equivalence class of the identity (i.e. if fs~' = idg(x)), then f € S(N).
Proof. Definitionally, if fs~* = idg x) then there exists a X" € D, a morphism

X x" s x,
and morphisms ¢: X” — X', ¢: X" — X fitting into a commutative diagram

X/
VAN
Xt xr Iy x

A

By Lemma ¢ and v are in S(N). However, since ¢ = f o ¢, by the same lemma we get
that f € S(N). [ |

Lemma 3.64. A morphism
X< x' Ly
in DJN is invertible if and only if there are morphisms f and h such that go f,ho g€ S(N).

Proof. Suppose there exists morphisms f, h such that go f,hog € S(N). Then Q(g o f) and
Q(h o g) are invertible, and so we have both a left and right inverse for Q(g). In particular, we
have

Q9) o Q) oQlgo )™ =id
and similarly for the left inverse. Therefore, Q(g) is invertible.

Conversely, suppose Q(g) is invertible. We must produce f and h such that go f, hog € S(N).
Since Q(g) is invertible, there exists an inverse Q(g)~' = ft71: Q(Y) — Q(X")

y by Lyox
and we may compose these to get that
vy Chy

is in the equivalence class of the identity. Therefore, go f € S(N'). The procedure for producing
h is dual. ]

With these lemmas in place, we can prove that ker @ = thick(N).

Proposition 3.65. Let D be a triangulated category, and let N be a null system. Then the
morphism X — 0 in D becomes an isomorphism in D/N if and only if there exists some Y € D
such that X ®Y € N.

Proof. Suppose Q(X) — 0 is an isomorphism. By Lemma we may choose some Y € D
such that the composition
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X — 0 —— Y]]

is in S(N'). However, note that we have the distinguished triangle

X %5 y[1] (XaY)[1] — X[1]

by Corollary and therefore X &Y € A by (N2).
Conversely, suppose we have some Y € D such that X Y € N. We then again have the
distinguished triangle

X 25 y[1] —— (X oY) —— X1

which shows that 0: X — Y/[1] is in S(N). Furthermore, the composition 0 — X — 0 is an
isomorphism and hence also in S(NV). Then Lemma says that X — 0 is an isomorphism. W

Corollary 3.66. Let D be a triangulated category, let N be a null system, and let Q: D — DJN
be the Verdier quotient. Then ker @ = thick(N). In particular, if N is furthermore a thick
subcategory, then ker Q = N

Proof. The null system N is already a strictly full triangulated subcategory of D, so what
remains is to be closed under direct summands. By Proposition [3.65] the kernel ker @ is ex-
actly the smallest subcategory containing A" which is closed under this operation, and therefore

ker Q = thick(N). [ ]

Thus we see that as long as we are working with thick subcategories, the Verdier quotient
produces the kinds of results we expect from the notation (and our preconceptions from ordinary
abstract algebra). As another corollary to Proposition we can give the following (admittedly
rather trivial) characterization of morphisms in D which are sent to isomorphisms in the Verdier
quotient D/N.

Corollary 3.67. Let D be a triangulated category, and let N be a null system. A morphism
f: X =Y in D is an isomorphism in D/N (i.e. Q(f) is an isomorphism) if and only if in
every triangle

x Ly 7z x

the object Z is a direct summand of an object in N .

~Y

Proof. If Q(f) is an isomorphism, then every cone is isomorphic to 0, and hence Q(Z) = 0.
Therefore, Z is a direct summand of an object in A/. Conversely, if Z is a direct summand of
an object in A/ then we have an isomorphism of triangles

Qx) 2 Q) — Q) — QX))
H H | H
Qx) 22, Qi) 0 QX))

so that the bottom triangle is distinguished (since the triangle above is distinguished because @
is triangulated), and hence Q(f) is an isomorphism. [ |
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3.5 RECOLLEMENT

Definition 3.68. A sequence

c-P.p_9. ¢

of triangulated functors between triangulated categories C, D, and & is a Verdier quotient se-
quence if P is a fully faithful functor whose essential image is a strictly full thick subcategory of
D, and @ identifies £ as the Verdier quotient D/P(C). We will say it is a weak Verdier quotient
sequence if the same conditions hold, except £ is only the weak localization rather than strict

(see Remark [3.30)).

Remark 3.69. The above is totally non-standard terminology, but there also does not appear to
be a standard.

Thus, any null system (i.e. strictly full triangulated subcategory) N of D gives rise to a
Verdier quotient sequence

N <D —5DJN.

Indeed, all Verdier quotient sequences are essentially of this form. To make this precise, we
begin with the following definition:

Definition 3.70. A morphism of Verdier quotient sequences F': (C,D,E, P,Q) — (C', D', &', P, Q")
is a triple F' = (F}, Fy, F3) of functors fitting into a diagram

c-f,p_“,¢

Bl B | B |

c’ P’ D Q g

commutative up to natural isomorphism. We say such a morphism is an isomorphism if the F;
are isomorphisms, and we say it is an equivalence if the F; are equivalences.

Proposition 3.71. Consider a Verdier quotient sequence
P’ '
C—— D —=¢&.

Then there exists a null system N in D and an equivalence of Verdier quotient sequences

c-P.p_< ¢

P

NLysD =5 DN

where the equivalence & = DJN is an isomorphism and the above strictly commutes.

Proof. Let N be the essential image of P’ : C — D. Then P’ factors through the inclusion
P:N — Das P' = PoF with F: C — N being the “codomain restricted” version of P’. Since
P’ is fully faithful, we know that F' is an equivalence C ~ N (in particular, it is trivially fully
faithful and essentially surjective). The isomorphism & = D/N follows immediately from the
universal property of the (strict) localization. In particular, it depends only on the essential
image of P’ i.e. on N. [ |
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In some sense, we therefore see that by considering only Verdier quotient sequences
N —D—-»D/N

we are essentially seeing all examples. This is in much the same way as any short exact sequence
of (not necessarily Abelian) groups

l1—H—G—K —1

can be chosen as isomorphic to
1—-H —G—G/H — 1

and we interpret G as being a “sum” of H and K, though this need of course not be the
actual direct sum/product. The point of this interpretation is to say that in such a short exact
sequence, G is a combination of H and K. This interpretation also holds for Verdier quotient
sequences: in C — D — &£, we think of D as being an extension of £ by C. In the world of
Abelian groups (or Abelian categories in general), when such a short exact sequence is split (left
or right, these being equivalent there), the middle term is the direct sum of the adjacent terms.
If one drops commutativity, the situation is more subtle: for a short exact sequence of arbitrary
groups, being left split or being a direct sum behaves the same as in the commutative case, but
being right split need not imply being left split nor a direct sum. Instead, the middle term turns
into a semidirect product instead.

In the world of triangulated categories and Verdier quotient sequences, the situation is a pe-
culiar mixture of the Abelian and arbitrary group cases, as we will see in the comming theorems.
In particular, while being left split is the same as being right split (see Theorem , there is a
further distinction between in what way the sequence splits since in this context “split” means
“admits an adjoint,” and a functor may admit both a left or a right adjoint. The nicest case is
where we split in both ways at the same time. This motivates the following definition:

Definition 3.72. A recollement is a Verdier quotient sequence together with a number of
adjoints

L L
C——D—— €&
~_ — <~ —

where each arrow is left adjoint to the one below it.

Here, there are a number of interesting statements to make. First, we put no requirements
on the adjoints as part of the assumptions, but it turns out that the ones on the left side
automatically become essentially surjective and the ones on the right side automatically become
fully faithful. Furthermore, one can say quite a lot about the images of the two adjoints on the
right. For this, we will first need to know about orthogonal complements.

Definition 3.73. Let D be an additive category (e.g. triangulated), and let C be a full subcat-
egory. Define the full subcategories

Ct:={Y eD|VX €C, Homp(X,Y) = 0},
LC:={X €D |VY €, Homp(X,Y) = 0}.

Proposition 3.74. Let D be a triangulated category, and let C be a triangulated subcategory of D.
Then C+ and +C are strictly full thick subcategories of D. Furthermore, CNC+ ~ CN-+C ~ {0}.
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Proof. That C* and *C are strictly full is obvious. That they are closed under direct summands
is also clear: suppose that X @Y € C, and let Z € C. Then

0 =Homp(X @Y, Z) = Homp(X, Z) ® Homp(Y,Z) = Homp(X,Z) =Homp(Y,Z) =0.

The computation for +C is dual. Thus, it only remains to show that C* and +C are triangulated
subcategories of D. However, this itself is obvious since C is a triangulated subcategory of D.
In particular, if Z € C then Z[i] € C for all i € Z, so if X € C* we have

0 = Homp (X, Z) = Homp(X[i], Z[i])

so that X[i] € Ct. Thus C* is closed under shifts, and we now just need it to be closed under
extensions. For this, it is enough to show that it is closed under taking cones. Suppose we have

a distinguished triangle
X' X =Y — X'

with X, X’ € Ct. Then, for any Z € C, we have—by the fact that Hom is cohomological—the

exact sequence
0 = Homp(X'[1]) = Homp(Y, Z) — Homp (X, Z) =0

which implies that Hom(Y, Z) = 0. Therefore, C* is thick. The proof for 1C is identical but
dual.
The final statement follows since if X € C and X € C*, then for all Z € C we have

Homp(X,Z) =0=Homp(0,Z2) = X =0
by the Yoneda lemma. |
We can now state the result we want.
Theorem 3.75. Suppose we have a recollement

Lp Lq
N T
C—pP—D—Q— €.
~_ ~_
Rp Rq
Then
(i) Lp and Rp are essentially surjective,
(1) Lg and Rg are fully faithful,
(iii) R induces an equivalence & ~ P(C)* with quasi-inverse P(C)* < D < E, and

(iv) Lg induces an equivalence € ~ L P(C) with quasi inverse ~P(C) < D S e,
We split the proof of this up into several intermediate lemmas.

Lemma 3.76. Let C and D be arbitrary categories, suppose we have a fully faithful functor
F: C — D, and suppose it has a left or right adjoint G : D — C. Then G is essentially
surjective.
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Proof. Suppose G is a left adjoint of F'. Note that we have natural isomorphisms
Home (X, —) = Homp(F(X), F(-)) = Home(G(F (X)), —)

and therefore, by the Yoneda lemma, we have an isomorphism X = G(F(X)). This means G is
essentially surjective: in particular, for every X € C there is some Z € D (namely, Z = F(X))
such that X = G(Z). The proof when G is a right adjoint is similar. [ |

Lemma 3.77. Suppose we have arbitrary categories D and &, and let F': D — £ be a functor.

(a) A left adjoint L : €& — D with unit n: ide — F oL and counit ¢ : Lo F — idp is
fully faithful if and only if n is an isomorphism. In this case, the natural transformation
Fe: FoLoF — F is an isomorphism.

(b) Dually, a right adjoint R: & — D with unit n': idp — Ro F and counit €' : F o R — idg is
fully faithful if and only if ' is an isomorphism. In this case, the natural transformation
Fn':F — F o RoF is an isomorphism.

Proof. We prove only (a) since (b) is totally dual. We have natural transformations
Homg(X,Y) — Homp(L(X), L(Y)) = Homg(X, F(L(Y))).

These are (f: X = Y) — L(f) and (¢g: L(X) — L(Y)) — F(g) o nx, where n:id¢ — F o L is
the unit of the adjunction (L, F'). Composing the two, we clearly obtain the map

¢x: Homg(X,Y) — Home (X, F(L(Y))), [+ F(L(f))onx.

Since 7 is a natural transformation, this is the same as the map (nyo) : Homg(X,Y) —
Homg (X, F(L(Y))). In particular, the diagram

X X5 F(L(X))
fl |Fa)
Y 2 PL(Y))

commutes. Furthermore, the maps ¢x assemble into a natural transformation ¢: Homg(—,Y) —
Homg(—, F(L(Y))). It is then clear that this is a natural isomorphism if and only if L is fully
faithful. Explicitly, if L is fully faithful then the first definition of ¢x in terms of L and nx
is clearly an isomorphism for any X, and therefore 7y is an isomorphism. Conversely, if 7y
is an isomorphism then ¢ = (nyo) is an isomorphism and hence the map Homg(X,Y) —
Homp(L(X), L(Y)) must be an isomorphism.

Suppose now that L is fully faithful. By the triangle identities, we have the commutative
diagram

F-" FoLoF fe, F

idp

and since 7 is a natural isomorphism, we see that nF' is also a natural isomorphism. Therefore,
we see that Fe is a natural isomorphism since it is squeezed between two other isomorphisms.
This completes the proof. |
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Lemma 3.78. [Kra22, Prop. 1.1.3] Suppose we have arbitrary categories D,E and an adjoint
functor pair L: D — &, R: £ — D. Let S; be those morphisms in D sent to isomorphisms in
E by L, and let Sp be those morphisms in € sent to isomorphisms in D by R. Then R is fully
faithful if and only if the induced functor Ls, : Ds, — £ is an equivalence, and dually, L is fully
faithful if and only if the induced functor Rs,: Es, — D is an equivalence.

Proof. Since the two assertions of the lemma are dual, we prove only one of them. In particular,
we show that R is fully faithful if and only if we have the given equivalence Ds, ~ &£. To simplify
notation, let S = Sy.

By Lemma [3.77 it suffices to show that the counit morphisms ex : L(R(X)) — X being
isomorphisms is equivalent to L inducing an equivalence Ds — £. Suppose the €x’s are isomor-
phisms, and denote the unit of the adjunction by n:idp — Ro L. Then @ o R is an inverse to
the induced functor Ls: Ds — £. To see this, first note that we have Lgo Qo R = Lo R ¥ idg
since R is fully faithful. What remains is then the other composition. By Lemma the
natural transformation Qn: Q — Q o Ro L is a natural isomorphism. Thus we compute

QoRoLso@Q =QoRoL=Q=idpgo@

which by the uniqueness in the universal property of the localization implies that () o Ro Lg =
idpg.

Conversely, suppose that Lgs is an equivalence of categories. We aim to show that idg is left
adjoint to L o R, since we will then have an isomorphism Homg(X,Y) = Homg(X, L(R(Y)))
which in particular gives that the counit maps ey : L(R(Y)) — Y are isomorphisms. Thus, we
show this adjointness claim.

Since Lg is an equivalence, composition with L gives fully faithful functor

(oL): Fun(€,C) — Fun(D, ()
for any category C since it is the same as the composition

Fun(€,C) (TN)> Fun(Ds, C) (—;)> Fung(D,C) —— Fun(D,C).
oLs o}

Taking C = &, we see that there is some 7’ : ide — L o R such that Ly = n'L. In particular,
we take the inverse image of Ln under the isomorphism Hom(idg, L o R) = Hom(L, Lo Ro L).
Prospectively, 7' is the unit of our desired adjunction (while £ will be the counit). By the triangle
identities for 7, e we have that

idp =eLoLn=¢cLonL=(con)L.

Therefore € o )’ = idjq,. This gives one of the triangle identities. The other follows by applying
L to the other triangle identity for 7, e as follows:

idg = ReonR = idpogp = (Lo R)eo LnR = (Lo R)eon/(Lo R).
This proves that ide is left adjoint to L o R, which finishes the proof. |

Lemma 3.79. [MM92, p. 369, Lemma VII.4.1] Let D and & be arbitrary categories. Suppose we
have a functor F': D — & together with a left adjoint L: £ — D and a right adjoint R: £ — D.
Then L is fully faithful if and only if R is fully faithful.

Proof. Let n:ide — F o L be the unit of the adjunction (L, F'), and let ¢’: F o R — idg¢ be the
counit of the adjunction (F, R). For all X,Y € £, we then have a commutative diagram
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Homp (L(X), R(Y)) —— Home (X, F(R(Y)))

I G2

Home (F(L(X)),Y) —") . Home(X,Y)

where, for clarity, we note that the isomorphisms are given explicitly by
Homp(L(X), R(Y)) = Home (X, F(R(Y))), = F(f)onx,
Homp (L(X), R(Y))) = Homg (F(L(X)),Y), frrey o F(f).

so the commutativity of the diagram is entirely trivial. This implies that all the nx’s are
isomorphisms if and only if all the e} ’s are isomorphisms. Therefore, 7 is an isomorphism if and
only if ¢ is an isomorphism, which by Lemma implies that L is fully faithful if and only if
R is fully faithful. |

With these lemmas in place, we can put together a proof of the theorem of interest.

Proof of Theorem [3.75. (i) is exactly Lemma, [3.76
(ii) Rq satisfies the conditions of Lemma [3.78] and is thus fully faithful. Thus, by Lemma
we automatically get that Lg is fully faithful.
(iii) We check that the essential image of Rg is P(C)1. Suppose we have some object of
P(C). Tt is then isomorphic to an object of the form P(X), where X € C. Then, for any Y € £,
we have

Homp(P(X),Ro(Y)) = Homg(Q(P(X)),Y) = Homg(0,Y) = 0.

Therefore, Ro(E) C P(C)t. Conversely, let Y € P(C)t. We have the unit map ny : ¥ —
Ro(Q(Y)), and by Lemma we know that Q(ny) is an isomorphism. Therefore, there is
some Z € C and a distinguished triangle

Y 2 Ro(Q(Y)) —— P(Z) —— Y1

afterwhich we observe that both Y and Rg(Q(Y)) are in P(C)* and therefore, since P(C) is a
full triangulated subcategory of D and hence P(C)* is thick, we have P(Z) € P(C) N P(C)*.
Therefore, P(Z) = 0, so 1y is an isomorphism Y = Ro(Q(Y)). Hence, Rg(E) = P(C)*.

(iv) The proof of this is entirely dual to (iii). In particular, the inclusion Lg(E) C LpP(C)
is obvious, and the other inclusion comes from observing that, by Lemma the counit map
ex: Lo(Q(X)) — X becomes an isomorphism after applying ). Thus, for X € J‘P(C)7 one gets
a distinguished triangle

Lo(Q(X)) — X —— P(Z) — Lo(Q(X))[1]

which implies P(Z) € P(C) N ~P(C) ~ {0} so ex is an isomorphism. [ |
Remark 3.80. As a result of the above, we see that all recollements are actually of the form
kT~ o}
C— D — €.

) S )

Proposition 3.81. Consider a recollement
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Lp
K~ Ty
C—pP—>D—Q~» €.
K _~ X<~
Rp

Then ker Lp = ~P(C) and ker Rp = P(C)*.
Proof. We show one equality since the other is dual. Suppose that X € D. Then

Lp(X)=0 < VY’ €C, Hom¢(Lp(X),Y') =0
< VY’ €C, Homp(X,P(Y")) =0
— X etPQ).

This completes the proof. |

Together with Lemma |3.78, we can use this proposition to say some interesting things. We
first introduce some terminology for convenience.

Definition 3.82. A Verdier quotient sequence

c-P.p_“9,¢

is reflective if P and ) both admit a left adjoint, and it is coreflective if P and () both admit a
right adjoint.

Remark 3.83. Note that a recollement is then a Verdier quotient sequence which is both reflective
and coreflective.

Remark 3.84. The terminology we use here is based on the terminologies (co)reflective subcate-
gory and (co)reflective localization. This is not a universal choice: for example, in [Kra22], what
we call a coreflective Verdier sequence he calls a localization sequence.

Proposition 3.85. Suppose we have a reflective Verdier quotient sequence

Lp Lq
&/;\ /Q\
C D E.
Then
L
g2 ,p_t ¢
&6/ k})/

is a coreflective weak Verdier quotient sequence. The dual statement also holds. That is, if we
have a coreflective Verdier quotient sequence, then this induces a reflective weak Verdier quotient
sequence.

Proof. This is essentially a consequence of Lemma @ Certainly, the essential image of Lg
is a strictly full thick subcategory of D, so what remains is really only to check that C is
the appropriate Verdier quotient. Note that for a morphism f: X — Y in D, Lp(f) is an
isomorphism if and only if

Lp(X) — Lp(Y) — 0 — Lp(X)[1]
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is a distinguished triangle, and this is true if and only if in every distinguished triangle

x Ly 2z x

we have Z € ker Lp = T P(C) = Lo(€). Thus, since P is fully faithful we see that, by Lemma
we have a canonical equivalence D/Lg(E) ~C. [

Remark 3.86. There is no version of Lemma [3.78| which replaces equivalence with isomorphism,
and so there is no way to prove a version of the above proposition where we drop the “weak”
part of the weak Verdier quotient sequences.

The above proposition in particular implies that from a recollement
Lp Lq
C—pP—D—Q—¢&

®~_ ~__
Rp Rq

we can extract (at least “weak”) coreflective and reflective Verdier localization sequences

Q P
& D C and & D C.
Q P

More can be said about recollements. One item of interest is that there are superfluous
assumptions in the definition: if we are to trust our intuition that Verdier quotient sequences
C — D — & are like short exact sequences of Abelian groups, then one should recognize that a
short exact sequence splits on the right precisely when it splits on the left. The analogue of this
statement turns out to also be true for Verdier quotient sequences.

Theorem 3.87. Suppose we have a Verdier quotient sequence

CLD—Q»E.

Then we have the following two collections of equivalent statements:
(i) The following are equivalent:

(a) P has a right adjoint Rp,
(b) Q has a right adjoint Rg, and
(c) for all X € D there are X' € P(C), X" € P(C)* and a distinguished triangle

X — X —X"— X'[1].

(ii) The following are equivalent:

(a) P has a left adjoint Lp,
(b) Q has a left adjoint L,
(¢) for all X € D there are X' € *P(C), X" € P(C) and a distinguished triangle

X — X — X" — X'[1].
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In the case of (i), the equivalent conditions induce an equivalence D/P(C)* = C and an equal-

ity J'(P(C)L) = P(C). In the case of (ii), the equivalent conditions induce an equivalence
D/*P(C) = C and an equality (ZP(C))+ = P(C).

Proof. The idea is that the distinguished triangles tell us what the adjoints are. Furthermore,
(i) and (ii) are totally dual to each other, so it suffices to prove only one of them. We will prove
(ii).

Suppose we have (ii)(c). We will construct the functors Lp and Lg. To construct Lp, first
let X" = P(X{/). Letting W = P(Wp) € P(C), we have natural morphisms in exact rows

Homqp (X'[1], W) —— Homp (X", W) —— Homp(X, W) —— Homp (X', W)

| ; H |

0 —— Home (XY, Wy) —— Homp(X,W) ——— 0

so we have a natural isomorphism Home(X(, —) = Homp (X, P(—)). Therefore, the assignment
X — X[ defines the desired left adjoint Lp. In particular, a map X — Y composes to a
map X — Y, which under the aforementioned natural isomorphism defines a unique map
Lp(X) — Lp(Y). This proves that (ii)(c) implies (ii)(a). Constructing Lg is similar. In
particular, letting W € J‘P(C) this time, we see by applying Hom (W, —) that we have the exact
sequence

0— HomiP(C)(W, X"y = Homp(W, X) — 0

so that we have a natural isomorphism Hom P(C)(—, X') 2 Homp(—, X). Thus we have a right

adjoint R to the inclusion +: “P(C) < D. Observe that for all Zy € C, we have R(P(Zy)) = 0
since

Hom. 1) (—, R(P(Z0))) & Homp (i(~), P(Zp)) = 0.

Therefore, the functor R factors through ) and we obtain a functor F': £ — LP(C) such that
Fo@ = R. In fact, this functor is an equivalence of categories by Lemma [3.78] since the left
adjoint of R, namely the inclusion ¢, is fully faithful. The idea is now to show that ¢ o F' is left
adjoint to Q. To do this, note that we have natural isomorphisms

Home(—, Q(—)) = Homs ) (F(~), (F 0 Q)(-))
> Homs ) (F(~), R(~)) = Homp((1 0 F)(-), -)
which finishes the proof of (ii)(c) = (ii)(b).

For the last bit, we need to show both that (ii)(a) implies (ii)(c) and that (ii)(b) implies
(ii)(c). The idea here is again quite simple, and the approach is to take the cone/cocone of the
appropriate unit/counit. Thus, assume (ii)(a). We can then consider the unit n: idp — Po Lp,
and in particular the component nx: X — P(Lp(X)) for any X. Taking the cocone, we obtain

a distinguished triangle
X' — X — P(Lp(X)) — X'[1].

Since P is fully faithful, we know by Lemma that the natural transformation Lp — Lp o
P o Lp is a natural isomorphism, so by applying Lp we have a distinguished triangle

LP(X/) — LP(X) L) LP(X) — LP(X/)[l]
which implies that Lp(X’) = 0. Therefore, for any Z € C, we have

Homp (X', P(Z)) = Homg(Lp(X'), Z) = Homg(0, Z) = 0.
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This completes the proof of (ii)(a) = (ii)(c).
Finally, assume (ii)(b). Then we have the counit ¢': Lg o @ — idp and in particular the
component €y : Lo(Q(X)) — X. Taking the cone, we have a distinguished triangle

Lo(Q(X)) — X — X" — Lo(Q(X))[1]

and we know by Lemma [3.77that Qo Lgo@Q — @ is a natural isomorphism. Therefore, applying
@ gives the distinguished triangle

QX) — QX)) — Q(X") — Q(X)[1]

so that Q(X") = 0, hence Q(X) € ker @ = P(C). This shows (ii)(b) = (ii)(c), and thus we
have completed all the equivalences.

That we have an equivalence D/ lP(C) = C is now an immediate consequence of Lemma
B.78] In particular, it is exactly Proposition

We now show (*P(C))+ = P(C) when (i) is fullfilled. The inclusion P(C) C (*P(C))* is
obvious. Conversely, let Y € (*P(C))+. Then, by the constructions in the proof that (ii)(c)
implies (ii)(a) and (ii)(b), we have a distinguished triangle

Lo(Q(Y)) — Y — P(Lp(Y)) — Lo(Q(Y))[1].

We then note that Lgo(Q(Y)) € Lg(&) = L P(C), so in particular Homp(Lg(Q(Y)),Y) = 0.
Thus, after shifting, we have a distinguished triangle

Y — P(Lp(Y)) — Lo(Q(Y))[1] = Y 1]

which exhibits P(Lp(Y')) as the sum of Y and Lg(Q(Y'))[1] by Corollary In particular,
Y is a direct summand of P(Lp(Y)) which is in the thick subcategory P(C), hence Y € P(C).
Therefore, P(C) = (*P(C))*. [ |
Remark 3.88. For an alternative proof that (- P(C))+ = P(C) = L(P(C)l), see the computations
in Example [5.49

Corollary 3.89. Suppose we have a recollement

Lp Lq
m /\
C—pP—D—Q— €&.

W ‘\_/’
Rp Rg

Then, for all X € D, there are distinguished triangles

Lo(Q(X)) —2 X~ P(Lp(X)) —— Lo(Q(X))[1]

11

P(Rp(X)) —2 X~ Ro(Q(X)) —— P(Rp(X))[1]

where nx is the unit of the adjunction (Lp, P), €’y is the counit of the adjunction (Lg, @), nx
is the unit of the adjunction (Q, Rg), and €'y is the counit of the adjunction (P, Rp).

Proof. This is simply by the constructions of the relevant adjoints in the proof that (ii)(c) =
(ii)(a) and (ii)(b) in Theorem In particular, this gives the first distinguished triangle. The
second one is just a result of the dual argument. |
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3.6 NOTES ON ENHANCEMENTS

As pointed out in Sections [B.I] and [3.2] triangulated categories have the problem that the
operation of taking cones is not in general functorial, in particular as a consequence of the
non-canonicity of the morphism in (TR3). This is a fundamental, unavoidable problem with
triangulated categories. To see this, consider any triangulated category D and an object X € D.
We then have the distinguished triangle

X —X—0— X[1]

which we can use to produce an explicit example of non-canonicity in (TR3). In particular, we
note that by shifting it appropriately in two different ways, we get the two following morphisms
of distinguished triangles:

0 X[1] 4 x[1]

I L

X[ -4 xp1] ——

As a result, it is necessarily impossible for there to be a unique choice of filling in (TR3),
and we can conclude that taking cones cannot be a “universal construction” in the context of
triangulated categories.

The above technical difficulty is also inherent in the natural examples we come across:
while the cone construction yields a functor Mor(C(A)) — C(A), it fails to yield a functor
Mor(K(A)) — K(A). The reason for this is simple: suppose we have morphisms f: X®* — Y*
and g: Z* — W* of chain complexes, and we have a morphism (u,v): f — g in Mor(K(A)), it
is not too hard to check that the equations induced by having a functorial cone forces this to
lift to a morphism in Mor(C(.A)). In particular, if the cone operation in K(.A) was functorial,
then we would have vo f = gow strictly, i.e. not up to homotopy. This is a useful point to keep
in mind, because it indicates that what we actually want as a kind of universal property would
be that if we supply the homotopy v o f = g o u, then we should have a uniquely determined
induced map on the cones of f and g.

The fact that cones do not behave as well as one might want is one of the central technical
difficulties with triangulated categories. Indeed, the cone fails to be given by a universal property
due in large part to the failure of triangulated categories (e.g. K(.A)) to explicitly remember
homotopy data. Rectifying this requires some form of modification to actual category theory
which lets one escape strict non-canonicity and remember some (coherent) homotopy data.
Specifically, one needs something like (0o, 1)-categories.

Various attempts at such structures have been made, including such things as Grothendieck’s
derivators (possibly the best one can do in a 1-categorical world), but the approach which is
most popular at present uses simplicial models for (oo, 1)-categories, namely quasicategories for
which [Lur09] is a standard encyclopedic reference. Henceforth, when we say “oo-category,” we
mean in the sense of Lurie. Using an oo-categorical framework, one can note that cones are
canonical up to some level of (coherent) homotopy (giving them a genuine universal property),
and thus oo-categories (settings for doing homotopy coherent mathematics) can be of use in this
situation.

With oco-categories at hand, one can define stable co-categories, essentially oco-categorical
(or homotopy) versions of Abelian categories, where we recall that triangulated categories are
supposed to be a kind of homotopy version of Abelian categories also. Any oo-category has an
associated 1-category called the homotopy category, and stable co-categories have the property
that their homotopy category automatically has a canonical triangulated structure; in other
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words, stable co-categories are an co-categorical “refinement” or “enhancement” of triangulated
categories. A discussion of this can be found in |[Lurl7]. An appealing aesthetic feature here
is that stable co-categories are defined by properties rather than by having a certain structure
endowed on them.

Stable oco-categories also enjoy a number of other nice properties that triangulated cate-
gories do not. For example, applying some reasonable categorical construction to a triangulated
category does not usually yield a triangulated category. However, in the world of stable oco-
categories, this is no longer the case and one can, for example, take limits or (filtered) colimits
of them to obtain new stable co-categories.

One way in which this improved behavior of stable co-categories exhibits itself is in the
theory of recollements. In the world of triangulated categories, when recollements do exist, they
behave reasonably well. However, they do not always exist. Specifically, suppose we have two
triangulated categories C and &, and a triangulated functor F': & — C along which we wish to
“glue” C and €. Sometimes we get lucky and this exists (in which case the gluing functor F' is
given by Rp o Lg, in the notation of Section , but in general this is simply not the case.
The construction one would like to go through with does not work. On the other hand, if we
replace C and £ with stable co-categories, and F' with an exact functor of such, then it is always
possible to construct a recollement (with F' as the gluing functor). For a resource on this topic,
see [Lurl7, Appendix A.8], and in particular Remark A.8.12 there. For a perhaps less imposing
resource, see [DJW19, §1] or [Sha22| §2].

Remark 3.90. While stable co-categories are an analogue of Abelian categories in the context of
oo-categories, it should be noted that they are not an “enlargement” of the category of Abelian
categories. In particular, given an Abelian category A, one may reasonably ask if (the nerve
of) A is a stable oo-category, and this is never the case unless A is (equivalent to) the zero
category. Heuristically, the reason for this is pretty simple: the fact that stable oo-categories
come equipped with a canonical suspension (i.e. shift) operation given by pushing out along two
zero maps implies that for any X € A, we would necessarily have an co-Cartesian square

]

— X[1]
but since this would have to be a Cartesian square in 4 as a 1-category, this would imply that
X =0, and so A ~ {0}.

Remark 3.91. On the other hand, there are non-trivial triangulated categories which are also
Abelian categories.

S
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4 DERIVED CATEGORIES

Derived categories form natural categories within which to formulate (co)homological theorems.
Essentially, the idea is to recognize that, for the purposes of homological algebra, we may always
replace a chain complex by a chain complex which has identical (co)homological properties.
Thus, it makes sense to consider a category which only cares about chain complexes “up to
cohomology.” This is exactly the derived category.

Mostly, this section derives from the exposition of derived categories in [KS06].

4.1 CHAIN HOMOTOPIES & QUASI-ISOMORPHISMS

Let A be an Abelian category. Recall that at the end of Section [2, we defined the cohomology
functor H’: C(A) — A. In particular, we saw that a morphism f: A®* — B*® induces morphisms
H'(f): H(A®) — HY(B®) for each i € Z. This assignment is not injective: it can occur that
the induced morphisms on cohomology agree without the original morphisms being the same.
A way to produce examples of this is to consider chain homotopies.

Definition 4.1. Let f,g: A* — B*® be morphisms of chain complexes in A. A chain homotopy
n: f = g is a collection of morphisms n*: A" — B*~! i € Z, such that

fleg =ntody +digt o',
Pictorially, we have the (non-commutative) diagram

i—1 ;
N Ai—l dA Az dfq AH_l

A A

S Bi— 1 : Bt : Bi—i—l
dist diy

We define a relation ~}, on Homg4)(A®%, B®) by f ~y g if there exists a chain homotopy f = g.
We say f is nullhomotopic if f ~y 0.

Proposition 4.2. The relation ~y, on Homg()(A®, B®) is an equivalence relation. Further-
more, it is compatible with the addition of morphisms in the sense that if f ~, h and g ~y k,
then (f + g) ~n (h + k), and additionally it is compatible with composition in the sense that if
we have maps

f
Clo h A®* —— B* k C*
g

such that f ~y g, then foh ~ goh and ko f ~ kog. In other words, the system of nullhomotopic
morphisms forms a two-sided ideal in C(A). In particular, {f: A* — B®* | f ~y 0} forms a
subgroup of the morphisms A®* — B®.

Proof. Clearly, f ~1, f using the zero maps. If f ~y g via a chain homotopy n: f = g, then
taking the maps —n* gives a chain homotopy —n: ¢ = f. In particular,

g —f==(f—g)=—(mtody+d5 on') = (- ody +diy" o (—1).
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Finally, if we have chain homotopies n7: f = g and o: g = h, then 1 — ¢ is a chain homotopy
f = h. In particular,

fz_hzz(fl_gl)_(hz_g) 7] Odl dz 1077_0.+ d dzl
( i+l z+1)odz dz 10(77 _0_2)‘

Therefore, f ~y g and g ~y h = f ~y h, so ~y, is an equivalence relation.
Suppose that f ~y, h and g ~y, k. It is then clear that (f+g¢g) ~, (h+k) since f+g—h—k =
(f —h)+ (g — k). Similarly, since ho f —hog="ho (f—g) we have

hi ° (fz _ gz) — (hz O,r]i—i—l) ° dz + hz Odi—l Oni — (hz Z+1) ° dz di—l o (hi—l Onz)
so we obtain a chain homotopy h o f = h o g. The other case is identical. |

Corollary 4.3. The following data assembles into a category K(A), called the homotopy cate-
gory of chain complexes in A: objects are simply objects of C(A). The morphisms are defined
by Homg (4)(A®, B®) := Homcg(4)(A*, B®)/ ~n.

The remarkable thing about this particular equivalence relation is that it is compatible with
cohomology. One should expect this from the terminology chosen: in topology, two homotopic
continuous maps induce the same map on cohomology. In the context of homological algebra,
we have the

Proposition 4.4. Let f,g: A® — B® be morphisms of chain complexes, and suppose that
f~ng. Then H'(f) = H'(g) for alli € Z. In particular, let U: C(A) — K(A) be the obvious
functor. Then H': C(A) — A lifts to a functor K(A) — A, also denoted by H', such that
H' oU =H".

Proof. Let f: A* — B*® be a morphism of chain complexes. It suffices to show that if f ~y 0,
then H'(f) = 0 for all i € Z. We have a chain homotopy n: f = 0, i.e. a collection of maps
n': A — B! in the (non-commutative) diagram

) i R N T d! Qi+l

e

—— B ——— B ——— B!
di— 1 dt

such that f* = nt! o d’ +d"~! o n’. Recall the diagram

Aﬁ_l—gggggggg»lnldl L kerd, —» Hi(A®)
dz 1 \
i \\\NAZ Hi(f)
fi
Bl — 5 imdi! kerdiy ——» Hi(B*)

o7
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To show that H'(f) = 0, it suffices to show that the composition ker diy — kerdiy — H'(B®) is
zero. Specifically, showing this implies that one may choose H'(f) = 0 to make the right-most
square commute, and then uniqueness gives the result.

. A,
Observe that, since the composition ker d* < A* =4 A**1 is zero by definition, the composi-
tion of this with n**! is zero. In particular, the composition

- pitlogi Bi

ker d! A’

is zero. Furthermore, the map dgl on' factorizes through im dgl as

i i—1
i dB

Ai n Bi—l
\ /

|
imdp

Bi

and therefore the composition of the morphisms ker dy — ker diy — H'(B*) is equal to
kerdi, — Al L Bi=l s imdist < kerdi, —» Hi(B®)

which is zero by definition. Therefore H(f) = 0, as desired. [ |

Thus, as far as cohomology is concerned, the category K(A) of chain complexes up to
homotopy is just as good as the category C(A). We will now give a first “naive” definition of
the derived category.

Definition 4.5. Let f: A* — B*® be a morphism of chain complexes in an Abelian category A.
We say f is a quasi-isomorphism if H'(f) is an isomorphism for every i € Z. We then say that
A® and B*® are quasi-isomorphic.

The derived category should be a category which only cares about complexes “up to co-
homology.” Thus, it makes sense to define the derived category of A as the category of chain
complexes C(A) localized at the quasi-isomorphisms. However, as observed in the earlier dis-
cussion of localization, this gives us relatively little control over the behavior of the localization,
and in fact we seem to lose knowledge of what properties of A (and C(.A)) transfer over to the
derived category. Therefore, we would like to impose additional structure that allows us to bet-
ter track these kinds of things. In particular, we want the derived category to be a triangulated
category.

To obtain the triangulated structure, we cannot proceed using C(.A). Instead, we impose a
triangulated structure upon the homotopy category of chain complexes K(A), after which we
take a Verdier quotient by those chain complexes quasi-isomorphic to zero (which turns out to
be the same as localizing at quasi-isomorphisms). Note that the notion of a quasi-isomorphism
is independent of homotopy by Proposition

4.2 THE TRIANGULATED STRUCTURE ON K(A)

The first step in giving K(.A) a triangulated structure is to satisfy (TR1), i.e. we need to produce
a cone Cy for any morphism f: X® — Y*® of chain complexes. We do this following [KS06],
though in that book the authors perform the construction more generally for an additive category
with translation (of which C(A) and K(A) are examples).

o8



4.2  The Triangulated Structure on K(.A) 4  DERIVED CATEGORIES

Definition 4.6. Let A be an Abelian category, and let X* € C(A) be a chain complex. Define
X[1]* to be the complex given by X[1]* = X**! and dem = —d'f!'. This data forms an additive
automorphism (—)[1]: C(C) — C(A) which sends a morphism f: X* — Y*® to the morphism

f[1] defined by f[1]* = fi™!. We write (—)[i] for (—)[1] applied i times.

Remark 4.7. Note that dx(;) = —dx[1], and that we previously defined a shift functor (—)(1)
which, on morphisms, also acts by f(1)* = 1. Thus X[1]® is the chain complex (X (1)*, —dx(1)).
Furthermore, note that dx defines a morphism of chain complexes X* — X[1]°.

Definition 4.8. Let f: X®* — Y*® be a morphism of chain complexes in A. The mapping cone
of f is the complex C} defined by C’} =XH oYl ie. Cy = X(1)* @ Y*, and with differential

given by the matrix
d dxpp O _ —dx|[1] 0
G\ dy o dy)

Remark 4.9. Hence, the differential on Cy is defined, by universal property, by the maps dxq
and 0 defining a map X (1)®Y — X (2), the maps f[1] and dy defining a map X(1)®Y — Y (1),
and thus this data combining together to a map X (1) ®Y — X(2) @ Y (1). For clarity, it fits
into a diagram

X —— s X
I~
O —— X(1) oY - » X(2)* @V (1)* == Cp(1)°
ye - Y (1)*

where the dashed arrow is then the differential C'3 — Cf(1)°.

Proposition 4.10. Consider the category Mor(C(A)) of morphisms in C(A). Then the oper-
ation f — C} defines a functor Mor(C(A)) — C(A), which is defined on morphisms (f,g):
(X*—=Y*) = (X = Y’") in Mor(C(A)) by

X. f Xlo

Ju lv = fll]@g: Cf = CF

ye 9 y'e
Proof. As long as f[1] @ g actually defines a morphism of chain complexes as desired, this will

automatically define a functor. Thus, we need only check that f[1] @ ¢ is a morphism C§ — C3.
This is a computation:

i i i —dFt 0 i+l
dCuO(f+1@g)_<viJ)r<1 i)(fo i

y? 9

*d%l o fi+1 0
,Uerl ° ferl d%// o gz

as desired. [ ]

99



4.2  The Triangulated Structure on K(.A) 4  DERIVED CATEGORIES

Proposition 4.11. Let f: X®* — Y*® be a morphism of chain complexes in A. Then C’; is a
chain complex which fits into a triangle

f

X* ye —Ls 03 X[1)°*

where ay is defined by the maps 0: Y* — X[1]* and idy and By is defined by the maps idxy
and 0: Y* — X[1]°.

Proof. To see that dc,[1] o dc, = 0, just note that
—dx|[2] 0 o de 0 _ dx[2] o dx][1] 0
fl2]  dy[1] fll]  dy fl2lodxpy +dy[1] o f[1] dy[l]ody
_ 0 0
- \SfI2lodxpy+dy[l]o f[1] 0)°
One then notes that, since f is a morphism of chain complexes, we have
fR2lodxpy +dy[l]o f[1] = (=f[l] e dx +dy o f)[1] =0

and therefore (C%,dc,) is a chain complex. [ |

Remark 4.12. This proposition shows us an obvious obstruction to making C(A) a triangulated
category (or at least in such a way that the above triangles become distinguished). In particular,
Lemma [3.14] says that the composition ay o f should be zero. This is trivially not true! Indeed,
we can write ay in coordinates as the map (0,idy), and ay o f as (0, f) which is clearly non-
zero when f is non-zero. Thus, the given triangle cannot be distinguished in any triangulated
structure on C(A).

Lemma 4.13. Let A be an Abelian category. Then the shift functor (—)[1] preserves homotopy
equivalence. In particular, if f,g: X* — Y are morphisms of chain complexes such that f ~y g,
then f[1] ~y g[1]. Thus, (—=)[1] induces an automorphism K(A) = K(A).

Proof. 1t suffices to assume g = 0, so that f ~p 0. Thus we have a homotopy 7n: f = 0, i.e. an
equation 4 ‘ ' ' .
fi=dir onf £y o dy.

Incrementing 7 by one, we get
f’H‘l — d'LY o ,'7i+1 + ni+2 o d?l
so that . ' ' ‘ '
FI) = dypy o (=0 + (=0 o diyy
providing the desired homotopy. |

Theorem 4.14. Let A be an Abelian category. Then K(A) is a triangulated category when
endowed with the shift functor (—)[1]: K(A) — K(A) and the class of distinguished triangles
given by all triangles isomorphic to those of the form

xe

ye cs X[1]°.
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Proof. The second half of (TR1) is obvious by definition of the distinguished triangles. The first
half (i.e. that X* — X* — 0 — X[1]* is distinguished) will follow from (TR2) and the fact that
the mapping cone of the zero map 0 — X* is X* itself, and fits in the triangle

0 xe 4, xe 0[1] = 0.

Thus, it remains to prove (TR2), (TR3) and (TR4). Consider a distinguished triangle

X® My U ze U X[1)

and note that we may assume that Z® = C’J?, u= f,v=ay, and w = (3 since the above triangle
is necessarily isomorphic to that. We construct a map ¢: X[1]* — C§ = which is an isomorphism
in K(A) and for which the diagram

ye 2 or 2 xppe 2By
« [67e" Ba
ye —— Cy —— Cy, — = Y[

commutes. We will first summarize the items at play. Note that, forgetting the differential
structure,
Cy=X[1"aY", C&f =Y[1]*e X[1]*aY".

These have differentials

; . dyyyg 0 0 —dy[l] 0 0
de, = (f’ﬂl]} p ) de,, = | 0 dxp 0= 0 —dx[1] ©
Y idypy  f[1 dy idyp  fl1] dy

On coordinates, we have

0 0 0
O[f = \. ) Ao, = 1dX[1] 0 )
idy ! 0 id
Y
By = (idX 1] 0) , Ba; = (idy[u 0 0) :

We now define ¢ and its homotopy inverse 1. Let ¢ be the map given on coordinates by
(=f[1],idx),0), and let 1 : C’;f — X][1]* be given by the matrix (O idxq] O). These are
compatible with the differentials, and so define actual morphisms of chain complexes.

Next, observe that trivially ¢ o ¢ = idx[;). We expect this to be the homotopy inverse of ¢,
so we want ¢ o1 ~y, id. One then computes that ¢ o 1) is given by the matrix

il 0 —f[1] o
pop = |idxp o(o idxp] 0): 0 idxp O
0 0O 0 0

We define a homotopy id = 1 o ¢/ by the matrix
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This is indeed a homotopy of the given type: observe that

i

n'tode, +dg, on

0 0 idyin 7t 00 ~diy 0 0 0 0 idy
={00 0 Jof 0 —d¥" 0|+ 0O —dx 0 |[ofO O O
00 0 idyisr fiFL db idy: ff dy! 00 0

idyis  f710 -

=| O 0 0 |=idg,, —¢' oy
. f

0 0 ldyi

This proves that ¢ is a homotopy inverse to ¢. That the right-most square in commutes (in
C(A)) is easily verified by a matrix computation. The middle square only commutes in K(A),
which one verifies by checking that 1) o an, = B; again, this is an easy matrix computation.
This proves that the given morphism of triangles is an isomorphism in K(.A), so the triangle

O, xppe =L v

L] af (]
Y s

is distinguished, which proves (TR2). Observe that by previous remarks, this also proves the
full (TR1).
To prove (TR3), consider first the diagram

« [ o« O e Pr .
X Y cs X[1]

L i

70 L we 2 o P g

which we are to fill. This commutes only in K(.A), so we are given some homotopy
oc:vof = gou.

We then build a morphism

w:Cy = O3, w:= (u[l] 0), e w' =
v

R
+ +
_
<o

~_

This is compatible with the differentials. In particular,

, , —di, 0 ut 0 —d% ou’ 0
i—1 i—1 __ V4 . ) ) — . z " . . .
d™ ow' = ( gt d%,#) ° (U” vz_1> (g’ ou® + d%,;l oot d%,;l o v’1>

—uitl o diy 0
= i i i+1 i i qi—1
vio ft —o"ody v ody

w0 —di 0 ) o
g i i (@] i i— = 'l,Ul (0] dZ .
<O‘ 1w ) ( f dy 1

Therefore, w defines an actual morphism of chain complexes. We then have woa; = ayov and
ull] o By = B4 o w by easy matrix computations. This proves (TR3).

Finally, we prove (TR4). Suppose we have morphisms X* i) y* 25 Y’ We wish to fill
in the dashed arrows in the diagram
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xe Ly

[
R
X. gof Y/. Qgof \: ﬁgof X[

fl ‘ Jf[l]
yo Loy 2 oe Py
AT T
Cy -3 » Coop - » CF ------ » Cy[1]®

which we note commutes in C(A) (if we ignore the dashed arrows). The fact that this commutes
in C(A), and not just in K(A), means that in the construction from (TR3) we may choose the
trivial homotopy for each of the squares on the left to obtain maps

id 0 ] o 0 0
0 g 0 id id 0
[ ] [ ]

C’f > O

u gof v g w

Crl1]*.

It is clear that these choices make the diagram above commute. Thus, what remains is to show
that it is distinguished. We do this using the same method we used to prove (TR2). Thus
consider the mapping cone of u and note that, forgetting the differential, we have

Co=X_2°aY[1]*e X[1]*®Y".
We define the maps ¢: Cj — C¢ and ¢: C7 — C} by the matrices

0 0
o (0 vy fll o o— 1m0
0 0 0 idy 0 0

0 idy

It can be checked that these are compatible with the differentials. Clearly, we then have ¢ o =
idc,. We have a homotopy o: 1 = % o ¢ given by the matrix

0 idxpy O
0 0 0
0 0 0
0 0 0

o O O O

One may explicitly check that this is a homotopy of the given type just as was done in the proof
of (TR2). We will omit this since it is uninteresting (particularly in light of the fact that we
have already done a similar computation). In any case, we see that 1) is an inverse of ¢ in K(.A).
It is easily observed that the diagram

O —t Cpop = O3 =2 10
U
C} — = Cooy — G5 — G1°
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commutes in K(A) (in particular, ¢ o o, = v and (3, o ¥ = w) giving that the lower triangle
is distinguished. This proves (TR4), and so we have completed the proof that K(A) is a
triangulated category when endowed with the given structure. |

Proposition 4.15. [KS06, Thm. 12.2.4 & Cor. 12.2.5] Let A be an Abelian category, and con-
sider an exact sequence

0—-X*—>Y*—>2°*—=0
in A. Then, for alli € Z,

(i) the induced sequence ‘ ' ‘
H'(X*) - H'(Y*) — H'(Z*)
18 exact,

(ii) there exists a 6°: H(Z®) — H*L(X*), functorial in the exact sequence, such that
Hl(yo) — HZ(ZO) ﬁ Hi+1(XO) N HiJrl(Y')
is exact, and
(iii) the functor H: K(A) — A is cohomological.

Proof. For (i) and (ii), first note that for all i € Z we have the commutative diagram (with exact
rows)

coker df{l —— coker dg;l — coker al?1 — 0

J | - ®
0 —— kerdy{! ——— kerdy/! ——— kerd’}!

as a result of the following very large commutative diagram:

0 0 0 0 0
1 { L ‘ |
X X Xitl X2
coker di ! oo | oo s ker dit!
Yi_l Yi ‘ Yi—f—l ( YH'Q
S L . !
coker di-t ——on | - s ker ditL
zt A ‘ i+l ‘ Zit2
~N b s |
coker diy b oo | —o-- s ker di!
1

which is obtained by repeatedly using universal properties. One observes that there are natural
isomorphisms

H'(X*) = ker(coker diy ' — X'T1) = ker(coker d’y ' — ker dy!)

H(X*) = coker(X? — kerd') = coker(coker di; ' — ker dy)
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since the map ker df;rl < X1 is a monomorphism and the map X¢ —» coker df;l is an epimor-
phism. Applying the snake lemma (see, for example, [KS06| p. 297, Lemma 12.1.1]) to then
gives us the long exact sequence

kerv —— kerv —— kerw — cokeru ——— cokerv —— cokerw

[ [ [ [ [ [

Hz(Xo) 77777 N HZ(Y.) 77777 N Hi(Zo) 77551% Hi+1(Xo) 77777 N Hi-i-l(yo) 77777 N Hi-i-l(Zo)

which proves (i) and (ii).
We now prove (iii). Suppose we have a distinguished triangle

f

xe ve o ze I X[

in K(A). Shifting this to the left, we still have a distinguished triangle which hence has an
isomorphism with a mapping cone triangle of some morphism u: U®* — V*, and shifting to the
right again provides us with the isomorphism

xe Loy 2z o xpupe
lz lz Jz 2
Ve 2, ce Bu U —u[l] Vi
afterwhich we notice that
0 ve 2y o0 L yne — o0

is exact. Applying (i) to this together with the given isomorphism of triangles yields the exact
sequence ' ' '
H'(X*) - H'(Y*) — H'(Z°)

as desired. [ ]

Remark 4.16. See Theorem for a similar kind of statement, albeit with a very different
proof.

Corollary 4.17. Let A be an Abelian category, and suppose we have an exact sequence

0— s x* L yye 9,70

in C(A). Then @' := (0 gi> defines a quasi-isomorphism p: Cy — Z°.

Proof. We have a diagram

0 X 4, xe 0 0
o]
0 X f ye _9 ., e 0

where the rows are exact. Note, letting z: 0 — Z*® be the zero map, that ¢ is the map obtained
by first applying functoriality, giving C} — C7%, then realizing that C? = 0@ Z* = Z°. In
particular, we have a sequence of morphisms
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0 l.d idof CJ'c 0dg C; 0.

In particular, it is then clear that this sequence is exact. We know that C% is homotopy
equivalent to 0, and therefore that H*(C%;) = 0 for all ¢ € Z. Then Proposition gives us the

exact sequence ' '
0 — HI(C}) = HI(Z*) =0

where we used that C? = Z°. [ |

4.3 THE DERIVED CATEGORY
Definition 4.18. Let A be an Abelian category. Define the full subcategory of K(A) given by
N =Ny :={X* € K(A) | X is quasi-isomorphic to 0}.
Also define the system in C(.A) of morphisms
Qis = Qis 4 := {quasi-isomorphisms in C(A)}.
Proposition 4.19. N is a null system in K(A) and S(N') = Qis in K(A).

Proof. 1t is clear that A is closed under isomorphism and that 0 € A'. That N is closed under
shifting is also clear, since H(X[1]*) = H"}(X*®). Thus, we have (N0)-(N2). To see that (N3)
holds, consider a distinguished triangle

X*—=Y*—2Z*— X[1)*
with X® and Z® in NV. Then the exact sequence
0 — H(Y*) —0

in A implies that H'(Y®) = 0 for all i. Thus Y* is also in /. This proves that A is a null
system.

That Qis = S(N) follows from the fact that the functors H' are cohomological. In particular,
given a distinguished triangle X* — Y* — Z* — X[1]® where Z* € N, we get an exact sequence

0 — HY(X®) - H(Y*) =0

after shifting to the left. Thus the map X — Y is a quasi-isomorphism. Conversely, if we
have a quasi-isomorphism X*® — Y*, then applying the five lemma (Corollary [2.35)) we obtain
isomorphisms

H'(X*) —=— HY(Y*) —— H'(Z*) —— H'"T'(X*) —=— H"" (V")

i
H H : H H

Hl(X') _~ Hi(Y') 0 Hi+1(Xo) _~ Hi+1(yo)

thereby showing that H(Z*) = 0. Therefore, Qis 4 = S(N.4). [ ]

Remark 4.20. Tt follows that while Qis may not be a multiplicative system in C(A), it is a
multiplicative system in K(A).

Finally, we can write down the actual definition of the derived category.
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Definition 4.21. Let A be an Abelian category. The derived category D(A) of A is the Verdier
quotient K(A)/N 4.

Remark 4.22. By the above proposition, we see that D(A) = K(A)qis.

We should now convince ourselves that this is the correct category. To do this, we will show
that it is exactly the localization C(A)q;s. In order to do that, we will first take a diversion into
identifying a universal property of K(A). First, we define the cylinder of a chain complex.

Definition 4.23. Let A® € C(A) be a chain complex. The cylinder I(A)® is the chain complex
given by
dy idgitr 0
(A =AoAT oA, d=|0 —dyt 0
0 —idgin1 dy

Remark 4.24. As usual, one should explicitly check that d'*'od’ = 0, but this is “a computation.”

The reason this is called the cylinder is because it is analogous to cylinder objects in topology.
In particular, in topology, a homotopy between two continuous maps X — Y is the same as a
continuous map X x [0,1] — Y which restricts to the original maps on {0} and {1}. In other
words, maps X x [0,1] — Y are in canonical bijection with homotopy equivalent pairs of maps
X — Y with a specified homotopy. The cylinder above also has this property.

Proposition 4.25. Let X*® and Y® be chain complexes in an Abelian category A. Then we have
a bijection
HomC(A)(I(X.)7Y.> = {(fvgvn) ‘ fug € HOch(A)(X.,Y.), f ~h g via 1n: f = g}
giwen by (h: I(X)* — Y*) — (h1,hs, ha), where hj, j € {1,2,3}, refers to the maps in the
decomposition
W= (ki nh b))
In particular, hy and hs define maps of chain complexes X® — Y*°.

Proof. Write f' = hi, n**1 = h%, and ¢* = h}. The condition that h is a morphism of chain
complexes means that the diagram

- — I(X)? &, (X))l —— ..

hzl lhiqtl

yi d yitl L.

commutes. Writing out the two possible compositions explicitly, we have
diohi=do (fi it gi) _ (di oft dionitl g ng‘)
and
' ' di  idyxitn 0
hl—i-l odl = (fz-i—l ,,71-1—2 gz+1) 0 _dz)-(i-l 0
0 —idxi+1 d%
— (fi-‘,—l odi  fitl _pit2 o gitl _ gitl  gitlg di) .
Since these two are equal, we have that fitl od’ = d’ o f?, g1 o d’ = d’ 0 ¢*, and that
di o itl = pitl _pit2 o gitl | gkl o pitl il g il | pid2 o it

That is, we obtain two maps of chain complexes f,g: X* — Y*® and a homotopy n: f =g. R
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Lemma 4.26. Let X°® be a chain complex in an Abelian category A. Then the canonical in-
clusions iy,i3: X* — I(X)® of X* to the first and third components are homotopy equivalences

with inverse (id 0 id).

Proof. We prove this for i1, since the proof for i3 is similar. Let 7 = <id 0 id). Then it is
easily seen that 7oy =idxe. To see that ¢; o™ ~} idy(x)s, consider the map

00 0
n=|(0 0 —id
00 0
Then
A o o (d%"t ddxi 0 {00 0 00 0 [dy idys: 0
d Vo' 4y tlod = 0 —dyx 0 00 —id|+|0 0 —id|]| 0 —d" o0
0 —idy:i di') \0O 0 0 00 0 0 —idyitr di
0 0 —id 00 0 0 0 —id
=10 0 dy |+]|0 id —dsx|=1]0id 0 |=id—idjom
0 0 id 00 0 0 0 id
so n defines a homotopy id = i1 o 7. |

Remark 4.27. This lemma has an analogue in topology, which may be considered the motivation.
Let X be a topological space, and again consider the cylinder X x [0, 1]. This has a projection
X x[0,1] — X by simply forgetting the second variable, and there are two maps X — X x [0, 1]
given by z +— (z,0) and = — (x,1). It is then true that these maps provide two different
homotopy equivalences between X and X x [0, 1].

Theorem 4.28. Let A be an Abelian category, and let U: C(A) — K(A) be the obvious functor.
Then for any category € with a functor F': C(A) — £ such that F' sends homotopy equivalences
to isomorphisms, there exists a unique functor F': K(A) — & such that F = FoU.

Proof. We already know that this is true if we have F(f) = F(g) whenever f ~y g. Thus, it
suffices to show that any F sending homotopy equivalences to isomorphisms satisfies this. Let
f,g: X* — Y* be two homotopy equivalent maps. By Proposition this produces a unique
map h: I(X)®* — Y* (up to choice of homotopy). We then note that there is a commutative
diagram

o
S
I(X)* —" 5 vye

gF//;”

where m = (id 0 id) and i3 is the inclusion to the kth component. Lemma [4.26[ then tells us

that 7 is a homotopy equivalence, so F'(7) is an isomorphism. Furthermore, moi; = 7oz = id,
so we know that both F'(i1) and F'(i3) are inverses to F'(m). Therefore, F'(i1) = F(i3). Applying
F' to the above commutative diagram then yields

F(f) = F(h) o F(ir) = F(h) o F(i3) = F(g).

This completes the proof. |
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We name this a theorem because it now yields us our desired equivalence very easily.

Corollary 4.29. Let A be an Abelian category. Then there is a canonical isomorphism of
categories C(A)qis = D(A).

Proof. We show that D(A) satisfies the universal property of C(A)qis. Consider a functor
F: C(A) — & sending quasi-isomorphisms to isomorphisms. Note that homotopy equivalences
are necessarily quasi-isomorphisms by the functoriality of cohomology, and therefore F' factors
through a unique functor £ : K(C) — €. The functor F now sends quasi-isomorphisms to
isomorphisms, and therefore—since we know that D(A) = K(A)qis—Dby the universal property
of D(A), this factors uniquely through Fgss: D(A) — £. This provides the unique factorization
of F' through D(A). [ |

With this, we can be quite convinced that D(A), defined as the Verdier quotient K(A)/N 4,
is the correct object to be working with. Having satisfied that, we can move on to actually
studying the derived category. Here, our primary aim is to identify A as living inside D(.A) as
a full additive subcategory. To make life easier here, we will to backtrack a little and inspect
some natural functors defined on C(.A), namely the truncation functors. These will appear in
an abstract form later in our discussion of t-structures (see Section .

Definition 4.30. Let A be an Abelian category, and let X*® € C(A). For any n € Z, we define
the chain complexes

rsnxe .= ... —» Xn2  xnl o ker d'% — 0 — 0 —
7Z"X%= ... —- 0 — 0 — cokerdy! — X"! - X2

This data defines two additive functors 77, 72": C(A) — C(A).

Remark 4.31. In particular, for a morphism f: X® — Y*, we have that the truncations of f
have the same components as f itself when that statement makes sense, and is zero otherwise.
For 75", for example, we have (=" f)! = f? for i < n, (7="f)! = 0 for i > n, and that (7="f)"
is the canonical induced map ker d% — ker dy.. That this is an additive functor is clear.

We will now collect some propositions about these truncation functors.
Proposition 4.32. Consider a morphism of chain complexes f: X* — Y°®. Then we have
natural isomorphisms H’(TS”X') =H'(X*) fori <n, H(7S"X*) =0 for i > n, H(72"X*) =
H'(X*®) for i >n, and H' (72" X*) = 0 for i < n. Furthermore, the morphisms which T<"f and
72" f induce on cohomology satisfy

H(f) fori<n,
0 fori > n.

H(f) fori>n,
0 fori < n.

oo - |
oo |

Proof. We provide a proof for 7<", since the other one is dual. The first statement follows by the
observation that for i < n, (7S"X*)i = X' and, in particular, the differentials are unaffected.
Therefore, H (7" X*) = H'(X*®) in those cases. For i > n, the truncated complex is simply
zero, so there HY(7S"X*®) = 0. For i = n, we observe that since the differential dl<, y s exactly
d% (although factored through the inclusion ker d% < X™), we have the diagram
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H"(X*)

X1 — % imd* ! —— kerd® }
N
Hn(Tano)

We now prove the second statement. Note that it is trivial for ¢ < n. In particular, the
map H'(f) depends only on the images of dg;l and dg/_l, the kernels of d% and di,, and map
f%. When i < n, these parameters are unchanged after truncation since then (7="f)! = f¢ and
therefore H (<" f) = H'(f). On the other hand, the statement is trivial for i > n because then
every map involved is zero. Thus the only seemingly non-trivial case is n = ¢. However, here
we observe that when we construct the map on cohomology for 7<" f, we are actually using the
diagram

X" —— imdy ! —— kerd} —» H'(X*)

I e |

Yl imdy ! e kerdly ——» H(Y®)

where (77 f)" is exactly the same map induced on the kernels as in the comparable diagram for
f™. Since the diagram is the same, we see that H*(7="f) = H"(f). [ |

Proposition 4.33. Suppose we have two maps of chain complexes f,g: X®* — Y*® where f ~y g.
Then 7S f ~y 7S"g and 72" f ~y, 72"g. Thus the truncation functors induce unique functors
< 2 K(A) — K(A).

Proof. Since the truncation functors are additive, it suffices to show the result when f ~y 0.
Since the proofs are dual, we show the result only for 7.

Suppose f ~y 0. Then, by definition, we have a homotopy n: f = 0. Note then that taking
the components 7' for i < n, 0 for i > n, and the induced map kerd% — X™ — Y"1 for i =n
gives a homotopy o: 7="f = 0. In particular, from the fact that 1 is a homotopy, we have that
fr=n"*to dy + d@fl on™. Restricting to the kernel means that the left term is just the zero
map, and so we have an equality

(Tgnf)n =04+ dnfl oo" = O_n+1 odm _’_dnfl oo™,

This proves the proposition. |

Proposition 4.34. For all m,n € Z, there is a natural isomorphism 7™ o 72" 22 721 o 7™,

Furthermore, the cohomology functor H™ is the same as the functor which sends X*® to the nth
term in the complex TS"rT2"X*.

Proof. When m < n, both the double truncations simply produce the zero complex. When m >
n, the two operations do not touch any overlapping parts of the complex, so the result is clear.
Thus, what remains is m = n. Both 75"72"X*® and 72"75"X*® are complexes concentrated in
degree n. Furthermore, the nth terms are exactly ker(coker dy * — X™*1) and coker(X"~! —
ker d"), which we know from Section [2| are both exactly the cohomology of X* at n. The last
statement follows trivially from this also. |

Remark 4.35. We did not specify the categories we were working inside in the above proposition.
This is because it holds both for C(A) and K(.A), and the proof is the same in both cases.
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Proposition 4.36. For all n € Z, the functors H" : K(A) — A and 75", 72" : K(A) —
K(A) induce functors H" : D(A) — A and 7", 72" : D(A) — D(A). Furthermore, H" is
cohomological, and a morphism f: X* — Y* in D(A) is an isomorphism if and only if H'(f) is
an isomorphism for all i € Z.

Proof. Since H'(X®) = 0 for all X* € Ny, it immediately induces the given functor D(A) — A.
That this is cohomological is now automatic. Similarly, if a morphism f: X® — Y* in K(A) is a
quasi-isomorphism, then so are 7<" f and 72" f. Therefore, these induce functors D(A) — D(A).

To prove the final statement, let f: X* — Y® be a morphism in D(.A). Rewrite this as a roof
gs—!, with s: X'* — X* a quasi-isomorphism and g: X’®* — Y* a morphism in K(A). Then,
since f = Q(g) o Q(s)~! and hence H'(f) = H'(g) o H(s)~!, we have

Vi € Z,H'(f) is an iso. <= Vi € Z,H'(g) is an iso. <= g is a gis. <= f is an iso.
which completes the proof. |

So far, we have dealt with modifications of the category C(A). We have neglected mentioning
that there are various full subcategories of this which are of interest.

Definition 4.37. Let A be an Abelian category, and let n € Z. Define the full subcategories
C="(A):={X* € C(A) | X' =0fori>n}, C="(A):={X*€cC(A)| X =0fori<n}.
Furthermore, define from these the additional full subcategories
C (A)=JC="), CrA)=JCA), C(A)=C (AHNCT(A).
neL neL
Letting * be any of the above decorations, define K*(\A) in the obvious way. For x« € {—, +,b},
define D*(A) = K*(A)/(N4 NK*(A)).

Remark 4.38. Note that the last definition is actually fine. In particular, the whole theory we
have built for K(A) also works for K*(.A), at least when % € {—, +,b}. Notably, the latter is a
triangulated category. When we appropriately restrict the truncation functors to these, we end
up with functors 7=": D (A) — D’(A) and 72": D~ (A) — D"(A).

Remark 4.39. Observe also that if X® € C="(A), then the obvious map 7="X*® — X* is a quasi-
isomorphism. Dually, for Y* € C="(A), the obvious map Y* — 7="Y® is a quasi-isomorphism.

We now come to a key proposition which we need for the future. It gives us a simple
description of morphisms in the derived category in a specific restricted context.

Proposition 4.40. [KS06, Prop. 13.1.8] Let n € Z, let X* € K="(A), and let Y* € K="(A).
Then there is a natural isomorphism

Homp(4)(X*, Y*) = Hom 4 (H"(X*), H*(Y"")).

Proof sketch. Lift X® and Y* to C(A), and consider two morphisms f,g: X®* — Y* (i.e. not
up to homotopy). Note that any homotopy n: f = ¢ must consist of only the zero maps, and
therefore f = g. In other words, we have a natural isomorphism

HOmK(_A)(X., Y.) = HOmC(A)(X., Y.).
We then compute
Home((X*,Y*) 2 {f € Homu(X",Y") | fodit =0, df o f = 0}

=~ Hom 4(coker d'y ', ker di)
=~ Hom4(H"(X*),H"(Y*)).
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We now just have to know that in this particular case, Homp(4)(X®,Y*) = Homg4)(X®, Y*).
To prove this, we will use [KS06, Prop. 2.5.2]. In other words, we need Qis¥ "/ NK="(A)Y"/
to be cofinal to Qis*"/ when Y* € K2"(A) (which is the situation we are in). This is easily
seen using truncation and some general propositions in abstract nonsense allowing us to deduce
cofinality from the fact that, for any quasi-isomorphism Y* — Z° we very obviously have a
morphism
(Y* = Z°%) = (Y* — 12"2°).

The full argument can be found by chasing references in [KS06, Lemma 13.1.7]. From the
cofinality, we can compute

HOIIlD(A)(X.,Y.) = hﬂ HOH]K(A)(X.,Y/.)
(Ye—Y*)eQis¥*/
= %ﬂ HOII]K(A) (X., YI.)
(YoY'*)eQisY*/ nK=n(A)Y*/
= lim Hom 4(H" (X*), H"(Y"*))
v’

> Hom 4 (H" (X*), H"(Y*)).
where the first = is where we use cofinality. This completes the argument. (Il

Theorem 4.41. Let A be an Abelian category. Then the composition A — K(A) — D(A)
induces an equivalence between A and the full subcategory of D(A) spanned by those complezes

X* for which H"(X*®) =0 for all n # 0.

Proof. We show that the functor F': A — D(A) sending X to the complex concentrated in
degree 0 is fully faithful and essentially surjective. That it is fully faithful is a corollary of the
preceding Proposition In particular, we have that

Homp ) (F(X), F(Y)) = Homa(H(F(X)), H*(F(Y))) = Homa(X,Y).
To see that F' is essentially surjective, consider a complex X* such that Hi(X *) =0 for all i # 0.
Then we note that X® 22 7=0X® = 72070 x* >~ p(HO(X*)). [ |

Remark 4.42. A more complete statement would also identify the categories D*(A), * € {—, +, b},
with certain (obvious) full subcategories of D(.A). We will neglect actually proving this. The
full argument can be found in [KS06, Prop. 13.1.12], and it is really a result about comparing
localizations of (full) subcategories with localizations of an ambient category.

Finally, we will want a nice way to produce distinguished triangles in the derived category.

Theorem 4.43. Let A be an Abelian category. Suppose we have an exact sequence
0—x*-Ly 2o 0

in C(A). Then there is a distinguished triangle
X*—Y*—Z"— X[1]*

in D(A).

Proof. By Corollary we have a quasi-isomorphism C; — Z°*. This allows us to define a
map Z°* — X[1]* in D(A) and hence define a triangle

XY — 22— X[1)°

which must be distinguished since it is isomorphic to a distinguished triangle. |
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5 t-STRUCTURES

This section is dedicated to studying t-structures along with some basic properties and construc-
tions related to them. We mainly follow the exposition in [KS94], but also include content on
extensions and gluing which are not present there. It should also be noted that the proofs in the
aforementioned book are largely based on the ones in [BBDG18|. We begin with a motivating
example for the definition of a t-structure.

Let A be an Abelian category. We know that the derived category D(.A) of A has the
structure of a triangulated category. However, the triangulated structure on it does not carry
all the information arising from the chain complexes themselves. Indeed, there are a number of
nice features which do not follow just from the triangles in D(A). To see this, note that we have
two full subcategories

D(A)S = {A* e D(A) | Vi > 0, H(A*) =0}, D(A)2" = {A4A* e D(A) | Vi < 0, H(4®*) = 0}.
Letting D(A)=" := D(A)<[—n], D(A)Z" := D(A)=°[—n], we see that
D(A)S" = {A®* € D(A) | Vi > n, H(A®*) =0}, D(A)=" = {A* € D(A) | Vi < n, H(A®*) = 0}.

These subcategories verify a few relations. For example, let X* € D(A)=Y and Y* € D(A)=.
Then we note that, by Proposition after replacing X*® by 7<9X*® and Y* by 72'Y"® (see
Remark the point is that now we have X* =0 for i > 0, Y? =0 for i < 1), we have

Homp4)(X*,Y*) = Hom4(H’(X*),H’(Y"*)) = Hom 4(H°(X*),0) = 0.

That is, there are no maps from D(A)<? to D(A)=!.
Furthermore, for an arbitrary complex X*® € D(A), we have an exact sequence

0— 759X 5 X*—Y*—0

where Y* is the cokernel of 7<9X*® — X*. By Theorem this establishes a distinguished
triangle
X — XV — (750X )]

in D(A). Now observe that Y* is quasi-isomorphic to 72! X*®. Indeed, we have a morphism of
chain complexes 72! X® — Y given by

21y . ot —— 0 —— cokerd% X1
Ye: 0 lmeX Xl

where the epimorphism is described in Section This morphism is a quasi-isomorphism, so we
see that Y* = 721 X*® in D(C), and in particular that that we have an isomorphism of triangles

70X x* TZLX s (rSOX*)[1]
S |
70X X* y* (r=0X*)[1]

so that the triangle at the top is distinguished.
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5.1 t-STRUCTURES & TRUNCATION FUNCTORS

The above computation serves to motivate the following definition, which aims to generalize the
situation to triangulated categories:

Definition 5.1. Let D be a triangulated category. A t-structure on D is a pair (D=Y, D=0) of
strictly full subcategories of D, called the aisle and co-aisle, such that

(T1) if X € D= and Y € D=° then Homp(X,Y[-1]) =0,
(T2) D=°[1] € D=0 and D=°[-1] C D=°, and

(T3) if X € D, then there is a distinguished triangle X’ — X — X" — X'[1] where X’ € D=0
and X" € D=0[-1].

One writes D=" := D=<Y[—n], D=" := D=%[—n]. The heart of D with respect to (D=, D=0) is
DY :=D='ND>".

Remark 5.2. Note that using the introduced notation, we see that D<~! C D=0 and D=! C D=9,
Similarly, we see that whenever X € D=0 and Y € D!, the only map X — Y is the zero map
X—-0—-Y.

Remark 5.3. The requirement that the subcategories D=V and D= are replete (i.e. strictly full)
is, for many purposes, not entirely necessary. It is nonetheless extremely convenient.

Example 5.4. For any triangulated category D, there are two immediate trivial t-structures
one can put on it. In particular, one can set D=0 = 0 and DZ° = D, or conversely one can set
D=0 = D and DZ° = 0. Both of these are immediately verified to be t-structures.

Example 5.5. A more non-trivial and naturally occuring example of a t-structure is the one
we have provided at the start of this section. In particular, the computation there essentially
proves the following proposition:

Proposition 5.6. Let A be an Abelian category. Then the pair (D(A)<?, D(A)Z°) gives a
t-structure on D(A). This t-structure is called the standard t-structure on D(A).

Proof. That D(A)=Y D(A)=? are stable under isomorphism is obvious. We have already checked
conditions (T1) and (T3), so what remains is checking (T2). However, that D(A)<~! C D(A)<°
and D(A)=1 C D(A)=? is completely obvious. [ ]

The constructions X® — 7S"X°® X*® — 72" X* that we defined earlier are functorial: if we
have complexes X*,Y* € D(A) and a map f*: X®* — Y*, then it is easily seen that this induces
a map 7S"X® — 7S"Y* given by 7="f! = f? for i < n, 0 for i > n, and the induced map
ker d" — ker d” when i = n. The situation for 72" is similar. The point is, we see that we have
functors

7S D(A) = D(A)S", 727 D(A) — D(A)="

These functors are right (respectively, left) adjoints to the inclusions of D(A)<", D(A)Z" into
D(A). To see this, suppose we have X* € D(A) and Y* € D=<"(A). We have a distinguished
triangle

TSPX® — X —— LY (7SX)[1.

Since D(A) is a triangulated category, we know that Homp4)(Y®, —) is a cohomological functor,
so we have an exact sequence

Hom(Y*, (r="*'X*)[~1]) = Hom(Y*, 7="X*) — Hom(Y*, X*) — Hom(Y*, ="+ X*)
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where we know that
Homp 4 (Y*, (T2 X*)[-1]) =0 and Homp 4 (Y*, =X =0
so that we have the isomorphism
Homp4)(Y*, X*) = Homp4)(Y*,7"X*).

The result then follows from the Yoneda lemma. A similar computation can be done for 72"
These “truncation” functors appear more generally, and this is what we will prove now along
with some properties of these. First, we need a lemma.

Lemma 5.7. Let C be a category, let C' C C be a subcategory, and let F: C — C be a functor.
If F(C") C C', then F™TY(C") C F™(C") for alln > 0.

Proof. The case n = 0 is true by assumption. For generic n > 0, we have that
FrH(Cl) € FY(C) <= Y(F" 2L e’y e (), F(F"E 24 Fre’y e PR
e v B prory e prey, prete 20 prenigny ¢ pre
— v Ly ey e pre), PRy ZED prpenyy e PR
and the last condition holds by the case n = 0. ]

Lemma 5.8. Let D be a triangulated category with a t-structure (D=0, D=°). Then for all
integers m > n, D=—m C DS gnd D=™ C D27,

Proof. 1t suffices to consider m = n+ 1, from which the result follows by induction. By assump-
tion, we have that
D= =D=[1] ¢ D=0, D! =Dp=0[-1] C D",

Applying the above Lemma [5.7] then gives the desired result. |

Lemma 5.9. Let D be a triangulated category with a t-structure (DY, D=%). Then for any
n € Z, the pair (DS", D2") is again a t-structure.

Proof. To verify (T1), let X € D=" and Y € D=""!. Then
Homp(X,Y) = Homp(X[n|,Y[n]) =0 = Homp(X,Y) =0.

Axiom (T2) follows by the above Lemma Finally, we check (T3). Let X € D. Then, by
axiom (T3) for the pair (D=, D=°), we have X’ € D=0, X" € D=! such that

X' — X[n] — X" — X'[1]
is a distinguished triangle. By (TR2), we get a distinguished triangle
X'[-n] — X — X"[-n] — X'[-n+1]
and by definition X'[-n] € D", X"[-n] € D"+, [ |
Theorem 5.10. Let D be a triangulated category with a t-structure (D=, D=0),

(i) The inclusion t<n : D" — D (resp. >y : DZ° — D) has a right (resp. left) adjoint
TS D — DS (resp. 72" D — D3").

75



5.1 t-Structures & Truncation Functors 5 t-STRUCTURES

(i) For alln € Z and X € D, there exists a unique morphism d% : =" 1 X — (75" X)[1] such
that

mn

d
T=nX X X s (7S X)[1]

s a distinguished triangle. Furthermore, this data assembles into a natural transformation
dv: 72t 5 (1] o 757,

(iii) The unit n of the adjunction (=", 1="1) and the counit € of the adjunction (15", 7<™)
are given by the triangle

mn

pEnX X, x M ey B osn )

and hence any triangle of the form X' — X — X" — X'[1] with X' € D", X" ¢ D=n+!
s canonically isomorphic to the one above.

Proof. (i) By the properties of the shift functor, we may assume n = 0. We will show that 7=°
and 72! exist. Let Y € D. To show the existence of these adjoint functors, we will show that
the functors

F:Homp(t<o(—),Y): DY — Ab, G:Homp(Y,:1>1(—)): D' — Ab

are representable. By (T3) and (TR2), there exists Y’ € D=0, Y” € DZ! and a distinguished
triangle
Y'[-1] —-Y —Y —Y"

We show that Homp(X,Y) = Homp<o(X,Y”) for all X € D=C. By Proposition Homp (X, —)
is cohomological, and so from the above we get an exact sequence

Homyp (X, Y"[-1]) — Homp(X,Y’) — Homp(X,Y) — Homp(X,Y")
in Ab. Since X € D=0, by (T1) this reduces to
0 — Homp(X,Y’) — Homp(X,Y) — 0

from which we see that the map Homp<o(X,Y’) = Homp(X,Y’) — Homp(X,Y) induced by
the distinguished triangle is an isomorphism. In particular, we obtain a natural isomorphism
F = Hom(—,Y”). An identical but dual computation applied to the distinguished triangle

Y —Y — Y — Y'[1]

shows that G = Hom(Y", —). This establishes the existence of 7<% and 7=1. We then have by
standard abstract nonsense that 7", 72" exist and are given by

7St =[-n]or=00n], 72" =[1—-n]or=to[n—1].

(ii) When the map d% exists, it is unique by Lemma Lemma [5.9| implies that for each
X € D, we can choose X’ € D=", X" € D="*! such that

Xt X s XM XU
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is a distinguished triangle. In (i), the way we show existence of 7=", 72" actually shows that

75" X = X’ and 72"T1X = X”, and that the morphisms u, v are the canonical maps 7="X — X,
X — 7271 X We conclude that we automatically have the desired distinguished triangle

d’rL
TSN —— X —— X s (75X)[1].

The only thing which remains is to show that the d% assemble into a natural transformation
72+l 5 [1] o 7=". Suppose we have a map f: X — Y. Then, by (TR3) we obtain a map
¢: 72X — 727y making the diagram

dn
TSX —— X —— 72X — (75 X)[1]

e

mn

d
sny Y =Yy —— (75Y)[1]

commute. The definition of adjointness immediately gives that the commutativity of the middle
square, in particular the uniqueness of a map of the type of ¢ (see Proposition , implies
that ¢ = 72" F1f.

(iii) This follows immediately from the construction in (i). [ |

Definition 5.11. Let D be a triangulated category with a t-structure (D=", D=°). The functors
TS0 D — DS 127 D — D" are called the truncation functors.

The uniqueness in Theorem [5.10|is quite useful, and allows us to deduce some more properties
of the truncation functors.

Corollary 5.12. Let D be a triangulated category with a t-structure (D=", D=0).
(i) If X € D" (resp. Y € D="), then 7="X — X (resp. Y — 72"Y ) is an isomorphism.
(i) If X € D, then X € D" (resp. X € D=") if and only if ="' X =0 (resp. <"1 X =0).

<n

Proof. (i) This is a consequence of the fact that 72", 7=" are adjoints of inclusions of full

subcategories (see, for example, Lemma, [3.77)).
(ii) We have a distinguished triangle

TSN —— X —— r2"X —— (75 X)[1].

If X € D", then (i) gives that the map 75" X — X is an isomorphism, and we have morphisms

pEny 4, psny 0 (= X)[1]
| i I
rsnx X 2l s (7S X)[1]

which implies the dashed arrow is an isomorphism by Proposition Conversely, if 721X =
0 then we have a distinguished triangle

snX X 0 (r="X)[1]

which by Lemma gives that 7" X =5 X. Since t-structures are closed under isomorphism,
this implies X € D=". The remaining things follow by a dual proof. |
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In the definition of a t-structure, we specify two full subcategories. This is actually not
necessary: it suffices to know just D= (or D="). We can obtain this as a corollary of the
preceding corollary.

Lemma 5.13. Let D be a triangulated category with a t-structure (D=Y, D2°). Then 0 € D"
and 0 € D" for allm € Z. In particular, 0 € D°.

Proof. Since 7=" is a right adjoint, it preserves limits. Therefore, 7<"0 is initial, hence by

Proposition it is terminal and therefore 7="0 = 0. Similarly, 72" is a left adjoint, so it

preserves colimits. Therefore 7200 is terminal, and so by Proposition it is initial, hence
>n

T="0 = 0. |

Corollary 5.14. Let D be a triangulated category with a t-structure (D=9, DZ°). Then
(i) Y € D2 if and only if for all X € D=, Homp(X,Y) =0, and
(ii) X € D=V if and only if for all Y € DZ!, Homp(X,Y) = 0.

Proof. We prove (i), since (ii) follows by a dual proof. When Y € D=! Hom(X,Y) = 0 by
definition of a t-structure. Conversely, suppose Homp(X,Y) = 0 for all X € D=0, Then

0= HOI’II(X, 0) = HOIH(X, Y) o~ HOI’II(X, TSOY)
so 7S0Y = 0. Therefore, Y € D21, n

Remark 5.15. Let D be an arbitrary triangulated category, and let C C D be a full subcategory.
We can think of Homp(—, —) as being analogous to an inner product in linear algebra. This
heuristic allows us to denote by C* and +C the full subcategories defined by

Ct={Y eD|VX eC,Hom(X,Y) =0}, *C={XeD|VY eC, Hom(X,Y) = 0}.

Observe then that if (D=, D=Y) is a t-structure, the above corollary states that (D<0)+ = D!
and J'(Dzl) = D=0 That is, these are “orthogonal complements” of each other.

Corollary 5.16. Let D be a triangulated category with a t-structure (D=0, D=Y). Then the full
subcategories D" and D= are closed under direct summands. That is, if X ® X' € D=0 (resp.
X o X' €D20), then X, X' € D=0 (resp. X,X' € DZ0).

Proof. We show only one assertion, since the other is dual. Let Y € D21, If X @ X’ € D=0, we
have

0 =Hom(X & X",Y) = Hom(X,Y) x Hom(X’,Y) = Hom(X,Y) = Hom(X",Y) =0
and therefore X, X' € +(D21) = D=0, [ ]

The above Corollary [5.16] allows us to prove a neat lemma from which we can obtain yet
another consequence of Corollary

Lemma 5.17. Let D be a triangulated category with a t-structure (D=0, D=%), and let X € D.
If Hom(X,72'X) = 0, then X € D=0. Similarly, if Hom(7<71X, X) = 0 then X € D20,

Proof. We prove the first assertion, since the other is dual. We have the distinguished triangle

TS0X —— X 2 21X —— (r50X)[1]
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which in particular implies we have an isomorphism of triangles

(r21X)[-1] ——— 7=0Xx X % r2lx

| L |

|
X)) —— (P e X —— X 0o 71X

so that X is a direct summand of 7=9X. By Corollary D=0 is closed under direct summands,
so X € D=V, |

The corollary we want from this is as follows:

Corollary 5.18. Let D be a triangulated category with a t-structure (D=°, D=°). If in a distin-
guished triangle
X — X — X" — X'[1]

we have X', X" € D=V (resp. X', X" € D=°) then X € D=0 (resp. X € D=°).

Proof. We prove this for the case X', X" € D=°. The other case follows by a dual argument.
Since X/, X" € D=0, we have that Hom(X’,72'X) = Hom(X"”,72'X) = 0 by (T1) and the
definition of 721X . Since Hom(—, 72! X) is cohomological, we have the exact sequence

0 = Hom(X"”,72'X) — Hom(X, 7='X) — Hom(X’,72'X) =0

and so Hom(X,72!X) = 0. This implies that X € D= by Lemma [ |

5.2 THE HEART 1S ABELIAN

We return to the example case of the derived category D(A) of an Abelian category. We have
a functor A — D(A) given by the composition

A— K(A) — D(A),

i.e. by sending A € A to the complex concentrated in degree zero. Now consider the standard
t-structure (D(A)=, D(A)Z°%) on D(A). The heart D(A)" of this t-structure consists of the
full subcategory spanned by complexes concentrated in degree zero. By Theorem [£.41], we then
know that the above functor induces an equivalence between D(A)Y and A. In particular, the
heart is an Abelian category. Remarkably, this is always the case in any triangulated category
with a t-structure.

Proposition 5.19. Let D be a triangulated category with a t-structure (D= DZ°). Then the
heart DY is a full additive subcategory of D.

Proof. By Lemma 0 € D¥. To show that DV has direct sums, we use the orthogonality
condition from Corollary In particular, let Z € D=1, Then

Hom(Z, X @Y) = Hom(Z,X)® Hom(Z,Y) =0
since X,Y € D20, This shows that X @Y € D20, Similarly, let W € D=!. Then
Hom(X &Y, W) =Z Hom(X, W) & Hom(Y,W) =0

since X,Y € D=0, This shows that X &Y € D=0, Therefore, X € D".
Since DY is a full subcategory of an additive category, it is pre-additive. Since it admits a
zero object and finite direct sums, it is additive. |

79



5.2 The Heart is Abelian 5 t-STRUCTURES

Theorem 5.20. Let D be a triangulated category with a t-structure (D=0, DZ9). Then DY is
an Abelian category. Furthermore, if f: X =Y is a morphism in DY and X =Y — Z — X[1]
is a distinguished triangle extending this, then 7297 = coker f and 7=°(Z[-1]) = ker f in D

Proof. By Proposition m DY is additive. Hence, what remains is to construct the kernel and
cokernel, and to show that the image is the coimage.
Let f: X — Y be a morphism in D¥. Then we have a distinguished triangle

x Ly -z x)

and shifting this to the left shows that Z € D0 N D=~1. Intuitively, Z lives in degrees —1 and
0, and the idea is that we will try to show that the two parts it contains are precisely the kernel
and cokernel. For all W € DY, we have exact sequences

Hom(X[1], W) —— Hom(Z, W) —— Hom(Y, W) —— Hom(X, W),

Hom(W,Y[-1]) —— Hom(W, Z[-1]) —— Hom(W, X) —— Hom(W,Y).

Since W € DY, we see that Hom(W,Y[~1]) = 0 and Hom(X[1], W) = 0. Furthermore, we have
natural isomorphisms

Hom(Z, W) = Hom(7=°Z, W) and Hom(W, Z[-1]) = Hom(W, 7=°(Z[-1])).
Thus, in totality, we have the exact sequences

0 ——— Hom(72°Z, W) ——— Hom(Y, W) —— Hom(X, W),

0 —— Hom(W,7=°%(Z[-1])) —— Hom(W, X) —— Hom(W,Y).

By the Yoneda lemma, this implies that 72°Z = coker f and 7=°(Z[~1]) = ker f.

We have thus established that D is additive and admits kernels and cokernels. It remains
to check that the image is the coimage. Place the map Y — 72°Z = coker f into a distinguished
triangle

Y — 722 — F —Y[l]

and shift to the right to obtain the distinguished triangle
E[-1] —Y — =2 — E.

Note that by shifting the first triangle, we see that E € D= N D21, Since E “contains” both
the kernel and cokernel of the map Y — 7297, we will write I = E[—1] (where we see that
I € DSIND=Y) so that 707 is the image of f. We now consider the three distinguished triangles

Y — Z @ — X[1] —  Y[1]
Y — =227 — I71] —  Y[1]
z — 2 — (=121 — Z[1]

and apply (TR4) to obtain the commutative diagram
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/

X[1]
>

SN
Z 1]

~
/ 207 \\\
/ \ N

Y (="2)[1]

Y
from which, after shifting, we extract a distinguished triangle
(r=12)[-1] — X — T — 75712
By shifting to the left, we see that I € D=V, so I € D¥. We have that
[—1]or="t=[-1]o[1] o700 (1] = (=712)[-1] = 7=%(Z[-1]) = ker f,
so we really have a distinguished triangle
ker f — X — [ — =712

which shows that I = 72T = coim f (where the first equality is from I € D<°ND=Y). Similarly,
the shift
Y — coker f — I[1] — Y[1]

of the distinguished triangle that we started with shows that im f = 7=°7 = I. Thus, coim f =
im f, and we have shown that D% is an Abelian category. |
5.3 CoHOMOLOGY FUNCTORS & MORE ON TRUNCATION

Recall again that D(A)Y = A with the standard t-structure. This implies that for all n, the
cohomology functor H": D(A) — A can be made into a functor D(A) — D(A)Y. Furthermore,

note that it is easily seen that the cohomology functor is given by 7<"72" (which is also clearly

equivalent to 772" in this situation). We can replicate this in the generality of t-structures.

Definition 5.21. Let D be a triangulated category with a t-structure (D=, D=Y). The zeroth
cohomology functor with respect to this t-structure is

H>: D - DY, HY:=720070
More generally, for any n € Z we define the nth cohomology functor
H":D - DY, H":=H0[n]
Remark 5.22. Note that since
7206 rSn [ _p) o 720 <0 >0 <0

oT= or="o[n]o[-n]oT="0o[n] =[-n]oT=" o 7=" 0 [n]

we have
H" = 72%0 7=V [n] = [n] o ([-n] 0 72° 0 =00 [n]) = [n] 0 72" 0 757,
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Before we say anything about these cohomology functors, we should check that the truncation
functors interact well with each other. In particular, above we chose to write H® = 720 0 7=0,
but we could’ve chosen the opposite composition too. This would still have given a well-defined
functor to the heart. We really want these two to agree.

Proposition 5.23. Let D be a triangulated category with a t-structure (D=, D=9). Then

(i) if m < n, we have natural isomorphisms

< < < < < > > > > >
TN oM E SN o S 2 2 gnd 7 oM E =M o = X 2T

(ii) if m > n, then 7= o 7<" = 75" 0 72 = (), and

(iii) for all m,n € Z, 7" o 2™ = 72M o 7SN and for each X € D there is a unique map
TEMFSNY s pSNeZm X euch that

TsnX X r=mX
TEMESn X rSnpzmx

commutes which is furthermore an isomorphism.

Proof. (i) Let X € D. Since 7=™X € D=™, we have that the canonical map 7<"7<mX — 75mX
is an isomorphism by Corollary which implies we have an equivalence <" o7<™ = 7™ To
see that 75 o 75" = 75 take Y € DS™ C D=" and note that we have natural isomorphisms

Hom(Y, 75™7="X) = Hom(Y, 75" X) = Hom(Y, X) = Hom(Y, 7= X)
so Hom(—,75m75"X) = Hom(—,75™X). This gives the equivalence 7™ o 7<" = 7™, The
statements for 7=* follow similarly from a dual argument.
(i) Let X € D. Then 72™X € D=™, so Corollary together with part (i) says that
TSrZmX = ( since n < m. Similarly, 7" X € D", so 72" 7S X = 0.

(iii) By part (ii), we may assume that m < n. By Theorem [5.10(ii), we have the two
distinguished triangles

F<no>my Fzmy s rzntlo>mx N (TS”szX)[l]

gSmolesnX s pSNX 5 p2MSRY o (rSMlrEn X1
which, using part (i) and (TR2) we can rewrite as

(rZ"1X)[-1] — ="2"X ——4—— 2™ ————— 2°HlY

TENX 5 pEmeSny L (7SmelX) 1] —— (7SR X)[1]

and Corollary then tells us that 7S"72m X, 727" X € DS"ND2™. We then have natural
isomorphisms

HOHI(TZmTSnX, TS"TZmX) o~ HOIH(TZmTSnX, TZmX) o~ Hom(TS"X7 TZmX),
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which allows us to produce a unique map 727" X — 7772 X from the composition 7="X —
X — 72™ X, which by the nature of the above canonical isomorphisms implies exactly that the
desired diagram commutes.

Let ¢: 72"7S"X — 75"72™ X be the morphism constructed above. We now wish to show
that it is an isomorphism. First, we use the octahedral axiom (TR4) on the distinguished
triangles

Fsmolxy Sy pZmgpsny (T<m LX)[1]
el — X — X — (rLX)[1]
<X — X — 2l s (rSRX))[1]

/

F>m <nX
/ 7
\ / g

X .

<m 1X \ >n+1X

AN
N
N
pY

to obtain a commutative diagram

7—_

from which we get the distinguished triangle

pzmpsny S emy 9wty L (22mosnx)f),

However, since 727" X € DS"NDZ™ and 72"t X € D2"*! and the fact that a representation
of this type is unique (which we see from the proof of Theorem essentially by the uniqueness
of adjoints), we get that 727" X = 7Snr2m X, [ |

As a result of the above proposition, we have natural isomorphisms

HO = 720 6 750 o 50 5 20

so it doesn’t matter which order we truncate.

Corollary 5.24. Let D be a triangulated category with a t-structure (D=, D=%). Then for any
map f: X — Y in the heart D which extends to a distinguished triangle X — Y — Z — X[1],
we have that

ker f =H (Z) and coker f =H°(Z).

Proof. This is an immediate consequence of Theorem together with Proposition |

Remark 5.25. In the notation of Remark [3.3] ., we see that ker f = H™1(C;) = HY(K;) and
coker f = H(Cy) 2 H' (Ky).

We can use the cohomology functors to detect, in some cases, when an object is in DY or
D=0,

Proposition 5.26. Let D be a triangulated category with a t-structure (D=Y, D=°). Let X € D,
and suppose that there exists some n € Z such that X € D=" (resp. X € DZ"). Then X € D=0
(resp. X € D=0) if and only if H'(X) = 0 for all i > 0 (resp. i <0).
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Proof. We consider the case X € D<", since the other one follows by a dual proof. The map
7S"X — X is an isomorphism since X € D", If X € D=0, then it is clear that H(X) = 0
for all ¢ > 0 by Corollary Conversely, if X € D" and n < 0, then we already know
X € D" C D=0 50 all statements in the proposition are verified. In the other case, i.e.
n > 0, we see that if H(X) = 0 for all 4 > 0, then in particular H*(X) = 0. We then have a
distinguished triangle

rSnolpsny s oSnyx  y p2ZneSny (TgnflTS”X)[l]
which we compute as
TSPl X — HY(X)[—n] — (751 X)[1]
from which we obtain the distinguished triangle
TSI s X 0 — (TSIXO)[1.
By Lemma the map 7<""1X — X is an isomorphism, and therefore X € D<"~1. Contin-
uing by induction shows that X € D=0, |
Corollary 5.27. Let D be a triangulated category with a t-structure (D=, D=°). Then if

00— X —=Y —2—0
is a short exact sequence in DY, there is a unique map Z — X[1] such that
X —Y — 77— X[1]
s a distinguished triangle.

Proof. We begin by extending the first map into a distinguished triangle
X —Y —27Z — X|[1].

This triangle tells us that Z' € DS0ND2~1. By the first isomorphism theorem (Theorem ,
exactness says that H1(Z') = ker(X — Y) = im(0 — X) = 0, and H(Z') = coker(X —
Y) = Z. We therefore know that H(Z’) = 0 for all i < 0, so Z' € DZ°, which implies that
7' € DY. Thus Z' = H*(Z') = Z. We therefore obtain the desired map Z — X[1] from the map
Z" — X|[1]. Uniqueness follows from Lemma [ |

5.4 EXTENSIONS IN THE HEART

In an Abelian category A with enough injectives, it is possible to define the Ext-groups Extf4(A, B)
for any A, B € A using standard homological methods (i.e. by taking an injective resolution of
B). In the situation of a triangulated category D with a t-structure, we do not know that the
heart DY is nice enough to have enough injectives. In such a circumstance, it is still possible to
define Ext-groups without utilizing injective (or projective) resolutions, as was done by Yoneda
in [Yon60]. A more modern reference would be [MLan95].

We will take various facts about these Yoneda Ext-groups as known to the reader in the
following exposition. In particular, we will make the definition

Definition 5.28. Let A be an Abelian category, and let A, B in A. We let Ext(A, B) be the
Abelian group whoose elements are extensions

0—B—F—A—0
up to Yoneda equivalence (congruence in [MLan95]) and whose addition is given by the Baer

sum, i.e. E+E& = (Vp)(Aa)* (EdE) for £,&" € Ext(A, B).
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Facts about Ext (e.g. functoriality, the fact that it is well-defined at all, facts about the Baer
sum, and so forth) are assumed as prerequisites. We now provide a characterization of Ext when
A=D".

Remark 5.29. One should note that Ext(A, B) need not be a small set.

Theorem 5.30. Let D be a triangulated category with a t-structure (D=, D=°). Let X,Y € DY.
Then Hom(X,Y[1]) = Ext(X,Y). In particular, we have a natural isomorphism

Hompo (—, (—)[1]) = Ext(—, —).

Proof. We construct a map Hom(X,Y[1]) — Ext(X,Y) as follows: consider a morphism f :
X — Y[1]. Then by (TR1) we can complete this to a distinguished triangle

X —Y[l] — Z — X[1]

which, after shifting using (TR2), becomes

y s p-Lt.Xx Y]

where E := Z[—1]. This is our prospective element of Ext(X,Y’). In particular, we must show
that the sequence

0 y 4 F -2, X 0
is exact. To prove this, we will first unravel the distinguished triangle to

f

x5y g,y Y.

Let W € DY. Since Hom (W, —) is cohomological, we obtain an exact sequence
0 —— Hom(W,Y) —°= Hom(W, E) —2>= Hom(X, W).

From this, we get that composition with ¢ on the left is injective so that i is a monomorphism,
which implies exactness at Y. Furthermore, since ¢ is a monomorphism, we have that im¢ =Y.
Therefore, to check exactness at E we need to check that ker p = Y. This follows from the above
exact sequence, in particular exactness at Hom(W, E'): suppose we have some map g: W — E
such that pog = 0. Then g € ker(po) and therefore exactness tells us that there is some
h: W — Y such that g = ¢ o h. Furthermore, injectivity of left composition with ¢ implies that
this choice is unique, and therefore Y satisfies the universal property of the kernel.

To check exactness at X, we consider the cohomological functor Hom(—, W). From this, we
get the exact sequence

0 —— Hom(X, W) —~ Hom(E, W) —> Hom(Y, W).

Hence right composition with p is injective, so p is an epimorphism. We note that imp = X if
and only if cokeri¢ = X. In particular,

im p = coker(kerp — E) = coker(imi — E) = cokeri.

So we need to show that cokeri = X. However, this follows from the exactness of the above
diagram: suppose we have a map g: E — W such that goi = 0, i.e. g € ker(oi). Then exactness
says that we have some h: X — W such that ¢ = h o p, and the choice is unique since p is an
epimorphism. Therefore, X is the cokernel of i, so we have exactness at X.
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Thus, from the morphism f: X — Y[l], we have constructed an exact sequence. This
prospectively defines a map of sets Hom (X, Y[1]) — Ext(X,Y), with the caveat that we have
to check that it is well-defined (i.e. independent of the choice of cone), but this follows trivially
using Proposition We must now check that this is natural, bijective, and compatible with
the group structures involved. We start by showing that it is natural.

Fix Y € D, and consider the functors Hom(—, Y[1]) and Ext(—,Y). Let p(—): Hom(—, Y[1]) —
Ext(—,Y) denote the map defined above. We must show that, for any morphism a: X — X',
the diagram

Hom(X,Y[1]) —*— Ext(X,Y)

Q*T TQ*

Hom(X',Y[1]) 2% Ext(X',Y)

commutes. Let f € Hom(X’, Y[1]). Then the extensions px/(f), a*px/(f), and px(a*f) are the
top, middle, and bottom row of the following commutative diagram:

0 Y Ky X' 0

T §

0—— Y — K;xx X X 0 ()
| |
0 Y K fon X 0

We then see that if we can produce a map K., — Ky which we can apply the universal
property of Ky xx X to, we will produce a map filling in the arrow indicated by “?” in the
above diagram. Then we will see that px(a*f) = a*px/(f). Actually, we also need to check
that the bottom left square commutes, but from the way we construct the map Ko — Ky
this will follow by comparing components. We will construct the desired map using (TR4). In
particular, by applying it to «, f, and f o «, i.e. the triangles

X 5 X — K] — X[
X % v — K] — X[
x Loy — K — X[

we obtain the diagram

X 2 X Ko[l] — X[1]

| | |

x Ly K foall] —— X[1]

o H po [

x —L— (i) K (1] —— X'[1]

| | | |
Ko[1] ----- > Kfoa[l] ------3 y Kp[1] - » Kal2]

and in particular, after shifting, we have that the map v: Kt — Ky sits in the diagram
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Y — Kfoo — X

| Ja

Y K; X’

from which we obtain the desired map Kjf., — Ky xXxs X. That the bottom left square
in (B) commutes now follows from comparing components (i.e. using the uniqueness in the
universal property of the fiber product). This proves that we have a natural transformation
Hom(—,Y[1]) — Ext(—,Y).

We use a similar argument to obtain the naturality of n_): Hom(X, (—)[1]) — Ext(X,—)
for a fixed X. In particular, consider a map 5: Y — Y’. We must show that the diagram

Hom(X,Y[1]) —2— Ext(X,Y)
et et
Hom (X, Y'[1]) - Ext(X,Y”)

commutes. Like before, the extensions ny (f), (B[1])«ny (f), and ny (5. f) sit as the first, second,
and third row in the commutative diagram

0 Y K; X 0

L

0 Y’ Kily Y —— X —— 0
| |
0 Y’ Kppijo X 0

We now apply (TR4) to f and f[1], that is the triangles
x Lovy — Kk o—
x oy Kl — X[
sy
Y[1] Y[ —  Kgyll] —

to obtain the commutative diagram

X —L v ——— K1) —— X[
[

T
X ULy Kyt —— X[

Jf ’ o] me

v —2 v K1) —— Y[
1] s Kappogll] s Kapy[1] > K;[2)

where the two top rows allow us to provide the desired map Ky — Kpg[jjoy. This shows that
ny((B[1])«f) = (B[1])«ny (f). Thus we see that we have a natural transformation Hom(X, (—)[1]) —
Ext(X, —). This completes the proof that the map Hom (X, Y[1]) — Ext(X,Y) is natural.
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For any X,Y, denote the map Hom(X,Y[1]) — Ext(X,Y) by ps, or just p when X and Y
are obvious. We will now show that this is a group homomorphism. Let f,¢g € Hom(X, Y[1]).
The addition in DV allows us to write f + g as the composition

X 2 xaox % yplevn 25 v

or, more concisely, f +g = Vy o (f®g)oAx = (Vy)«(Ax)*(f & g). We now note that the
addition for £, € Ext(X,Y) is defined by £+ &' = (Vy )« (Ax)*(E ®E’). Therefore, supposing
we know that p(f @ g) = p(f) ® p(g), we can calculate

p(f)+p(g) = (Vy)«(Ax)"(p(f) ® p(g))
= (Vy)«(Ax)"p(f @ 9)
= p((Vy)«(Ax)"(f @ g)) = p(f +9)

using naturality. Thus it suffices to show that p(f @ g) = p(f) ® p(g). However, this follows
by applying Proposition (TR3), and Proposition to see that the dashed arrow in the
commutative diagram

Y &Y — Kpgy —— X & X 125 y[1] @ Y[1)

|

1

|
v

YaY — K8 K, — X& X 125 y[1]a Y[l

is an isomorphism. Therefore p{/( is a group homomorphism for all X,Y.
It remains to show that pi is bijective. Let f € Hom(X,Y[1]) and suppose that p(f) = 0,
i.e. that the extension

0 Y Ky X 0

is split. We then have an isomorphism ¢: Ky =Y @ X which sits in the diagram

f

K; X Y1

Y
T R

Y —YaX — X —%5 v

where the map v exists by (TR3) and is an isomorphism by Proposition We then have
that ¥ o f = 0, so f = 0 since 9 is an isomorphism (hence a monomorphism). Therefore, p is
injective.

To see that p is surjective, suppose we have an extension £ € Ext(X,Y") given by

0 Y E X 0.

Then Corollary tells us that there is a unique map h: X — Y[1] such that

Y E X sy

is a distinguished triangle. We now see that p(h) = £, so that p is surjective. |
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Corollary 5.31. Let X,Y € DV. Then every extension
0 —Y —F—X—0
splits if and only if Hom(X,Y[1]) = 0.
Proof. Every extension splits precisely when Hom(X, Y[1]) = Ext(X,Y) = 0. |

Using Theorem we can obtain a version of the long exact sequence for Ext. In particular,
one can make the definition

Definition 5.32. Let D be a triangulated category with a t-structure (D=", D=Y). For all pairs
of objects X,Y € DV, we set

Ext!(X,Y) := Hom(X, Y[i]).

Trivially, Ext’ = Hom, and Theorem says exactly that Ext! = Ext, so Corollary
together with Proposition immediately gives that from a short exact sequence

0—X—Y —272—0

we obtain a long exact sequence

0 —— Hom(E, X) —— Hom(E,Y) —— Hom(FE, Z)

L Ext(E, X) —— Ext(E,Y) —— Ext(E, 2) j

L Ext?(E,X) —— Ext*(E,Y) —— Ext*(E, 2Z) j

s

which, at least for the first two rows, agrees with the one from standard homological algebra.
Yoneda, in [Yon60], defines not only a version of Ext! independent of having enough injectives,
but also a version of Ext’ in general which does not depend on injectives. It is possible to
show that these agree with “ordinary” Ext-groups (this is done for modules in, for example,
[Yonb54], and more generally for ezact categories in [FS10, Thm. 6.42, Thm. 6.43, Remark 6.44])
when the Abelian category is nice enough to define them. However, it is not true that the
Ext-groups defined above (using Hom in DY) agrees with all the Yoneda Ext-groups. What is
true is that Ext’(X,Y) is given by Homppoy (X, Y[i]). In other words, the failure will arise

from the difference between D itself and the derived category D(DO). There are various ways
of studying how these two categories relate to each other, and one example for the interested
reader is through realisation functors; see [PV17] for one possible survey. Here, essentially one
further endows the objects of a triangulated category with “filtrations” and uses this additional
information to do the comparison.

In any case, we see that in a triangulated category D with a t-structure, the Ext-groups
Ext!(X,Y) in the heart DY are genuinely given by Hom(X,Y[i]) at least for i = 0,1, so this
structure is determined in a sense by the ambient triangulated category.
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5.5 COHOMOLOGY IS COHOMOLOGICAL

We have seen that any short exact sequence in the heart gives rise to a unique distinguished tri-
angle in the ambient category. Similarly, any distinguished triangle contained in the heart gives
rise to a short exact sequence. However, if we weaken this and allow an arbitrary distinguished
triangle in the ambient triangulated category, it is not true: not every distinguished triangle
in a triangulated category with a t-structure gives rise to a short exact sequence in the heart.
However, we have a partial converse which illustrates that the cohomology functors H" defined
earlier behave precisely how we wish them to. In particular, by applying cohomology, we obtain
a long exact sequence from any distinguished triangle.

Theorem 5.33. Let D be a triangulated category with a t-structure (D=<°,D=°). Then the
cohomology functors H*: D — DY are cohomological.

Proof. Due to how H" is defined, it suffices to show that HY is cohomological. The proof proceeds
in three steps. First, we will show the result when in a distinguished triangle

X —Y —7— X[1]

we know that X, Y, Z € D= (or, dually, X,Y, Z € D=°). The second step is to make two out of
X, Y and Z arbitrary, and the final step is to have a completely arbitrary distinguished triangle.
Suppose we have a distinguished triangle as above, and suppose X,Y, Z € D=, We need to
show that
H(X) — H(Y) — H°(Z) — 0

is exact in DV. Let W € DY. Applying Hom(—, W), we have canonical isomorphisms
Hom(H%(Z), W) = Hom(7=%7=9Z, W) = Hom(r=Z, W) = Hom(Z, W)

and similarly for X and Y, while Hom(X[1], W) = 0 (since X[1] € D<~! and W € D~9). From
this, we deduce that we have an exact sequence

0 — Hom(Z, W) — Hom(Y, W) — Hom(X, W)
which from the prior computation gives the exact sequence
0 — Hom(H°(Z), W) — Hom(H(Y), W) — Hom(H’(X), W).
A dual proof shows that when X,Y,Z € D=9, we have the exact sequence
0 — H'(X) — H(Y) — H(2).

Now suppose that X,Y are arbitrary, while Z € DZ°. We again show that the above diagram
is exact. Let W € D=~!. Then

Hom(W,Z) =0 and Hom(W,Z[-1])=0

so the long exact sequence we get after applying Hom gives a natural isomorphism Hom (W, X) =
Hom(W,Y'). We then have isomorphisms

Hom (W, 7571X) = Hom(W, X) = Hom(W,Y) 2 Hom(W, 7571Y)

so we have an isomorphism 771X = 771V, In order to reduce to the case in the first step,
we want to obtain a distinguished triangle of the form

X — %Y — Z — (r70X)[1].
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To do this, we use (TR4). In particular, we use that distinguished triangles are closed under
isomorphism, so we have the distinguished triangles

~1lx - X — 720x (Tg_lX)[l]
<X — v — 2% — (r="1X)[1]

X — Y — Z — X[1]
and get the diagram
rslx X 720X —— (r=71X)[1]
=X Y 72— (r=71X)[1]
X Y Z X[1]
(r=0X)[1]

where the dashed arrows give the desired distinguished triangle. Since 72°X,720Y € D20, we
have natural isomorphisms H°(X) = H(720X) and H(Y) = H°(72%Y). Therefore, applying
HY gives the desired exact sequence

0 — H'(X) — H(Y) — H(2).

An essentially identical computation shows that if Y and Z are arbitrary while X € D=0, we
get the exact sequence
H°(X) — H(Y) — H°(Z) — 0.

Finally, consider the case when X, Y, and Z are totally arbitrary. We apply (TR4) to the
composition
X — X — Y,

that is, to the distinguished triangles

~x - X — r2lx — (TSOX)[I]
=X - Y — C — (TS0 X)[1]
X — Y — Z — X[1]

where C' is a cone of the given composition. Applying (TR4) then gives the diagram

/

D¢
/ N
X C
/ TS TN
Y |
rS0x A
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which contains two distinguished triangles of interest, namely

=X — Y — C — ((=X)[1]
=X — ¢ — Z — (X))

Using the previously established results, the first triangle above gives that we have the exact
sequence
H(X) — H°(Y) — H°(C) — 0

and, after shifting the second triangle by one, we have the exact sequence
0 — H(C) — H°(Z) — H((r='X)[1))

which, together with the commutativity of the big diagram above, lets us conclude that we have
the exact sequence
H(X) — H(Y) — H°(Z).

More precisely, the first exact sequence gives that the map H° (V) — HO(C) is an epimorphism,
and the second one gives that the map H°(C) — H°(Z) is a monomorphism. Finally, the diagram
above gives that the composition

H(Y) - HY(C) — H°(Z)

is exactly the map H°(Y') — H°(Z). Thus we conclude the exactness of the given sequence since
the kernels of
H(Y) — H%C) and HY(Y) — H(2)

are the same. [ ]

Note that for any X € DY, we have a natural isomorphism H°(X) = X. Therefore, the
above theorem specializes to the fact that any distinguished triangle in the heart gives a short
exact sequence in the heart. Theorem also allows us to deduce a version of the long exact
sequence in cohomology. In particular, we have

Corollary 5.34. Let D1 and Do be triangulated categories with t-structures (D?O, DZZO), and let
F: Dy — Dy be a triangulated functor. Then HYoF : D; — ’Dg 18 cohomological, i.e. for any
distinguished triangle

X —Y —7Z— X[1]

we have a long exact sequence
o — HYF(Z)) — HY(F(X)) — H(F(Y)) — H°(F(2)) — HYF (X)) — - --
Proof. Since F' is triangulated, the triangle
F(X)— F(Y)— F(Z) — F(X)[1]

is distinguished. Applying H® and using Theorem m gives the result since H" = H° o[n] and
since we have the natural isomorphism F o [1] = [1] o F. [
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5.6 t-EXACTNESS & GLUING t-STRUCTURES

We have a suitable notion of functors of triangulated categories, namely that of a triangulated
functor (Definition [3.9). However, such a functor may not preserve a given t-structure, so it is
necessary to introduce the following terminology:

Definition 5.35. Let D; and Ds be triangulated categories with t-structures (D?O,Dizo). A
triangulated functor F': Dy — Dy is left (resp. right) t-exzact if F(DZ%) C D5 (resp. F(D:") C
DQSO). A triangulated functor is t-exact if it both left and right t-exact.

For any triangulated functor D; — Ds, we can build a functor D? — Dgp using cohomology
as follows:

Definition 5.36. Let D; and D5 be triangulated categories with t-structures (DZSO, DZ-ZO), and
let F': D1 — D9 be a triangulated functor. Then we define

PF:DY - Dy, PF:=H'cFo.
where ¢: D? — Dy is the inclusion.

Remark 5.37. Note that Corollary [5.34] together with Corollary [5.27] states that for any exact
sequence
0—X —>Y —27—0,

in D?, applying PF' (specifically, to the induced distinguished trianglei in D) gives us a long
exact sequence

— HYF(Z) —PF(X) —PFY) —PF(Z) — H(F(X)) — -
in D?.

In general, one does not know too much about PF, but when in addition F' has some t-
exactness condition it is possible to deduce some more properties.

Lemma 5.38. Let Dy and Ds be as above, and let F': Dy — Dy be a left (resp. right) t-exact
functor. Then for all n € 7, we have that F(DE") C Dy" (resp. F(D:") C D5").

Proof. We prove this for the case when F' is right t-exact, since the left t-exact case is dual. We
have that D" = D=°[—n]. Since F is triangulated and right t-exact, we have that

F(Di") = F(D;°[-n]) = F(D;°)[-n] C D5°[-n] = D5"
as desired. [ ]

Proposition 5.39. Let Dy and Dy be as above, and let F: Dy — Ds be a left (resp. right)
t-exact functor. Then

(i) for all X € DZ° (resp. D°), we have H*(F(X)) = PF(H(X)), and
(ii) PF is a left (resp. right) exact functor.

Proof. We consider the case when F' is right t-exact, since the other case follows by a dual
argument.

We begin with (i). Take X € D=, and note that since 7<°X = X, we have that H°(X) =
729X . Therefore, we have a distinguished triangle

=X — X — HU(X) — (75T X)L
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Since F is right t-exact we have that F(r<7'X) ¢ D;fl so that Proposition [5.26( lets us
compute HY(F(r=71X)) =2 HY(F(r="1X)) = 0, which means that Corollary [5.34| gives us an
exact sequence

0 — HY(F(X)) — HY(F(H(X))) — 0

so that HY(F(X)) 2 PF(H(X)).
To prove (ii), consider an exact sequence

0—X—Y —272-—0
in DY. As in Remark Corollary then produces the long exact sequence
i H Y F(2) —PF(X) —PFY) —PF(Z) — H (F(X)) — -

and since F is right t-exact and XY, Z € DY = D’ N D’ we see that F(X) € D5°. Using
Proposition we get that HY(F(X)) = 0, so we can then reduce the above long exact

sequence to
PR(X) —PF(Y) —PF(Z)— 0.

This proves the result. [ |

Corollary 5.40. Let D1, Do, and F: Dy — Dy be as above. If F is t-exact, then F(D?) - Dzo,
PF is exact, we have a natural isomorphism F\Do ZPEF and
1

F(H"(X)) = H"(F(X))
for all X € Dy.

Given that we now have a notion of compatibility for functors between triangulated categories
with t-structures, we can begin to discuss the topic of gluing t-structures. Here, we essentially
follow the outline from [GMO3, p. 286, Ex. 1V.4.2].

Definition 5.41. A Verdier quotient sequence

c-P.p_“9,¢

where C, D, and £ have t-structures is compatible if P and @ are t-exact.
We then make the following observation:

Proposition 5.42. Consider a compatible Verdier quotient sequence

c-Lt5p —Q» E.
Then
P(C=% =D="n P(C), £=0 = Q(D*"),
P(C=% =D=n P(0), £20 = Q(D=2).

Proof. That P(C=") C D=NP(C) is obvious since P is t-exact. Conversely, let X € DN P(C),
and say X = P(Xg). We observe that P(7=X,) € D=V and P(r=1X,) € D=! by t-exactness,
and that we have the distinguished triangle

TSOXO XO 7—21X0 E— (TSOXo)[l]
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in C. Applying P to the this yields a distinguished triangle where the left entry is in D=9,
the right entry is in D=!, and the middle is P(Xy) = X. However, we already have one such
distinguished triangle, namely

=X == X 0 (T="X)[1]

so by uniqueness of truncation, we see that P(7=1X,) = 0 which tells us that X € C=°. The
proof that P(C=%) = D% N P(C) is identical.

For the other half of the proposition, it is similarly clear that Q(D<") C £= since Q is
t-exact. Conversely, let X; € £50. Since @ is essentially surjective, we can find some X € D
such that Q(X) = X;. We then have the distinguished triangle

70X —— X —— 721X —— (7=0X)[1]

where we note that Q(75°X) € £<0 and Q(72!1X) € £2! by t-exactness. Thus, applying @
to this distinguished triangle yields a distinguished triangle where the left entry is in €59, the
right entry is in £21, and the middle is Q(X) = X;. Like before, we already know of one such
distinguished triangle, namely

TSOXl ~ X1 0 (TSOXl)[l]

which by uniqueness of truncation implies that X; = 750X; = Q(X75°X). Therefore, X; €
Q(D=0), so £=0 = Q(D=Y). The proof that £2° = Q(D=?) is identical. [ |

That is, in a compatible Verdier quotient sequence
C—>D—»¢&

the t-structures on C and £ are uniquely determined by the t-structure on D. We also have the
following;:

Proposition 5.43. Consider a compatible Verdier quotient sequence

CLD—Q»S.

Then
DV ={X etPCc?l) |Q(X) e &S, and
D2 ={X e P(C="H)" | Q(X) € £2°).
To prove this, we first need a lemma.

Lemma 5.44. Consider a compatible Verdier quotient sequence

CLD—Q»&

Then for any Y € D, we have Q(Y) € ESY (resp. Q(Y) € £29) if and only if T2'Y € P(CZ1)
(resp. T=71Y € P(C=71)).

Proof. The sufficiency of the latter condition is clear. For the other direction, we have the
distinguished triangle
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=Y —— Y —— 2y —— (r=0Y)[1]
which is mapped to the distinguished triangle
=0QY) — QY) —— 0 —— (r=°Q(Y))[1]
in £ by Q. Therefore, Q(72'Y) = 0, so
=Y e D2 nkerQ = D= N P(C) = P(CZY)
which completes the proof after recognizing that the other assertion is dual. |

With the above lemma in place, we can move on to a proof of the proposition.

Proof of Proposition[5.43. Let X € D=". Is is then clear that Homp(X, P(Yp)) = 0 for all
Yy € C=! since P(C2) C D=L Similarly, Q(X) € £=0 since Q(D=") = £=. This shows one
of the desired inclusions. Conversely, suppose X € D satisfies X € T P(CZ') and Q(X) € £=°.
By Lemma the latter condition implies that 72'X € P(CZ!). Therefore, we observe that
Homp (X, 721 X) = 0, which by Lemma implies that X € D=Y. This shows that

D0 ={X e tP(C?") | Q(X) € £}
as desired. The other half of the proposition is dual. |

The point of the above two propositions is to say that if we are given a compatible Verdier
quotient sequence
C—>D—»E&

then we can totally recover the t-structures on C and £ from the one on D, and similarly, we can
totally recover the t-structure on D from the ones on C and £. A notable issue this has, however,
is that it assumes a priori that there are t-structures on all the involved triangulated categories,
and furthermore that we have this compatibility condition of the functors being t-exact.

A way of interpreting the above statements is to say that in such a compatible Verdier
quotient sequence, the t-structure on D is necessarily “glued together” from the ones on C and
E. The limitation is that if we do not know from the start that there exists a t-structure on
D, we cannot actually conclude anything at all in general. This is to be expected: if we drop
the t-structure on D, then we also drop the compatibility condition, and therefore we have no
guarantee that the t-structures on C and & interact well with each other.

A way to produce a situation where we can always “glue” t-structures is to ensure that the
Verdier quotient sequence is actually doing some gluing, i.e. that it is a recollement. See Section
B.5] for details about those. We then have

Theorem 5.45. Suppose there is a recollement

Lp Lq
JL/_\ J/\
C—pP—D—Q— €.

*_ ~_
RP RQ

and suppose that C and £ have t-structures on them. Then there exists a t-structure on D such
that the above Verdier quotient sequence is compatible. Furthermore, the t-structure is given by

DV = (X e tP(CZY) | Q(X) € £5°), and
D20 = {X e P(C="H! | Q(X) € £29}.
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Before we prove this, we collect some lemmas regarding the situation in the theorem.

Lemma 5.46. With the hypotheses of Theorem we have
Lp(D=") ==, Rp(D=?) =C>",

and
P(C=%) c D=0, p(c=") c D=".

Proof. The last part of the lemma is very easy: if X’ € C=0, then Q(P(X")) =0 € £=0 and for
all Y’ € CZ! we have
Homp(P(X'), P(Y')) = Home (X', Y') =0

so P(X') € D='. The other argument is dual. With that taken care of, we do the first part.
Let X € D=0, Then, for any Y’ € C=!, we have

Home(Lp(X),Y') =2 Homp(X, P(Y')) =0

since X €1 P(C2Y), so Lp(X) € C=0. Therefore, Lp(D=") C C=0. Next, if X' € C=0,
then since P is fully faithful we have Lp(P(X’)) = X’. Furthermore, P(X’) € D=C since
QP(X")=0€&0and if Y € P(CZ') (ie. Y = P(Y), with Y’ € C=1) then

Homp(P(X'),Y) = Homp(P(X'), P(Y')) =2 Home (X', Y') =0

since Y’ € C=1. Therefore, C=0 C Lp(D=?), and so we have C=" = Lp(D=").
An identical but dual argument shows that Rp(D=%) = C=Y. [ |

Lemma 5.47. With the hypotheses of Theorem we have
Lo(E=") € D=0, Ro(£7°) € D7,

and
QD) =£=", QD) =¢€>".

Proof. If X" € £=°) then Q(Lg(X")) = X" and for all Y’ € C=! we have
Homp(Lg(X"), P(Y')) =2 Homg (X", Q(P(Y'))) =0

so Lg(X") € D=V, Therefore, Lg(E=) C D=0,

The second part follows by the observation that trivially Q(D<") C £=Y by the definition of
D=0 and the restrictions Lg|g<o and Q|p<o are adjoint to each other. Since the restriction of
Lq is fully faithful, the restriction of @) is essentially surjective. |

The above two lemmas, and essentially all the information about the situation, can be
summarized in the following picture:

U — e e I
- i —

70 o Lg
T —

C P D Q E
v \_/)
720 Rp Rq 720

S0 3 20— >0
20— P20 ———> ¢
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Take note that this does not commute.
Finally, we have one more easy lemma which will be helpful as a slightly different character-
ization of the prospective t-structure on D.

Lemma 5.48. Suppose we are in the situation of Theorem[5.45 Then we have equalities

DV ={X eD|Lp(X) =, Q(X) € £}, and
D20 ={X €D | Rp(X) €C2°, Q(X) € £2°).

Proof. Let D' = {X € D | Lp(X) € C=0, Q(X) € D=}. If X € D=0, then by definition
Q(X) € =%, Furthermore, we see that Lp(X) € C=° by Lemma Therefore, D=0 C D'.
Conversely, let X € D'. Again, trivially Q(X) € £<°. Now, let Z € C=!. Then

Homp (X, P(Z)) = Hom¢(Lp(X),Z) =0

since Lp(X) € C=0. Therefore, X € J'P(Czl). This proves that D' C D=9, so D’ = D=, Thus
we have proved one equality. The other one follows similarly. |

With this work out of the way, we may prove the theorem.
Proof of Theorem[5.75. We begin with (T2). Let X € D=C. Then we see that
Lp(X[1)) 2 Lp(X)[1]ec="t cc=°

and
QX)) 2 Q(X)1] e st cc=°

so X[1] € C=°. An identical calculation shows that Y[—1] € D=° for all Y € D=°.
Now we show (T1). Suppose X € D=Y and Y € D2°. By Corollary [3.89, we have a
distinguished triangle

Lo(Q(X)) — X — P(Lp(X)) — Lo(Q(X))[1].
Applying Homp(—, Y [—1]) to this, we obtain the exact sequence
Homp(P(Lp(X)),Y[~1]) — Homp(X,Y[~1]) — Homp(Lq(Q(X)),Y[-1]).
We then use that Lg is left adjoint to @ and P is left adjoint to Rp to rewrite this as
Home (Lp(X), Rp(Y)[~1]) — Homp(X, Y[~1]) — Home(Q(X), Q(V)[~1]).

By Lemma the first and last terms are zero. Therefore, Homp (X, Y[—-1]) = 0.
Finally, we show (T3). Here we follow [BBDG18, Thm. 1.4.10]. Let X € D. Applying @,
truncating, and then apply Rq, we have a distinguished triangle

Ro(r=°Q(X)) — Ro(Q(X)) — Ro(r='Q(X)) — Rq(7=°Q(X)[1].

We compose the maps X — Rg(Q(X)) — Ro(m2'Q(X)) to obtain a map X — Rq(7=21Q(X)).
Taking the cocone of this map, we have a distinguished triangle

X' — X — Ro(m='Q(X)) — X'[1].
Similarly we produce a map X’ — P(72'Lp(X’)) and a distinguished triangle
A— X' — P(r='Lp(X")) — A[1].

We now apply (TR4) to the composition A — X’ — X. This produces the diagram
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A X/ P(r2'Lp(X")) ——— A[1]

| | i H

A X B Al1]

J | J

X' X Ro(m2'Q(X)) ———— X'[1]

J | H |
P(r2'Lp(X)) -~ » B - » Ro(T7'Q(X)) - » P(7='Lp(X))[1]

and we may now obtain useful information by applying the functors available to us to these
distinguished triangles. In particular, applying @ to the bottom triangle gives

~

0 — Q(B) = r21Q(X) — 0.
Applying Rp to the same triangle and using that ker Rp = im Rg gives
21 Lp(X") =5 Rp(B) — 0 — 7= Lp(X')[1].

This implies, by Lemma that B € D2!'. Similarly, applying Lp to the first row of the
diagram gives

Lp(A) — Lp(X') — 72 Lp(X') — Lp(A)[1]

)
so by uniqueness of truncation Lp(A) = 7<°Lp(X’). Applying Q to the second row of the
diagram and using that Q(B) = 721Q(X) gives
)

Q(A) — Q(X) — 771Q(X) — Q(A)[1]

so, again by uniqueness of truncation, we have Q(A) = 7<°Q(X). This shows, by Lemma m
that A € D=Y. Thus, the distinguished triangle

A— X — B — A[l]
is the desired triangle. [ ]
Example 5.49. We can try applying Theorem Consider any recollement

Lp Lq
S
C—pP—D—Q— €£.

_ ~_
Rp Rg

Recall then from Example that on C and £ there exist various trivial t-structures. One can
ask what happens when we glue them. Let ¢1(7) = (7,0), t2(7) = (0,7) for T = C,D,€.
We then see that gluing ¢1(C) and t1 () produces the t-structure t1(D) on D, and similarly for
gluing t2(C) and t2(€). Thus, these two choices do not give particularly interesting results. On
the other hand, the remaining two possibilities do: if we glue ¢1(C) with t2(€), then we get the
t-structure
12_{XGD\LP( )€C, Q(X) €0}
— {X €D Q(X) =0} = P(C),
T2 ={X €D|Rp(X) €0, Q(X) € €}
={X e D| Rp(X) =0} = P(C)".
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This gives another proof that L(P(C)L) = P(C) when we have a recollement. In particular,
P(C)*[—~1] = P(C)*, and thus Corollary says that

1 1
P(C)=Diy = (Diy) =" (PC)")
Similarly, we may glue t2(C) with t2(€) to get the t-structure

D5 =ker Lp = " P(C),
D5} =kerQ = P(C).

Essentially the same computation as before then gives an alternative proof that (*P(C))+ =
P(C).

Example 5.50. Suppose we have a recollement as above. In general, given a t-structure
(T=",72%) on a triangulated category T, one obtains t-structures (7=",7=") for and n € Z.
We can use this fact to produce some t-structures on D given t-structures on C and £. In par-
ticular, if the latter have t-structures, then for any two pairs of integers ni,no, we can produce
the t-structure

D5, ={X €D| Lp(X) €C™™, Q(X) € £},

D20 ={X €D|Rp(X)€C=", Q(X) € £2}.

ni,n2

For example, one then has X € D%O,nz if when one projects X onto C, it is concentrated in

degree < np, and when one projects X onto &, it is concentrated in degree < ny.

5.7 NOTES ON ENHANCEMENTS

In Section [3.6] we briefly discussed the benefits of using enhancements of triangulated categories,
and in particular emphasized stable oco-categories as a good example. As observed there, there
are certain differences between triangulated categories and stable co-categories which make the
latter significantly nicer in some respects (though perhaps more cumbersome to work with in
others). Since t-structures are of general interest, there is an immediate question of how one
applies them to the framework of a stable co-category.

As it turns out, somewhat remarkably, the correct notion of t-structure on a stable oo-
category is exactly a t-structure on a triangulated category. Specifically, if we have a stable
oo-category C, then its homotopy category h(C) is a triangulated category, and a t-structure on
C is exactly the same as a t-structure on h(C). The reason for this is explained very well in
the MathOverflow answer [Tanl4]. A t-structure on D = h(C) consists of two full subcategories
(D=°,D=%) such that

(a) D=Y is stable under shifting to the left, and D=° is stable under shifting to the right,

(b) there is a certain distinguished triangle putting any object of D between one in D= and
one in D=!, and

(c) there is an orthogonality condition that

Homp (D=0, D21) = 0.

Changing all the appropriate words, one sees that a t-structure on C is a pair of full subcategories
(€=%,C=9%) such that
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(A) the subcategories are stable under some shifting (which is a built in operation in stable
oo-categories),

(B) there is a fiber sequence putting any object of C between one in C=% and one in C=!, and
(C) there is an orthogonality condition that Home(CSC,C=1) is contractible.
It is then not too difficult to sketch an argument for why these two collections of data are

equivalent, given sufficient knowledge of stable co-categories. If one actually checks the relevant
definitions in |Lurl7|, it is fairly clear why (b) and (B) are equivalent, for example.
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6 t-STRUCTURES FROM SILTING OBJECTS

In Section [5], we explored the theory of t-structures on triangulated categories. We saw a few
different kinds of examples, including some simple ways to build t-structures on an ambient
triangulated category obtained by gluing. However, the only non-trivial “explicit” example
we saw was the standard t-structure on D(A). This section is dedicated to producing a class
of particularly nice examples of t-structures on triangulated categories which have a compact
silting object. In terms of source material, this section is very heavily based on the currently
unpublished notes of my advisor, Gustavo Jasso, on dg-categories |Jas21].
We begin with a motivating example.

6.1 MOTIVATION

Fix a ring R. We can associate to this an Abelian category Modp, consisting of (right) modules
over R. Using the machinery of Section |4 we then produce a triangulated category D(R) :=
D(Modg), which by the discussion at the start of Section [5| has a standard t-structure on it.
This t-structure has the property that we may express it directly using the vanishing of certain
cohomology functors (which is not true of all t-structures). Specifically, the t-structure on D(R)
is given by

D(R)=C = {M* € D(R) | Vi > 0, H(M*) = 0},
D(R)=% = {M* € D(R) | Vi < 0, H(M*®) = 0}.

Being able to state the t-structure on D(R) in terms of its cohomology functors is already
rather nice, but there is an additional phenomenon in this category which will be the main
motivation for this section. It is the fact that we may express the cohomology functors using
Hom-functors, and thus use Hom in order to detect whether something is in the aisle/coaisle.

In all the categories C(Modpg), K(Modpg), and D(R), we have a notable specific object of
interest, namely R itself—or more precisely, the complex with R concentrated in degree zero.
We begin with the following result:

Proposition 6.1. There is a natural isomorphism

Homg (vody) (R, M®) = HO(M®),  f+ [f(1)] € H(M®)
for all M* € K(Modp).
Proof sketch. First, note that we have

HomeModg) (R, M®) = {f: R— M* | dy; o f =0} 2 kerd®
simply via the map f +— f(1). Now we notice that

frn0 <= InR— M 'stdyfon=Ff
— f(1) € imdy}

and therefore we get
Homk (Mod ;) (B, M*) = Homemod ) (B, M)/ ~n = ker(dyy)/ im(dy; ) = HO(M*)
as desired. 0

The above result applies to K(Modpg), but we want it for D(R).
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Proposition 6.2. There is a natural isomorphism
Horps) (R, —) = HO(—).

Proof sketch. The strategy is to use that we know the result for K(Modpg). In particular, one
constructs a subcategory of K(Modpg) which is equivalent to D(R), and then uses the result
for K(Modpg).

The subcategory of K(Modpg) which is of interest to us is the full subcategory

KProjp := {X* € K(Modg) | VA®* acyclic, Homg nody) (X*, A®) = 0}

where we recall that A® is acyclic if H'(A®) = 0 for all i € Z. Note that R € KProjgz. The
composition
KProj; — K(Mody) — D(R)

is an equivalence (see [Kra07, 5.1 & 5.2]) with quasi-inverse p: D(R) = KProjp, and thus for
any X°® € D(R) we can compute

Hompp) (R, X*) = Homkproj, (R, p(X*)) = Homk (Mod,) (B, P(X*)) = H(p(X*)) = H*(X*)
where we note that we have H"(X*®) = H"(p(X?*)). O

So we can represent the cohomology functors in D(R) as a Hom-functor (in particular, we
note that this says H(—) is corepresentable). This gives us the following neat description of the
t-structure on D(R):

D(R)=" = {M* € D(R) | Vi > 0, Hompg)(R, M[i]*) = 0},
D(R)>° = {M* € D(R) | Vi < 0, Hompg)(R, M[i]*) = 0}.

The question which we now try to lead with is as follows: if we can “detect” the aisle/coisle
in D(R) using Hom(R, —), can we in a more general triangulated category define a t-structure
from being “detectable” by some fixed object? An answer to this will not come immediately,
but appears in Section and in particular in Theorem

6.2 ComMPACT OBJECTS

There are several notions we will need to develop before we can prove the promised Theorem
The first of these is that of compact objects in a triangulated category.

Definition 6.3. Let D be a triangulated category. An object G € D is called compact if, for
every set-indexed collection of objects {Y;};cs, the morphism of Abelian groups

[[Homp(G,Y;) — Homp (G, [ Vi),
iel iel
induced by the morphisms Homp(G,Y;) = Hom(G, [[;c;Y;) obtained by composing with the

inclusion Y; < [[;c; Y;, is an isomorphism.

Remark 6.4. Let ¢;: Y; — [[;c; Yi be the canonical inclusion. Note that the above map is given
explicitly by
(fi)ier = Y _tio fi.

el
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Remark 6.5. Why is this a property worthy of being called “compact”? Usually, compactness
refers to a kind of “finiteness” property whereby one can take an infinite set and extract from it
a finite set which is sufficient to get the same information. This is actually what is happening
here too: to say that G € D is compact is to say that for any morphism G — [];c;Y;, there
exists some unique finite subset Iy C I and a unique factorization

G [ies Vi

3! N /
Sy

@ie]o Y;

This is simply observed by knowing what coproducts in the category Ab of Abelian groups are.
Thus, this property of being a compact object is indeed a “compactness” property.

Example 6.6. Let R be a ring. Then R is a compact object in KProjp. We sketch an argument
for this. Our strategy is to explicitly produce an inverse to the map

H Homgproj), (R, X7) — HomKPYOJR(R’ H X7)-
el i€l

Consider some map f: R — [[;c; X;. This consists of a single map R — icr X9 which is
determined by f9(1) = (z;)ies; in particular f2(r) = z;7. Note at this point that almost all of
the z; are zero, so almost all of the component maps f; are zero, and so we have a well-defined
map

Homgproj, (R, [[ X7) — [ ] Homkproj, (R, X)
el el

given by f > (fi)ier. This is the desired inverse.

In the above definition, we require that a certain map is an isomorphism. Actually, this is
slightly unnecessary: the map is always an injection (by the following result), and thus it suffices
to impose surjectivity to be compact.

Proposition 6.7. Let D be an additive category, and let X € D. Unconditionally, for any
set-indezed collection {Y;}icr, the map

J[Homp(X,Y;) — Homp(X, [ Vi)
el el

s injective.

Proof. Let 1j:Y; — [;c; Yi be the canonical inclusion to the jth component. Let 7;: [[;c; Y; —
Y; be the map defined on components by 0: Yy — Yj if k # j and idy; if k = j, i.e. defined by

mpov; =0if k#j, and mpou =idy; if k=j.
We will exhibit the map

¢: [[Homp(X,Y;) = Homp(X, [[Yi), (fidier = D uio fi

icl icl icl
as being part of a decomposition of the canonical monomorphism

v: [[Homp (X, Y;) < [ Homp (X, Y5).
i€l i€l
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Define a map

¢: Homp (X, [[Yi) — [[ Homp (X, Y5)
el el

on components by the maps

¢jZHOH1D(X,HY;)—>H0mD(X>Y})a qu(f) :ﬂ-]'of'
el

That is,
Y(f) = (mio flier-
Then, for any (f;)jer € [1;e; Homp(X,Y5),

(Yo d)((fi)jer) =9 (Z Lj o fj) = (Z T OLjo fj)
jel el et
= (i o fi)ier = o((fi)ier)

so that ¢+ = 1 o ¢. Since ¢ is a monomorphism, this implies that ¢ is a monomorphism, i.e. is
injective. |

Definition 6.8. Let D be a triangulated category admitting small coproducts. We say a class
of objects U in D generates D if whenever X € D satisfies Homp(UJi], X) = 0 for all U € U and
all 1 € Z we have X = 0.

Definition 6.9. Let D be a triangulated category. We say D is compactly generated if there is
a set G of compact objects of D such that G generates D.

The reason we are interested in these notions is because we will later, in the process of
proving Theorem [6.21] want to apply the following proposition.

Proposition 6.10. Let D be a triangulated category admitting small coproducts, and suppose
D is generated by some set of objects U in D. Consider a distinguished triangle

xLv oz xq
in D, and suppose that for all U € U the induced morphisms
f«: Homp (U, X) — Homp(U,Y), ¢+ foo
are isomorphisms.
(i) IfU[1] C U, then for allU € U and i > 0 we have
Homyp (UJi], Z) = 0.
(i) IfU[1] =U, then Z =0 and f is an isomorphism.

Proof. (i) Let U € U, i > 0, and let g: Y — Z and h: Z — X][1] be the morphisms in the
distinguished triangle above. By applying Hom(U[i], —), we get the exact sequence

Hom(U[i], X) £ Hom(U[i],Y) 25 Hom(U[i], 2) ™ Hom(U[i], X[1]) 2% Hom(U[i], YT1)).

By assumption, f, is an isomorphism, and furthermore, since f[1], lies in the commutative
square
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Hom(U[i], X[1]) —s Hom(U[i], Y1])

[ [
Hom(U[i — 1], X) — Hom(U[i — 1],Y)
we see that f[1], is also an isomorphism. Therefore, the exactness of the above diagram says
that im h, = ker f[1]. = 0, so ker h, = Hom(U]i], Z) and hence im g, = ker h, = Hom(U[i], Z),
i.e. g is surjective. We then see that Hom(U[i], Z) = coker f,, and since f, is an isomorphism
this is zero.
(ii) Running the above argument with ¢ arbitrary gives that

Homp(U[i],Z) =0forall U e U, i € Z

and hence, since U generates D, we have Z = 0. By Lemma this implies f is an isomor-
phism. |

Remark 6.11. Note that the requirement U[1] = U is equivalent to U[1] C U and U[-1] C U.
Indeed, U[—1] CU <= U C U[1] and so the latter condition says exactly that U[1] C U and
U CU], ie U[1] =U.

6.3 HomoTory COLIMITS

Category theory allows us to define colimits, and in particular, colimits defined up to some
canonical choice of isomorphism. An issue which arises in certain contexts is that we might
want colimits which are more “loosely” defined, for example only up to some notion of homotopy.
This problem is quite difficult to solve, and in some sense one has only fairly recently gotten
closer to solving it through the various approaches to (oo, 1)-categories. In the more elementary
setting of triangulated categories, however, one can give a reasonably simple way to define at
least certain homotopy colimits by interpreting distinguished triangles as “exact sequences up
to homotopy.”
Consider a category C and a sequence of morphisms

fo fi f2 fn

X, X, X X,

in C. The colimit of this is an object X € C equipped with maps g;: X; — X for all ¢ > 0 such
that g; = g;11 o f;, and on top of this, X is the best possible such choice in the sense that if X’
is any other object equipped with h;: X; — X’ such that h; = h;11 o f;, then there is a map
h: X — X' such that h; = h o g;. One can combine this into the statement that

(94)

© X R X 2 X —— 0

is exact, where (g;) is the morphism induced by the g;: X; — X, and ¢ is a morphism defined
on components by

o fj:Xj_>Xj+1 ifi=454+1,
i 0 otherwise.

In other words, 1 — ¢ is given by the matrix

1 0 0 0
~fo 1 0 0

g | 0 - 1 0
1
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To see this, note that the relation (g;) o (1 — ¢) = 0 says exactly that

1 0 0 0
—fo 1 0 0
— 1 0
(go g1 92 93"-) h :(go—glofo g1 — g2 o f1 ...):0
1

0 0 —f

so that g; = gi+1 © fi- The universality is then the fact that X is the cokernel of 1 — ¢ via (g;).
In particular, if we have an additional object X’ with a map (h;): [[72, X; — X’ such that
(hi) o (1 — ) =0, i.e. h; = hj41 o fi, then exactness says precisely that this induces a unique
morphism h: X — X’ such that ho (g;) = (h;), i.e. such that ho g; = h;.

If we now replace the exact sequence with an “exact sequence up to homotopy” (see also
Proposition , that is distinguished triangles, then we get the definition of a homotopy
colimit.

Definition 6.12. Let D be a triangulated category admitting countable coproducts, and con-
sider a sequence of morphisms

Xo=-X1=-Xo—= =X, =+

as above. A homotopy colimit of this sequence is an object X together with a distinguished
triangle

17
im0 Xi — [[720 Xi —— X —— (1120 Xa) [1].

We then write hocolim; X; for any such choice of X and call it “the” homotopy colimit.

Remark 6.13. Of course, as usual in a triangulated category, the homotopy colimit is in no sense
uniquely determined up to canonical isomorphism (except perhaps in exceptional circumstances).
Nonetheless, just as it is useful to have notation for “the” cone of a morphism in a triangulated
category, it is useful to have notation for “the” homotopy colimit as long as one remembers that
what property the object should satisfy.

Homotopy colimits interact well with compact objects. In the context of triangulated cate-
gories, one defines compact objects as those whose covariant Hom-functor preserves coproducts,
but in more general situations, one requires that the Hom-functor preserves all filtered colimits.
If we are to believe that the homotopy colimit behaves like a colimit, then we should also ex-
pect compact objects to preserve them in a suitable sense. This is the content of the following
proposition.

Proposition 6.14. Let D be a triangulated category admitting countable coproducts, and con-
sider a sequence
Xo—- X1 Xog— > X, —> -+

in D. Pick a distinguished triangle

112 Xi =% 112 Xi —— hocolim; X; —— (1122 X;) [1]
defining a homotopy colimit of this sequence. Then, for any compact object G € D, the canonical
map

lign Homp(G, X;) — Homp (G, hocolim; X;)
i

is an isomorphism.
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Proof. The strategy here is quite similar to the proof of Proposition [6.10] We are given a
distinguished triangle involving hocolim; X; and we want to know about Homp (G, hocolim; X;),
so we begin by applying Homp(G, —) to get an exact sequence

Hom (G, [T Xi) 2% Hom(G, [ X;) — Hom(G, hocolim; X;) — Hom(G, [ X:[1]) ~=2L

)

and the idea is now that 1 — ¢[1], is injective. To see this, note that by compactness we have a
commutative diagram

[I, Homp(G, X;) —— ][, Homp(G, X;)

L L

Homp (G, [, Xi[1]) —25 Homp (G, 11, Xi[1])

where the top horizontal morphism is injective since it is given by a lower triangular matrix. As
a result, 1 — p[1]. can be written as a composition of a number of injective maps, and hence is
injective. Thus, we have an exact sequence

Homyp (G, 11; X3) iZN Homyp(G,[1; Xi) —— Homp(G, hocolim; X;) —— 0.

Using essentially the same commutative square as above but without the shift, we obtain the
exact sequence

[1; Homp (G, X;) RaN II; Homp(G, X;) —— Homp(G, hocolim; X;) —— 0
exhibiting the relation

lig Homp (G, X;) = Homp (G, hocolim; X;)

as desired. ]

Remark 6.15. Take the notation from the above proposition, and let h;; : X; — X;. It may
be useful to note that li iHom(G, X;) can be described as follows: an element is a pair (n, f),
where n > 0 and f: G — X,,, modulo the equivalence relation (n, f) ~ (m,g) if there is some
k > max(n,m) such that hy;o f = hpyi0g. The canonical map Hom(G, X;) — lim, Hom(G, X;)
is given by f + (4, f), and the canonical map lim, Hom(G, X;) — Hom(G, hocolim; X;) is the
one induced by the maps X; — hocolim; X; after applying Hom(G, —).

The reason we have built up this machinery of homotopy colimits at all is because it gives us
access to a convenient way of building certain distinguished triangles with controllable properties.
As an example of something one might want, suppose we have a triangulated category which
is generated by some objects. We might want to “approximate” an object in that in some way
by objects built in some elementary way from the generating objects. Homotopy colimits give a
method for doing this.

Specifically, if we are in the situation of a triangulated category with some generators, then
homotopy colimits give us a way to approximate any object of the triangulated category by a
sequence of objects obtained as extensions of coproducts of the generators, with the comparison
between the “real thing” and the “approximation” given by a morphism from the homotopy
colimit. Furthermore, when the generating objects are compact, this operation loses reasonably
little information. This is encapsulated in the following theorem.
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Theorem 6.16. Let D be a triangulated category admitting small coproducts which is generated
by some set G of (not necessarily compact!) objects, and let X € D. Then there exists a sequence

ho hl h2 hn

Xo X1 Xo

of objects of D, together with morphisms x;: X; — X, such that
(a) Xo is the coproduct of some objects in G,

(b) for every i > 0, there is an object Y; € D, which is a coproduct of objects in G, and a
distinguished triangle
Y = Xi = Xip1 = Yi[1],

(¢) for alli >0, x; = xj41 o hy,

(d) letting (pi) : 11; Xi — hocolim; X; be the morphism in the definition of the homotopy
colimit, there exists a morphism u: hocolim; X; — X such that (z;) = uo (p;),

(e) for any G € G, the induced morphism u, : Homp(G, hocolim; X;) — Homp(G, X) is
surjective, and

(f) if the objects of G are compact, so that D is compactly generated, then for all G € G, the
induced morphism u,: Homp(G, hocolim; X;) — Homp(G, X) is an isomorphism.

Proof. The proof essentially consists of two parts: constructing the desired sequence by induc-
tion, and showing that one has an isomorphism with the homotopy colimit.

The first part, construction, begins by constructing Xy. Since we have small coproducts D,
we may construct the somewhat ridiculous coproduct

Xy := H H G

Geg feHomp(G,X)

and the tautological morphism zy: Xo — X, given on the (G, f)th component by f: G — X
itself. This has the obvious property that for any G € G, the map

T, : HOmD(G,XU) — HOmD(G, X)

is surjective. In particular, if we have a map f: G — X then this is, by definition of Xg, given
by g o tq ¢, where tq r: G — X is the canonical inclusion to the (G, f)th component.
Suppose we have constructed X; and z; : X; — X for some 7 > 0. To construct Y;, we

consider the coproduct
=1l I ¢

Geg feker(xi«)

and the associated canonical map y; : ¥; — X; given on (G, f)th component by f: G — X;.
This defines Y; and a map Y; — X;.

Now we explain how, given X;, Y;, and the map y;: Y; — X;, one constructs the data for
the (i 4+ 1)th step. We obtain X, as the cone of y;. In particular, we choose a distinguished
triangle

i h;
v, L X

Xit1 Yi[1].

From the definition of Y; and the map y;, we see that for any G € G and f € ker x; ., we have
that the diagram
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G
LG/ Jf
Y; — i

commutes since z;0y; 01 =x;0 f =0 (in turn because f € kerz; ). Here, the particular
choice of G and f was arbitrary, so we see that x; oy; is zero on every component, i.e. x;0y; = 0.
Thus, by the weak cokernel property of the cone (see Proposition , there exists some (not
necessarily unique!) morphism z;y;: X;+1 — X such that

Xi1 Yi[1]

i h;
Y; o X,
0 Tit1
X

commutes. This constructs X;;; and x;41 as desired.
Thus, by induction, we produce a diagram

XO ho X1 hi Xn hn
lmo/
1
Tn
X

such that properties (a), (b), and (c) of the theorem statement are satisfied.
To get a morphism as in (d), first choose a distinguished triangle

112, X; ; 11220 X; % hocolim; X; —— (1152 Xi) [1].

Note then that (z;) o (1 —¢) = 0, since by definition we have x; = ;41 o h;. Therefore, again by
the weak cokernel property of cones, we obtain a (non-unique!) morphism u: hocolim; X; — X
such that

ILXi —5 1L X, g>hocohle — (II; Xi) [1]

\lm/

commutes. We now prove (e), that for every G € G the morphism
uy : Hom (G, hocolim; X;) — Hom(G, X)

is surjective. By the definition of u, we see that, letting o : Xo — [[; Xi; be the canonical
inclusion,

uopy=uo(p;)oty=(xi) o= xp.
Applying Homp (G, —), this implies that the diagram

Po,*

Homp (G, Xp) Homp (G, hocolim; X;)

Z0,* /

Homp(G, X)
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commutes. As observed earlier during the construction of Xg, g« is surjective. Thus, since
To,x = Usx © Po %, We see that u, is surjective. This proves (e)

Finally, to prove (f), suppose that the objects of G are compact. We will now prove that the
above map u, : Hom(G, hocolim; X;) — Hom(G, X) is injective. To this end, suppose that we
have some f € Homp(G,hocolim; X;) such that u.(f) = uo f = 0. Since G € G is compact,
Proposition [6.14] gives us that the canonical morphism

ligHom(G,Xi) — Hom(G, hocolim; X;)
i
is an isomorphism. Taking the inverse image of f, we see that there is some n > 0 and some

g: G — X, such that f = p, o g (see the end of Remark [6.15). We then have a commutative
diagram

/

G *> hocolim; X;

/

which displays that z,, o g = 0. Explicitly, we can compute
Tpog=uoppog=uof=0

so that g € kerz, ,. The last step is to plug this into the data from (b). In particular, we have
the commutative diagram

G
o)
n hn
Y, Y X, Xpi1 —— Y[l

b

hocolim; X;
which allows us to compute
f=pnog=pny10(hnoyn)oigg=pnt1000t54y=0
and we arrive at the conclusion that f = 0, so that u, is injective. ]

Here is a fun and immediate corollary.

Corollary 6.17. Let D be a compactly generated triangulated category, and let G be any gen-
erating set of compact objects. Then the smallest triangulated category in D closed under small
coproducts which contains G is D itself.

Proof. Apply Theorem along with Proposition [6.10} In particular, replace G by the set
G ={Gli||GegG,iecZ},

which we can do since these are all compact still (where we note that shifts of compact objects
are compact), and we need to be closed under shifts anyway (so this operation G — G’ doesn’t
change the results). [ |
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Later (Proposition [6.24)), we will see a similar result proved in basically the same way play
a role in the proof of the central Theorem [6.21]

6.4 SILTING OBJECTS

In the motivating example of D(R), we saw that an important property of the standard t-
structure on this category was that one can detect if a complex X*® € D(R) is in either D(R)=C or
D(R)Z° using the embedding of R into D(R). In particular, one can compute the ith cohomology
of X* by computing the Hom-set Hom (R, X *[i]), which allowed us to get a description of the
t-structure in terms of such Hom-sets.

The idea in generalizing this is: if we can use R to detect these things in D(R), is it possible
to define a t-structure by choosing an object S in D and forming the aisle/coisle by requiring
that Homp(S, X[i]) = 0 for appropriate choices of i? In general, the answer is no. However,
perhaps it is true if we impose additional conditions upon the object S, and one may wonder
what such conditions should be. In the example we know of, we pick out the following two
properties: R is a compact generator of D(R), and Hom(R, R[i]) = 0 for all ¢ # 0. Actually,
we will weaken the latter requirement, but in any case, these conditions are essentially what
motivate the definition of a silting object.

Definition 6.18. Let D be a triangulated category, and let S € D. Define the full subcategories
<0 >0
'Dg and 'Dg by

D5’ .= {X € D| Vi > 0, Homp(S, X[i]) = 0},
D3 .= {X € D| Vi < 0, Homp(S, X[i]) = 0}.

We say S is a silting object if S is a compact generator of D and S € Dgo, i.e. if S satisfies
Vi >0, Homp(S,S[i])=0.

Remark 6.19. One says S is tilting it S € D§0 and S € Dgo. Thus, R is actually a tilting object
of D(R), not just a silting object.

Remark 6.20. Silting objects originated in the a paper of Keller & Vossieck [KV88| from 1988
on investigating aisles in derived categories, based on the historically more senior concept of
tilting objects. After this, however, the concept was largely dropped from the mathematical
consciousness, with relatively few papers dedicated to it for many years. In 2002, Hoshino,
Kato, & Miyachi [HKMO02| used the concept “indirectly” in that they simply spelled out the
assumptions without referring directly to “silting objects,” and they were the first to notice
that silting objects induce t-structures. The below Theorem is essentially [HKMO2, Thm.
1.3]. After the paper of Hoshino—Kato—Miyachi, there was again relatively little activity on this
topic until ten years later, when Aihara & Iyama in [AI12] managed to relate it to the already
fairly prominent concept of “mutation,” thus putting it in the context of, and using it to better
explain, an existing theory. Since then, there has been progress on non-compact versions of
silting objects in, for example, [PV17].

There are two central results of interest to us regarding silting objects, both due to Hoshino,
Kato, & Miyachi. We encapsulate them both in the following theorem statement:

Theorem 6.21 (Hoshino—Kato-Miyachi). Let D be a triangulated category, and let S € D be a
silting object. Then

(i) the pair (D?O,Dgo) forms a t-structure on D, and
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(ii) letting Dg be the heart of this t-structure, Homp(S, —) gives an equivalence
HOIHD(S, —): 'Dg l> MOdEndD(S)

between Dg and the category of right modules over the endomorphism ring of S.

The proof of this theorem will involve quite a few steps. We will break it up into several
lemmas and propositions.

Lemma 6.22. Let D be a triangulated category and let S € D be a silting object. Then
(i) D5°[1] € D5 and D°[~1] C DZ°, and
(i) D§0 and D§O are closed under small products and coproducts.

Proof. (i) This is immediate from the definition, and in fact does not depend on S be a silting
object. Indeed, if Homp(S, X[i]) = 0 for all i > 0, then certainly Homp(S, X[i + 1]) = 0 for all
¢ > 0.

(ii) Let I be some indexing set and let {X;};c; be a collection of objects of D. Then, by the
definition of the product and since S is compact, we have the following two natural isomorphisms:

Homp(S, [[ Xi) = [[Homp(S, X;), []Homp(S, X;) = Homp(S, [ Xi).
i€l el i€l i€l

Therefore, if we have X; € D§O for all ¢ € I, then it is clear that [[,c; X; € D§O and [[;c; X; €
DL%O, along with the dual statements for Dgo. |

Remark 6.23. Note that this implies that Dg is closed under small products and coproducts.

Proposition 6.24. Let D be a triangulated category and let S € D be a silting object. Then
D?O is the smallest full subcategory of D which contains S and is closed under extensions, small
coproducts, and non-negative shifts.

Proof. Suppose we have a distinguished triangle
X =Y -7 X[1]
where X, 7 € D;O. Applying Hom(S, —) yields the exact sequence
Hom(S, X[i]) — Hom(S, Y[i]) — Hom(S, Z[i])

for every i > 0, where we note that Hom(S, X[:]) = Hom(S, Z[i]) = 0 by definition of DEO.
Thus, Hom(S, Y[i]) = 0 for all i > 0, so YV € D5".

For the converse, we will apply Theorem and Proposition [6.10] In particular, let X €
Dgo, and define

G :={S[i] | i > 0}.

This is a set of compact objects generating D (since S generates D), and thus we may apply the
theorem. The theorem produces a sequence of objects and morphisms

Xo—=> X1 > Xg— -+

where we have a very nice morphism u: hocolim; X; — X, and where each X; further sits in a
distinguished triangle
Y = Xi = Xip1 = Yi[l]
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where Y; is a coproduct of objects in G. This implies that all the X; are formed by non-negative
shifts, coproducts, and extensions of objects in G. Since we have a distinguished triangle

we see that also hocolim; X; is formed by such a procedure, and thus it suffices to show that u
is an isomorphism to prove the result.
Consider a distinguished triangle

hocolim; X; % X — Z — (hocolim; X;)[1]

We want to show that Hom(S[i], Z) = 0 for all ¢ € Z, since because S generates D this implies
that Z = 0. Note that by the first half of this proof, together with Lemma [6.22] the smallest full
subcategory containing S which is closed under non-negative shifts, small products & coproducts,
and extensions is by default a full subcategory of DEO. This implies that hocolim; X; € DEO.
The above distinguished triangle thus exhibits Z as an extension of two objects in DEO, and
therefore we see that Z € DEO. Therefore, we automatically have that

Homp (S, Z[i]) = 0 for all i > 0.
By (f) in Theorem the morphism w«: hocolim; X; — X has the property that
uy : Homp (S]i], hocolim; X;) — Homp(S[i], X)
is an isomorphism for every ¢ > 0. Therefore, Proposition [6.10| implies that
Vi >0, Homp(S,Z[—j]) = Homp(S[j],Z) =0

Thus we know that Homp(S[i], Z) = 0 for all i # 0. The case i = 0 is easy: applying Hom(S, —)
to the above distinguished triangle gives the exact sequence

Homp (.S, hocolim; X;) = Homp(S, X) — Homp(S, Z) — Homp(S, (hocolim; X;)[1]) = 0

and therefore Homp (.S, Z) is the cokernel of an isomorphism, i.e. it is zero. Thus, we conclude
that Z = 0, so Lemma [3.18| says u is an isomorphism. |

The above are essentially enough in order to prove statement (i) of Theorem To prove
statement (ii), we still need three more lemmas, two of them purely statements about Abelian
categories, and the last a result about endomorphisms of silting objects. We will state and prove
the last one, Lemma [6.27] at the very end.

Lemma 6.25. Let A be an Abelian category admitting small coproducts, and let P € A be a
projective object. Suppose A satisfies the following two conditions:

(a) For all objects X € A, there exists a set I and an epimorphism

1P x

i€l

(b) (P is compact.) For any set I and I-indexed family {X;}ier of objects in A the canonical
morphism
[[Hom4(P, X;) — Hom4(X, ][] X)
iel iel
18 an isomorphism.

114



6.4 Silting Objects 6 t-STRUCTURES FROM SILTING OBJECTS

Then the functor Hom4(P,—) gives an additive equivalence
HOHIA( ) A —> MOdEnd(P)

Proof. First, to be explicit, the (right) module structure is given by composition. That is, for
an endomorphism p: P — P, the action of this on some f: P — X is fp = f op. This clearly
turns Hom 4 (P, —) into an additive functor of the above type.

We now show Hom (P, —) is fully faithful. Suppose that we have ¢ : X — Y and that
wx = 0: Hom(P, X) — Hom(P,Y). We want to use the Yoneda lemma to deduce that ¢ = 0,
and to do this we use assumption (a). Let Z € A, and find some set I with an epimorphism
7: [I;er P — Z. Then we have a commutative diagram

Hom(Z, X) —2—— Homu(Z,Y)

[ [
Hom4([L;e; P, X) —=— Homu([L;c; P,Y)
[ |
(+)=0
[I;er Hom4(P, X) ~—— [l;c; Hom(P,Y)
where the top vertical arrows are monomorphisms since 7 is an epimorphism. We then see by
commutativity, and since 7* is a monomorphism, that ¢, = 0: Hom4(Z, X) — Homy(Z,Y") for
all Z € A, and therefore ¢ = 0. Thus, Hom 4 (P, —) is faithful.

To see that Hom4(P,—) is full, let X € A and consider an epimorphism [[;c; P - X.
Taking the kernel NV of this epimorphism, we have an exact sequence

O—>N‘—>HP—»X—>O.
iel

Since P is projective, Hom 4 (P, —) is exact, and therefore we have an exact sequence

0 — Hom4 (P, N) < Hom4(P, ][ P) - Hom4(P, X) — 0.
il
For notational simplicity, let h(—) = h¥ (=) := Homy(P, —). For any Y € A, we then have a

commutative diagram

0 ———— Homy(X,Y) Homu(II; P,Y) Homy4(N,Y)

| | | |

0 —— Hompyq(p)(h(X), h(Y)) —— Hompuq(p) (h(I1; P), h(Y)) —— Homguq(p)(h(IV), h(Y))

with exact rows. We already showed h’(—) was faithful, so we see that the right-most vertical
arrow is a monomorphism, and furthermore, we have the isomorphisms

Hom(P,Y) = h” (V) = Hompa(p) (h"(P), 7 (V)

since h’(P) = End(P). Since hf’(—) is exact, it in particular preserves colimits, and therefore
we have natural isomorphisms

Homgyq(p) (h H P), " (Y)) = Homppq(p) H hY(P),h" (Y H Homp,qpy(h" (P), " (Y))
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so that the middle arrow above is an isomorphism. By the five lemma, this implies that the map
HOIHA(X, Y) — HomEnd(P) (hP(X)7 h" (Y))

is surjective, so that Hom 4(P, —) is full.
It remains to show that Homy4 (P, —) is essentially surjective. Let M € Modgyg(p), and
choose a free resolution

-+« — [] BEnd(P) — ][ End(P) — M — 0.
Jj€N j€Jo

We have natural isomorphisms

’ ’ Hjeh Homu(P, P) —— HjeJO Hom4 (P, P) M 0

[ [ |

- —— Homu(P, [1;e;, P) —— Homu(P, [1;c , P) M 0

j€Jo
and since Hom 4 (P, —) is fully faithful, we obtain an exact sequence
= JP—=IIP>]P
JEJ2 NSO Jj€Jo

Taking the cokernel of the map ¢, we get an object X € A and an exact sequence

= [P—=I[PZ][P—X—0
JEJ2 JjES1 Jj€Jo

which, by the exactness of Hom4(P,—) and the uniqueness of cokernels, implies that M =
Hom (P, X). This concludes the proof. |

The second lemma we need is one which helps us apply the preceding one.

Lemma 6.26. Let A be an Abelian category admitting small coproducts, and let P € A be a
projective object. Then the following are equivalent:

(i) For all X € A, there exists a set I and an epimorphism

1P x

el
(ii) For all X € A, Hom4(P, X) = 0 implies X = 0.

Proof. (i) = (ii). Let X € D and suppose Hom 4(P, X) = 0. By assumption we have a set [
and an epimorphism

p: H P— X
el
SO we may compute
Hom (][ P, X) = [ Hom4(P, X) =0
il il
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so that p = 0. We then have 0 = idx o p = 0 o p, and therefore p being an epimorphism implies
idy =0,s0 X =0.

(i) = (i). Let X € D. We will construct an epimorphism of the desired form by
considering the simplest possible such candidate morphism, namely

p: H P—-X
f€Hom 4 (P, X)

defined on the fth component exactly by the morphism f: P — X, ie. py = f. We prove that
the cokernel of p is zero, with the strategy being to use the assumption (ii). Let Y = coker p,
and note that we then have an exact sequence

p
HfGHom(P,X) P X Y 0.

If we have a morphism h: P — Y, then this lifts to a morphism ¢g: P — X such that h is
the composition P % X — Y. However, by the definition of p, this itself factors through the
inclusion tg: P = [1 epom(p,x) P, 80 we have the diagram

T /::: P
9
g » A
Hfettom(px) P X Y 0.

But then we see that h is the composition
PEZI[PEXx~-Y)=P2Y
f

and thus A = 0. This shows that Hom4(P,Y) = 0, so Y = 0 and hence p is an epimorphism. W
We now combine all of the above work into a proof.

Proof of Theorem[6.21 (i) By Lemma we have (T2). To prove (T1), let Y € DEO and
consider the full subcategory Uy of D spanned by those objects U such that

Vi >0, Homp(U[i],Y[-1]) = 0.

It is clear that this is closed under non-negative shifts, small coproducts, and extensions (by
using that the Hom-functors are cohomological). Furthermore, by definition of D§07 S ely
since for all i > 0

Homp(S[i],Y[-1]) & Homp(S,Y[—i —1]) =0

since —i — 1 < 0. Therefore, by Proposition [6.24] we have that Dgo C Uy, which proves (T1).
To prove (T3), we observe that Theorem |6.16| produces a sequence of morphisms

Xo—=> X1 —>Xog— -+
such that hocolim; X; € D§0 (by Proposition D and where we have a morphism
w: hocolim; X; — X

such that u, : Hom(S[j], hocolim; X;) — Hom(S[j], X) is an isomorphism for all j > 0. Let Z
be a cone of u, in a distinguished triangle

hocolim; X; % X — Z — (hocolim; X;)[1]
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By Proposition [6.10] we see that for all j <0
Homp (S, Z[j]) =0,
and following the same argument as in Proposition we also see that Homp(S,Z) = 0.
Therefore, Z € Dgl, and the above distinguished triangle is the one demanded by (T3).
This proves that (DSO, Dgo) is a t-structure.
(ii) By Theorem the heart Dg = D§O N D§O is an Abelian category. We want to apply
Lemma to conclude the result first for the truncation 72°S. By Lemma requirement

(a) of the lemma follows from the assumption that S generates D. In particular, if X € Dg,
then since Hom(72°8, X) = Hom(S, X), we see that

Homyp(72°8,X) =0 = Homp(S,X) =0 = X =0.

Note that we use that X € D§O N Dgo. Requirement (b) of the lemma is simply that S is
compact, which it is by the definition of being silting, together with the fact that left adjoints
preserve colimits. Furthermore, by Lemma the heart Dg is closed under small coproducts,
so what remains is to show that 72%S is a projective object of Dg.

To say that 729S is projective is equivalent to saying that Hompcsa (1208, —) is exact, and

that in turn would follow from having EXtDU(TZOS, —) = 0. Thus, we try to prove the latter.
S
We use Theorem to note that we have a natural isomorphism

EXtDS (7298, X) = Homp(72°8, X[1])

for all X € Dg, so we must show that the right-hand side is zero. Consider the distinguished
triangle
=718 — 5 — 7708 — (757191

and apply the cohomological functor Hom(—, X[1]) to get the exact sequence
Hom((7=718)[1], X[1]) — Hom(7=°S, X [1]) — Hom(S, X[1]) — Hom(7="18, X[1])
and then note that
Hom((r=718)[1], X[1]) 2 Hom(r="'8, X) =0
since, in particular, X € Dgo, and
Hom(S, X[1]) =0
since, in particular, X € D?O. Therefore, we have the exact sequence
0 — Homp(72°S, X[1]) — 0

so Homp (7299, X[1]) = 0, and we get that Ext(7=°S, X) = 0.
Since 729S and Dg now satisfy the requirements of Lemma below, we see that we have

an equivalence

Hong (7298, -): Dg = Modg,q(;208)-

By Lemma below,
Modg,4(r>05) = Modgnq(s),

and since 72 is left adjoint to the inclusion D%O < Dg, we have that when restricted to the
heart, there is a natural isomorphism

Hong (7298, —) = Homp (S, —)

which completes the proof. |
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Lemma 6.27. Let D be a triangulated category admitting small coproducts, and let S € D be a
silting object. Then the canonical map

Homp (S, S) — Homp(72°8, 7208)
is an isomorphism of algebras.

Proof. The map in question is simply (f: S — S) + 729f, and hence functoriality gives that
this is a morphism of algebras (with multiplication given by composition). To see that this is an
injective map, let f € End(S) and suppose that 720 f = 0. Then, by definition of the truncation,
we have a commutative diagram

75718 —— § —— 7208 —— (7=719)[1]

bk

75718 —— § —— 7208 —— (r=718)[1]

and thus, by the weak kernel property of cocones (see Proposition [3.20]), we can find a morphism
g: S — 75718 such that

75718 —— § —— 7208 —— (7=719)[1]

g .~
lf Jo
>

sl s 5 7209 (7'5_15)[1]
commutes. However, since 7=718 € D?il, we have Homp(S,7571S) = 0, so g = 0, and
therefore by commutativity we have f = 0.

To see that we have surjectivity, pick some map h € End(72°S), and note that it fits in a
diagram

Since Homp (S, (1=715)[1]) = 0, we see that the composition

S —— 7208

[

7208 —— (r<719)[1]

must be zero, so again the weak kernel property yields a map f: S — 7718 such that

commutes as desired. In particular, uniqueness of adjoints implies that 729 f = h. |
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Example 6.28. Any ring R is a silting object in D(R), and the t-structure generated by it is
the standard t-structure. To see this, note that D(R) is equivalent to KProjp, and we already
saw that R is compact in KProji in Example To see that it is a generator, note that if
X* € KProjy is such that Hom(R, X[i]*) = 0 for all i € Z, then we see that H(X®) = 0 for
all i € Z, so X* is acyclic. By the definition of KProjp, this implies that Hom(X*®, X*®) = 0, so
idxe = 0, which implies that X®* = 0. Thus R is a compact generator of KProjp, and hence a
compact generator of D(R). That R is now a silting (and even a tilting object!) is obvious from
the fact that
Homp ) (R, R[i]) = Hi(R)

and this is zero whenever ¢ # 0.

Example 6.29. In topology, it is frequently of interest to compute the homotopy groups of
some space. Usually, this is practically impossible. As a replacement, one can consider the
stable homotopy groups, which are much more friendly for computation and also appear “in
the wild.” Ordinary homotopy theory essentially occurs in hTop, the homotopy category of
topological spaces. In stable homotopy theory, one replaces topological spaces with spectra
to obtain the stable homotopy category SH, roughly speaking obtained by “stabilizing” hTop
under the operations of suspension and looping, in some sense linearizing it (more precisely,
SH is a triangulated category). The stable homotopy category contains an object called the
sphere spectrum S (obtained by repeatedly applying suspensions to a point). This is a compact
generator of SH, and it is connective (meaning m;(S) = 0 for all i« < 0) on account of being
a suspension spectrum, which in this context is exactly the condition of being silting (see, for
example, [SS03, Lemma 3.5.2]).

For more information on this, one should consult the literature on stable homotopy theory,
for example [SS03, 2.3.(1) & 2.3.(ii)] and the resources referenced there. For a more general
result, see [SS03|, Thm. 3.9.3] and possibly [HM V20, Remark 4.6]. In particular, these state that
a topological triangulated category (i.e. one which arises as the homotopy category of certain
kinds of model categories) has a (compact) silting object if and only if it is the category of
module spectra over a connective ring spectrum, where the ring spectrum is then the silting
object. In the above, this is given by the sphere spectrum.

6.5 NOTES ON GLUING & ENHANCEMENTS

In Section [5.6] we showed that one may glue t-structures in a recollement. This is a good
illustration of a general theme: in the situation of a recollement

K~ S
C—— D ——E&.
| )

one is often interested in what structures on C and £ one can transport (i.e. glue) to D. What
we have shown earlier is that it is possible for t-structures. One may then wonder if it is possible
for silting objects.

Given silting objects S € C and S’ € &, it is indeed possible to “glue” them to get a silting
object S” € D. However, this gluing is not always related to the gluing of the associated
t-structures. Instead, it turns out that in general silting objects are more closely related to
co-t-structures than t-structures. We will not go into any detail on the constructions here, but
an overview is that one may play the same game we played with t-structures but with co-t-
structures, and obtain a similar (but also quite distinct) theory. In particular, one may glue
co-t-structures in a recollement, and the gluing of silting objects is compatible with the gluing
of their associated co-t-structures. In some select situations, it is possible to glue silting objects
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in such a way that the gluing is compatible with the induced t-structures instead. For more
details on this, one can read [LVY14, §3].

Stepping away from gluing, one may ask about how silting objects behave in the context of
stable oco-categories. Very reductively, Theorem says that a triangulated category D admit-
ting coproducts and a “nice” compact generator S contains the Abelian category Modgyq(s)-
However, it is clear that there is no reason to believe we can extend this to an equivalence
between D and D(End(S)) in general. On the other hand, the analogue for Abelian categories
is essentially just Lemma where we see that actually any Abelian category admitting a
“nice” compact generator is equivalent to a module category. Since triangulated categories are
supposed to be similar to Abelian categories, we might wonder what has gone wrong (aside from
conflating two different notions of “nice” compact generators).

As it turns out, if we move from triangulated categories to stable co-categories, the result
is actually true. We give a statment of the appropriate theorem, taken directly from |[Lurl7]
(with two slight modifications to notation, but otherwise word-for-word). Originally, it is due
to Schwede and Shipley in [SS03]. We will denote the homotopy category of an oo-category C
by h(C). We will not explain any of the notation or terminology, and thus the statement should
be read somewhat heuristically.

Theorem. [Lurl7, Thm. 7.1.2.1] Let C be a stable co-category. Then C is equivalent to RModpg
for some E1-ring R if and only if C is presentable and there exists a compact object C € C which
generates C in the following sense: if D € C is an object having the property that Extj(C, D) ~ 0
for alln € Z, then D ~ 0.

Remark 6.30. Lurie points out in [Lurl7, Remark 7.1.2.3] that the E;-ring R in the above
statement may be identified with End(C).

In the context of stable co-categories, as long as R is discrete, the category RModpg “is”

just (the enhanced version of) D(R) = D(Modg), and so the above theorem states that any
(nice) stable co-category admitting a compact generator is equivalent to a module co-category.
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TABLE OF SELECTED NOTATION

Symbol Meaning

C/A The slice category over A, i.e. the category of morphisms to A.

CeP The opposite category of C.

Cs The localization of C at the class of morphisms S.

1L, 11 Product and coproduct.

C(A) The category of chain complexes in A.

Cy, Ky A cone (resp. cocone) of a morphism f in a triangulated category.

D/N Verdier quotient of a triangulated category D by a null system N

Ax, Vx The diagonal X — X x X and codiagonal X LI X — X.

Axyy, Vy/x The diagonal X — X xy X and codiagonal Y LIxY — Y associated
to a morphism X — Y.

D(A) The derived category of the Abelian category .A.

Ext(X,Y) The (first) Yoneda extension group; the extensions of X by Y.

Fun(C, D) The category of functors C — D.

Funs(C, D) The category of functors C — D sending morphisms in S to isomor-
phisms in D.

H"” The nth cohomology functor P — DY associated to a t-structure
on a triangulated category D.

Hom¢ (A, B) The collection of morphisms A — B in the category C.

im f The image of the morphism f.

I(X)® The cylinder of the chain complex X*.

K(A) The homotopy category of chain complexes in A.

KProjp The homotopically projective objects in K(Modg); see the proof
of Prop.

Modg, p)Mod The right (resp. left) modules over a ring R.

lim, li The limit and colimit.

thick(C) The smallest thick subcategory of a triangulated category D con-
taining C.

TSR, 2N The truncation functors associated to a t-structure (D=Y, D=°) on
a triangulated category D.

X35Y An isomorphism X — Y.

X =Y An injection/monomorphism X — Y.

C—DD A fully faithful functor C — D.

XY A surjection/epimorphism X — Y.

C—»D An essentially surjective functor C — D.
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